
"It is the nature of all 
greatness not to be exact,." 
Edmund Burke, 8peech on 
American taxation, 1774 

IO GRAVITATIONAL 
RADIATION 

\Ve have seen a great many similarities between gravitation and electro­
magnetism. It should therefore come as no surprise that Einstein's equations, like 
Maxwell's equations, have radiative solutions. 

No one has yet certainly detected gravitational radiation, but the reason for 
this is not hard to find; Einstein's theory predicts that gravitational radiation is 
produced in extremely small quantities in ordinary atomic processes. For instance, 
the probability that a transition between two atomic states will proceed by emission 
of gravitational, rather than electromagnetic, radiation is typically of order 
OE 2 /e 2 , where Eis the energy released and e is the electronic charge. For E CC:c 1 eV, 
this probability is about 3 x 10- 54. 

vVhy then study gravitational radiation? One reason is of course that some 
day we may find a strong source of gravitational radiation. Such a source may 
indeed already have been detected. (Sec Section 10.7.) However, gravitational 
radiation would be interesting even if there were no chance of ever detecting 
any, for the theory of gravitational radiation provides a crucial link between general 
relativity and the microscopic frontier of physics. 

We have learned in recent years to describe the fundamental observables of 
microscopic phenomena in terms of elementary particles and their collisions. In 
classical electrodynamics it is the plane-wave solutions of Maxwell's equations that 
lead most naturally to an interpretation in terms of a particle, the photon. Similarly, 
it is the radiative solutions of Einstein's equations that will lead here to the concept 
of a particle of gravitational radiation, the graviton. 

Unfortunately, the theory of gravitational radiation is complicated by the 
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nonlincarit:-- of Einstein's equations. In the spirit of Section 7 .6, we may say that 
any gra,-itational wave is itself a distribution of energy and momentum that 
contributes to the gravitational field of the wave. This complication prevents our 
being abk to find general radiative solutions of the exact Einstein equations. 

Then· an, two approaches to this difficulty. One is to study only the weak­
field radiative solutions of Einstein equations, which describe waves carrying not 
enough energy and momentum to affect their own propagation. The other approach 
is to look long and hard for special solutions of the exact Einstein field equations. 
A great deal of mathematfoal ingenuity has gone into the second approach, with 
results of some elegance. However, this chapter deals with only the first, weak­
field, approach to gravitational radiation. One reason is that any observable 
gravit,ational radiation is likely to be of very low intensity. A second, deeper, 
reason is that it is only possible to attach a precise meaning to the concept of an 
elementary particle when it is far away from all other particles, and for gravitons 
this corresponds to a weak-field solution of the field equations. 

The reader should not conclude that there is any fundamental gap in our 
understanding of gravitation because we cannot find general exact solutions of the 
nonlinear field equations. Indeed, similar problems arise in electrodynamics: 
The problem of computing the exact electromagnetic field produced by a decaying 
current in an electrical oscillator is highly nonlinear, because the field acts back on 
the current that produces it. Even though this problem was not solved for many 
years after Maxwell's theory, still there was no doubt that electrical oscillators 
would produce the electromagnetic waves studied by Maxwell. Gravitational 
waves are more complicated than electromagnetic waves because they contribute 
to their own source outside the material gravitational antenna. However, the 
simple properties of both electromagnetic and gravitational waves emerge when 
we look far out into the wave zone, where the fields are weak. 

I The Weak-Field Approximation 

\Ve suppose the metric to be close to the lVIinkowski metric IJµv: 

where lhµ,.[ ~ 1. To first order in h, the Ricci tensor is then 

and the affine connection is 

a ). 2 
-).r". + O(h) ax 

(IO.I.I) 

(10.1.2) 

(10.1.3) 
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As long as we restrict ourselves to first order in h, we must raise and lower all 
indices using r,"V, not gµv; that is, 

lp O 0 
I] oxP - OXA 

etc. 

With this understanding, Eqs. (I0.1.2) and ( 10.1.3) yield the first-order Ricci 
tensor 

The Einstein field equationR therefore read 

(10.l.4) 

(10.1.5) 

Here Tµv is taken to lowest order in hµv, so it i8 independent of \ 0 . and satisfies 
the ordinary conservation conditions 

(10.1.6) 

(If gravitational forces play an important role in the structure of the radiating 
system, then rµv should be used in place of Tµv; see Section 7.6.) Kote tlmt it is this 
form of the conservation law that is needed for the corn,istency of ( 10.1 .-±), because 
(10.1.6) implies 

whereas the linearized Ricci tensor satif::fies Bianchi identities oft he form 

AR already diRcus,;ed in Section 7.4, we cannot expect a fo·ld equation such as 
(10.1.4) to yield unique solutions, because given any solution, we can always 
generate other solutions by performing coordinate transformations. The most 
general coordinate transformation that leaveR the field \\eak is of the form 

(10.1.7) 

where oell/fJxv is at most of the same order of magnitude as hµv· The metric in the 
new coordinate system is given by 
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Thus, if h
µv 

is a solution of (10,1.4), then so will be 

(10,1.8) 

where s
µ 

= Sv1/
µv 

are four small but otherwise arbitrary functions of xµ. That this 
is the case can be verifi.ed by direct inspection of Eq. ( I 0.1.4); this property is 
called the gauge i'.nvariance of the fi.eld equation. 

The gauge invariance of Eq. (I0.1.4) iR a nuisance when it comes to actually 
solving the field equations. However, the difficulty can be removed by choosing 
some particular gauge, that is, coordinate system. The rnost convenient choice is 
to work in a harmonic coordinate system, for which 

l;sing (I0.1.3), this gives to first order 

(10.1.9) 

That this choice is always possible follows frorn the general argurnent of Section 
7.4; it can also be seen from (l0.1.8) that if h

µv 
does not satisfy (J0.1.9), then we 

can fi.nd an h�
v 

that does, by perforrning the coordinate transforrnation (10.1.7) 
with 

It ,1ill be assumed from now on that h
µv 

does sè1tisfy Eq. (J0.1.9). 
rsing (10.1.9) in (10.1.4), the fi.eld equation now read 

□ 2h
µv 

= - I6n0S
µv 

One solution is the retnrded potentinl 

V X, f ., l X h ( ) = 4(' I 13 I 
sµ

v
(x', t

µ 

lx 

lx - x'I) 

x'I 

(10.1.10) 

(10.l.ll) 

vVe have already remarked that the conservation law (10.1.6) for Tµv iR equivalent 
to 

(10.1.12) 

and in consequence the solution (10.1.11) for a source 8
µ
,- confi.ned to a finite volume 

autornatically satisfies the harmonic coordinate conditiorn, (10.1.9). (The proof is 
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identical to that used in electrodynamic8 in the calculation of the vector potential 
in Lorentz gauge.) To (10.1.11) we can add any solution of the homogeneous 
equations 

(10.1.13) 

(IO.l.14) 

We interpret (10.1.11) aR the gravitational radiation produced by the source Sµv, 

whereas any additional term Ratif,fying (10.1.]3), (JO.l.14) represents the gravita­
tional radiation coming in from infinity. The occurrence in (10.1.11) of the time 
argument t - Ix - x' I shows that gravitational effects propagate with unit 
velocity, that is, with the speed of light. 

2 Plane Waves 

\Ve now consider the plane-wave Rolutions of the homogeneous equations 
(10.1.13) and (10.l.14), both becam:;e they are important in their own right and, 
as we shall see, because the retarded wave (JO.l.11) approaches a plane wave as 
r--+ oo. The general solution of (10.1.13) and (10.1.14) is a linear superposition of 
solutions of the form 

hµv(x) 

This satisfieR (JO.l.l3) if 

and satisfies (10.1.14) if 

(10.2.l) 

(J0.2.2) 

(J0.2.3) 

(Of eourse we are still raising and lowering indices with 1/µv' so that kfl = 1/µvk,.) 
The matrix eµv is obviously symmetric: 

( 10.2.4) 

It will be called the polarization tPn.wr. 
A symmetric 4 x 4 matrix would in general have ten independent components, 

and the four relations (10.2.3) would lower this number to six, but of these six only 
two represent physically significant degrees of freedom. By a change of coordinates 
xfl --+ xfl + efl(x) we can transform the metric Y/µv + hµ, into a new metric Y/µ, + 
h~, with h~, given by (10.1.8). Suppose that we choose 

(10.2.5) 
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Then (10.1.8) gives 

(10.2.6) 
where 

(10.2.7) 

(Xote that the ·wave Rtill satisfieR the harmonic coordinate condition (J0.2.3).] 
'.Ye conclude that e~v and eµv represent the Rame physical situation for arbitrary 
,alucs of the four parameters Bµ, so of the six independent eµ/s satisfying (I 0.2.3) 
and (J0.2.4), only (3 - 4 = 2 are physically significant. For instance, consider 
a wan, traveling in the +z-direction, with wave vector 

k 1 = k 2 = 0 

In this case (10.2.3) gives 

k 3 = k 0 = k > 0 

e31 + eo1 = e32 + eo2 = 0 

e33 + eo3 = -eo3 - eoo = ½(e11 + e22 + e33 - eool 

(10.2.8) 

These four equations allow UR to express e;0 and e22 in terms of the other six eµv: 

(10.2.9) 

W'hen the coordinate system is subjected to the tmnsformation defined by (IO.l.7) 
and (10.2.5), these six independent components of eµv changP according to Eq. 
(I0.2.7): 

e~l P11' e~2 e12 

e~3 ic13 + kr;i, e;3 C23 + ks2 

e;3 €33 + 2ks1, ebo eoo - 2ks0 

Thm:; it iR only e11 and e12 that have an absolute ph_vsical significance. Indeed, 
"e can arrange that all components of <v vanish except for e; 1 , e; 2 , and e; 2 = 
- e ~ 1 , by performing a coordinate transformation with 

k 2k 

The distinction between the different components of the polarization tensor 
is clarified if we ask how eµv changes when we subject the coordinate system to a 
rotation about the z-axis. This is just a Lorentz transformation of the form 

R i 
1 cos 0 R i 

1 sin 0 
R i 

2 = -sin 0 R 2 
2 cos 0 (10.2.10) 

R33 = Roo = 1 other R/ = 0 
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and since it leaves kµ invariant (i.e., R/k,. = k11 ), the only effect is to transform 
eµ" into 

Using the relations (10.2.9), we find that 

f ~ = exp ( ± i0)f ± 

where 

(10.2.l l) 

(10.2.12) 

(10.2.13) 

(10.2.14) 

(I0.2.15) 

(10.2.16) 

In general, any plane wave 1/J, which is transformed by a rotation of any angle 8 
about the direction of propagation into 

(10.2.17) 

is said to have helicity h. \Ve thm, have shown that a gravitational plane wave 
can be decomposed into parts e± with helicity ± 2, part;;; f ± with helicity ±I, 
and parts e00 and e33 with helicity zero. However, we have also seen that the parts 
with helicity O and ± I can be made to vanish by a suitable choice of coordinates, 
so the phy8ically .significant components are ju.st those with helicity ± 2. 

Once again we find a fruitful analogy with electromagnetism. The Maxwell 
equations in Lorentz gauge are (2.7.12) and (2.7.13); in empty space they become 

DA 2 

=0 

in analogy with Eqs. ( 10.1.13) and (10.1.14) for the metric in harmonic: coordinates. 
(\Ve are now in an inertial coordinate system, and so[:/ = ry 1 P c 2 /ox' c:i:P.) \Ve 
can find a plane-wave solution of the form 

where 

in analogy with Eqs. (10.2.1)-(10.2.3). 
In general ea would have four independent components, but the condition 

that kaea vanish reduces the number of independent components to three. ju:st as 
(10.2.3) reduces the number of independent components of eµv from ten to six. 
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Furthermore, without changing the physical fieklR E and Band without leaving the 
Lorentz gauge, we can change A, by a gauge transformation 

8<1> 
A. ---+ .A~ = .Aa + -~ 

ax. 
<l>(x) = ie exp ( ikµx/J) - ie* exp ( - ikµxP) 

in analogy with (10.1.8) and (10.2.5). The new potential can be wTitten 

in analogy with (10.2.6) and (10.2.7). The parameter e iR arbitrary, so of the three 
algebraically independent componentR of e, only 3 - I = 2 are phy,:;ically 
significant, just as general covariance renders only hvo of the six independent 
components of eµv physically significant. To identify the two significant components 
of ea, we may consider a wave traveling in the z-direction, with k" given by Eq. 
(10.2.8). Then the condition that k0 e2 vaniRh allow;;; UR to determine e0 , 

jm:t as (10.2.3) allows us to determine e22 and e0 ; in terms of the other six e1,,.. 

Also, the preceding gauge trarn,formation leaves e1 and e2 invariant but changes 
e3 into 

Hence e; can be made equal to zero by choo:;;ing 8 = e3 /k, so it is only e1 and e2 

that carry physical significance, just as it was only e11 and e12 that could not be 
made equal to zero by a suitable coordinate transformation. Finally, we can work 
out the meaning of these two components by Rubjecting the plane electromagnetic 
wave to the rotation (10.2.10). The polarization vector is then changed into 

and therefore 

where 

Thus the electromagnetic wave can be decomposed into parts with helicity ± I 
and 0. However, the physically significant helicities are ± 1, not 0, just as for 
gravitational waves they are ± 2, not ± 1 or 0. This is what we mean when we say, 
speaking classically, that electromagnetism and gravitation are carried by waves 
of spin 1 and spin 2, respectively. 
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3 Energy and Momentum of Plane Waves 

The physical significance of the plane-wave solution (10.2.1) is brought forward 
by calculating the energy and momentum it carries. According to Eq. (7.6.4), 
the energy-momentum tensor of gravitation is given to order h 2 by 

where R~~) is the term in the Ricci tensor of order N in h11 v. The metric gµv 
/Jµv + h11 ,, satif;fies the first-order Einstein equations R~V = 0, so we can drop 
these terms in t11 v and use 

( 10.3.I) 

(For the actual metric it is Rµv rather than R~~.l that vanishes, and tµv arises only 
from the firRt-order ternrn in Eq. (7 .6.4). Here it is R~V rather than Rµ v that vanishes, 
because g11 v = /Jµv + h11 v satisfies the first-order Eimliein equations rather than the 
exact equations. The difference is only of order h 3 .) To calculate R~~l we must use 
Eq. (10.2.1) in Eq. (7.6.15); the result is extremely complicated, but can be 
simplified if we average t11• over a region of space and time much larger than 
!kl - 1 . (This is the way the energy and momentum of fmy wave are usually 
evaluated.) The averaging kills all terms proportional to exp ( ± 2ik;,x;.), and we 
are left with only the xµ-independent cross-terms: 

<R~~l) = Re {e'P*lki:,,e,p - k/c;.evp - kvkpeµ, + k,kpeµJ 

+ [e\k;. ½e/kp]*[kµePv + kveP1, kPeµv] 

- 1-lk e + k" - k e l*l-k'eP + k· eP' - k·PP,.lµ]} 2 :l. "p v v~ p:l. p AV /1 'µ - (10.3.2) 

(We have not yet made use of the conditions (10.2.2) and (10.2.:{) appropriate 
to harmonic coordinates, so suppose for a moment that we leave the harmonic 
coordinate system by adding to h1,,(x) a term 

(10.3.3) 

where q11q11 cf- 0. After averaging over Rpace-time diRtances large compared with 
lq - kl- 1 , the interference between (10.2.l) and (10.3.:{) drop,; out, and we find 
for <Rf;/) the term (I0.3.2), plus another term obtained by replacing k with q arni 
e,,v with q11e. + qveµ- Inspection of (10.3.2) shows immediately that this second 
term vanishes, so <R~!l) and hence (t11,) may be calculated in harmonic coordinates 
with no loss of generality.) 

If we now use in (10.3.2) the harmonic coordinate conditions (10.2.2) and 
(10.2.3), we find 

(10.3.4) 
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The quantity ryAP(R~~l) vanishes because kPkP = 0, so (10.3.1) now gives the 
average energy-momentum tensor of a plane wave as 

k k <t ) = ------1!-"_ (e"P*e. - l I eA 12) 
µv I6nG ,.p 2 A 

(10.3.5) 

Note that a "gauge transformation" (10.2.7) will change the terms in (tµK) into 

e,.P*e,.P + 2 Re B:kPe\ + 21BiPl 2 

e'\ = e\ + 2k,.B,. 

but (tµK) is gauge-invariant! Thus, aR far as energy and momentum are concerned, 
the polarizations eµv and eµv + kµ"v + kv"µ repreRent the same phyRical wave, and 
,ve see again that there are not six but only two physically significant polarization 
parameters. In particular, a wave traveling in the z-direction, with wave vector 
and polarization tensor given by (10.2.8) and (10.2.9), has the energy-momentum 
tensor 

(10.3.6) 

or, in terms of the helicity amplitudes (10.2.15), 

(10.3.7) 

4 Generation of Gravitational Waves 

\Ve wish to calculate the energy emitted in the form of gravitational radiation 
by a system whose energy-momentum tensor can be expressed as a Fourier integral, 

(]0.4.l) 

or aR a sum of Fourier componentR, 

Tµ,(x, t) = L e-iwrT,,,(x, w) + c.c. (10.4.2) 
w 

(Here"+ c.c." means "plus the complex conjugate of the preceding term.") We 
first do the calculation for a single Fourier component, 

(10.4.3) 
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and will then return to the more general systems described by (J0.4.1) and (I0.4.2). 
From (10.1.11) we find that the-field emitted by the source (10.4.3) is 

hµv(x, t) = 4(, --- 8 )x, w) exp { -iwt + iwJx - x'I} + c.c. (10.4.4) 'I d3x' -, , 
Ix - x'I µ 

where 

(10.4.5) 

Suppose that ·we observe thiR radiation in the ·wave zone, that is, at distances 
r = lxJ much larger than the dimension R = Ix' I max of the source, and also much 
larger than wR 2 and l /w. Then the denominator Ix x' I can he replaced with r, 
while in the exponent we may approximate 

Ix - x'I ~ r - x' • x 
and the field becomes 

x X 

r 

Since rw is m,surned large, this looks just like a plane wave, 

with "wave vector" and "polarization tensor" given by 

k = wx 

40 I 3 •• - 'k· ' e (x w) = - d x' '-I (x' w)e ' x µv ' - J.-.. µv ' 
r 

(10.4.6) 

(10.4.7) 

(10.4.8) 

(10.4.9) 

It will be convenient to write eµv explicitly in terrrn, of the Fourier transform of 

Tµv: 

40 ['l.' (k ) i 7,,. (k )] eµ,.(x, w) = ~ _ µv , W - 2/Jµv A · W (10.4.10) 
r 

T (k ) - I d3 'T ( , ) - ik·x' µv , W = , X µv X , W e ( 10.4.l l) 

The conservation equation for Tµv(x, t) is 

Applying this to (10.4.3) gives 

a . o 
- . T\(x, w) - iwT ,(x, w) = 0 
ox' 
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Multiplying withe - ik • x and integrating over x, we find that T µv(k, w) is subject to 
the algebraic relations 

(10.4.12) 

where kµ is the vector given by (10.4.8). This, incidentally, verifies that (10.4.10) 
obeys the harmonic coordinate condition (]0.2.3). 

~ ow let us calculate the power per unit solid angle emitted in a direction x. 
Since r ~ 1/w, we can use for the energy flux vector the value (t;0) obtained by 
averaging over space-time dimensions large compared with 1/w, so that the power 
per solid angle is 

dP z . ·o . = r x'(t' > 
d0. 

We use for (tµv) the value (10.3 . .5), so this gives 

dP r 2 (k • x)k 0 
- = ---- le"''*(x w)e . . (x w) - Jle;·,(x, w)l 2] 
d0. 16n0 ' Av ' - A 

and inserting the values (10.4.8) and (10.4.IO) for kµ and eJcv, we find that the r 2 

factors cancel, and 

(J0.4.13) 

The problem is thm, solved once we have calculated the Fourier transform (10.4.11). 
It ·will be convenin1t to express this result in terms of the purely ,;pacelike 

component,; of Th(k, w). From (I0.4.12) we have 

T 0 ;(k, w) = -fciTi;(k, w) 

T 00 (k, w) = f..HciTi;(k, w) 

where k = k/w = x. U,;ing this in (10.4.13) gives 

where 

dP 

d0. 
Ow2 A (k, Tii* k - )Tlm(k --- ij,lm ) ( , W , W) 

Jr 
(10.4.14) 

( 10.4.1.5) 

If the energy-momentum tensor is a sum of individual Fourier components as 
in (10.4.2), then the field hµ, in the wave zone will look like a sum of the plane 
waves (10.4.7). The gravitational energy-momentum tensor will then be given by a 
double sum over these Fourier components, but all cross-terms drop out when we 
average over a time interval long compared with the longest "beat period," 
that is, the reciprocal of the shortest frequency difference. The power is thus given 
by a sum of terms like (10.4.14), one for each frequency in the source. 
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Suppose, on the other hand, that the energy-momentum tensor is a Fourier 
integral, as in (10.4.1). Then h,,, in the wave zone will look like an integral over OJ 
of the individual plane waves (10.4.7), 'and the gravitational energy-momentum 
tensor will be given by a double integral ff dm dOJ' of products of these terms. The 
integrand again has time dependence exp (-i(OJ - OJ')t), but now there is no 
"longest beat period," so instead of computing the average power we calculate 
the total energy emitted. This is given by integrating the power over all time, and 
the effect is to replace the factors e- iwteiw't in the double integral for the power with 

J:
00 

exp (-i(OJ - OJ1)t) dt = 2n o(w - OJ') 

The energy per solid angle emitted in a direction k is thus a single integral: 

or, in terms of the space-space components, 

As an example, consider a system of free particles n that initially move at 
constant velocity vn, collide at the origin at t = 0, and then move off again at 
velocities vn. The energy-momentum tensor is then 

(10.4.17) 

whereP O =En= mn(l - v/)- 112 andPn = Envnaretheenergyandmomentum 
n ~ 

of the nth incoming particle, Pn ° = En and Pn are the corresponding quantities 
for the outgoing particles, and 0 is the step function 

8 > 0 

8 < 0 

The functions 0 and o3 have the well-known integral representations 

1 Joo e+iws 
0(s) = - --- dOJ 

2ni _ 00 OJ - ie 
e-+ 0 + 

(10.4.18) 

(10.4.19) 

(10.4.20) 
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(To pron, (10.4.19), note that the contour can be closed with a large semicircle 
in the lower or upper half-plane, according to whether s < 0 ors > 0. To prove 
(10.4.20). take the .Fourier transform of both sides.) We see then that T 1'v(x, t) 
is of the form (10.4.1), with 

and the .Fourier transform (10.4.11) is 

\Ve can now drop the ± is in the denominators, for w - vn • k cannot vanish if 
w = lkl and lvnl < 1. (For the case of particles traveling at the speed of light, 
see below.) Also, En(vn • k - w) = P/k1 = (J\ • k), so ,ve can write 

(10.4.21) 

where N runs over partides in both the initial and the final states, the sign factor 
IJ,v being 

r+1 
11N = 'l -1 

N in final state 

N in initial state 

We note that (10.4.12) is satisfied, because 

and this must vanish because LN P,/IJN is simply the change in the total Pl", 
which is conserved. 

The gravitational energy per solid angle and per unit frequency interval 
emitted at frequency w and direction k is now given by (10.4.16) as 

Cz~~w) = ~:: k (PN .:~wM. i) [(PN. PM)2 - ½mN211/M2] 
(10.4.22) 

If we tried to compute the total emitted energy by integrating w from O to oo, 
we would get a result that diverges like J00 dw. This is just due to our approximation 
that the collision occurs instantaneously; actually it must take up some finite 
time !1t, and thew-integral will be cut off at w of order l//1t. 

Note that if none of the momenta PNµ are changed by the collision, then the 
contributions of the incoming and outgoing particles in (10.4.21) will cancel, and 
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su T 1,v(k, w) will vanish. Gravitational radiation is only emitted when the particles 
actually undergo accelerations. 

Note also that (10.4.22) seems tu become intinite if one of the particles partic­
ipating in the reaction (say, N = 1) has zero mass, and has momentum approaching 
a direction parallel to k, since then P 1 • k = E 1w(P 1 • k - l) ---> 0. However, this 
singularity is spurious, for when P 1 becomes parallel to k we can treat (P 1 • PM) 
in (10.4.22) as proportional for all M =I= 1 to (k • PM), so the singular part of 
(10.4.22) is 

\\' e have already remarked that LM YJMP 1>/ must vanish when the sum is extended 
over all particles, so the right-hand side is simply -YJ I I\ 2 , and this vanishes 
because particle 1 is a,;sumed to have zero mass. Thus no difficult,y is encountered 
in applying (10.4.22) to collisions involving photons, neutrinos. or even (to run 
ahead of ourselves a bit) gravitons. 

The total energy per unit frequency interval emitted as gravitational radiation 
in a collision is obtained by integrating Eq. (10.4.22) ewer the directions of k. 
\Ve then find 

dE _ 0 ~ rn .rn _ 1 + rnM In (1 + /J,vM) 
d - 9 L, Y/NY/M N M /J (l _ /J2 )1/2 l /J 

W -n NM NM NM - NM 

with /J NM the relative speed of particles N and Ji: 

/JNM = [l - (;~~7,:,?J/ 2 

For nonrelativistic two-body elastic scattering this reduct's to 

dE 

dw 
so 2 4 • 2 e Ji V Sill 
5n 

(10.4.23) 

(10.4.24) 

where p is the reduced mass, 11 is the relative velocity. and 8 is the scattering angle 
in the center-of-mass reference frame. 

The gravitational radiation produced by the collisions occurring in a gas can 
be determined by summing up the radiated energies per collision given by Eq. 
(10.4.28) or (10.4.24), provided that there is enough time bet11een collisions so that 
they do not interfere. This condit,ions can be expressed as 

(10.4.25) 

where we is the collision frequency of a typical gas particle. (If w ~ we, then the 
gas behaves as a fluid rather than as a collection of independent particles.) When 
(10.4.25) is satisfied, the power per unit volume and per unit frequency interrnl is 

(10.4.26) 
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where na is the nurn ber density of gas particles of type a, daab/dfl is the center-of­
mass-system differential scattering cross-section, the sum runs over all different 
pairs of particle types, and the average ( • • ·) is taken over all collisions. 

As an example, let us calculate the gravitational radiation emitted by Coulomb 
collisions in a plasma. The Rutherford scattering cross-section is 

daab 
dfl 

ea 2eb 2 
--··- - --

4vdbPib sin4 (0/2) 
(10.4.27) 

The integral over O must be cut off at a minimum angle 1/ A, with A ~ 1 determined 
by the De bye screening of the Coulomb force at large impact parameters: we have 
then 

(10.4.28) 

\Ve are left with an average of vab, ·which for a Maxwell-Boltzmann distribution is 

(10.4.29) 

Putting (10.4.28) and (10.4.29) into (10.4.26) gives the power per unit volume and 
per unit frequency interval (in c.g.s. units) a:-; 

(10.4.30) 

Typically ln A is of order IO. For a plasma of completely ionized hydrogen we 
must take into account electron-electron and electron-proton collisions, and 
(10.4.30) gives 

(10.4.31) 

The electron collision frequency may in this case be estimated as 

(10.4.32) 

Equation (10.4.30) or (10.4.31) holds for w t, we and liw ~ kT. 
These results can be applied to the hydrogen plasma in the solar core. Within 

a volume V of order 2 x 1031 cm 3 this plasma has T ~ 10 7 °K, ne ~ 3 x 
1025 cm- 3

, and In A~ 4. The collision frequency (10.4.32) is 1015 sec- 1

, three 
orders of magnitude less than the thermal frequency kT /Ii ::::; 1018 sec - 1 , so the 
total power produced in gravitational radiation can be estimated by multiplying 
(10.4.31) by VkT/li. In this way we find that the thermal collisions in the solar 
core produce about 108 watts of grav;i.tational radiation. 
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5 Quadrupole Radiation 

Up to this point we havt' made no approximations beyond the basic assumption 
that the fields are weak. (Our use of the ·wave zone limits r ~ R, r ~ 1/w, r ~ wR 2 

was not really an approximation, since we can alway:;; chooser large enough to make 
these assumptions true; and by the conservation of energy, the power passing 
through a sphere at large r must equal that passing through any surface enclosing 
the radiating system.) We now make a further approximation. and assume that 
the source radius R is much :;;maller than the ,vavelengt.h 1/w: 

wR '<S 1 (10.5.1) 

Most of the radiation is emitted at frequencies of order v/R, where vis some typical 
velocity within the system, so ,ve are really making the same sort of approximation 
as that made in the previous chapter, that is, v '<S 1. 

"\Vhen (10.5. l) holds we may approximate the Pourier transforms needed in 
(10.4.14) and (10.4.16) by the k-independent integral 

(10.5.2) 

This can be rewritten in a useful way by using the conservation laws in the form 

~2 

- _CJ___ Tij(x, w) = -w 2 T 00(x, co) 
ex' oxJ 

Multiplying with xixj and integrating over x, we find 

0)2 

T .(k w) ~ - ~ D. -(w) 
I} ' 2 . IJ 

The power per solid angle is therefore 

dP 

dQ 

Gw6 , * 
• - A-- 1 (k)D--(w)n1 (w) 4n tJ, m tj m, 

(10.5.3) 

(10.5.4) 

(10.5.5) 

If the source is a sum of Fourier components, then the power radiated is a sum of 
terms such as (10.5.5). If the source is a Fourier integral like (10.4.1), then the 
energy emitted per solid angle is 

dE 

dQ 
(10.5.6) 
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The coefficients Du(w) in (10.5.5) and (10.5.6) do not depend on the direction 
k of the emitted radiation, so we can do the integral over solid angle once and for 
all. ·ffe use> the formulas 

dQ,k.k. = -i5. f , , 4n 
I j :3 lj 

(The form of the right-hand sides is dictated by symmetry and rotational in­
,ariance; the numerical coefficients can be calculated by contracting i withj and l 
11ith m.) '\Ve then find 

so the power emitted at a single discrete frequency w is 

(10.5.7) 

whereas for a smooth distribution of frequencies the tot.al emitted energy is 

(10.5.8) 

Before going on to calculate the quadrupole radiation emitted in a few special 
cases, it will be necessary to pause> for a few comments on the method of calculation: 

(A) The quadrupole approximation is usually applicable to nonrelativistic 
systems, and for these systems the energy density '/100 (x. w) is dominated by the 
rest-mass density of the sy,;tem. It may be surprising that we do not need to take 
explicit account of the potential and kinetic energy terms in the full tensor Tµ,_ 

because :mch terms must be included if Tµv is to be conserved! Tndec>d, for a system 
of particles bound by gravitational force,; we should in principle take T 1'v as the 
total "tensor·' Tµv constn,cted in Section 7.6, including terms nonlinear in the 
gravitational fields. However, we han' already exploited energy and momentum 
conservation in our derivation of Eqs. (10.5.:3)~(10.5.6), and since this has given 
a result involving only T 00 , we are now free to approximate T 00 with the rest­
mass density. 

(B) For general systems of vibrating and/or rotating solids, it is often quit€ 
difficult to evaluate the Fourier transform T00(x, w), defined by Eq. (10.4.1) 
or (10.4.2). It is much easier first to e-·aluate the moments 

Dii(t) = f d 3xxixiT00(x, t) (10.5.9) 
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and then evaluate ])i)w) by expressing Du(t) as a Fourier integral, 

(10.5.10) 

or as a sum of Fourier components, 

Dij(t) = L e-iwtD1)w) + c.c. (10.5.11) 
(1) 

(C) The question may arise: What origin should be taken for the coordinates 
xi in the integral (10.5.4) for D1j? In principle, it doesn't matter. \Vhen ,ve shift. 
the origin of coordinates by an amount a 1, we change ])ij into 

I (xi - a;)(xj - ai)T00 (x, t) d 3x 

I xixjT00 (x, t) d 3x - lti I xjT 00 (x, t) d 3x - ai J x;T00 (x, t) d 3x 

+ aiai I T 00 (x, t) d 3x 

But conservation of energy and momentum tells us that the last three terms are at 
most linear functions of time, because 

Thus the shift in origin does not affect the Fourier components ,1·ith w ¥ 0. that is, 

Di/w) ~ f xixiT 00 (x, w) d 3x = J (x; - a.i)(xj - ai)T 00 (x, w) d 3x 

(10.5.12) 

However, it is only when we take T 00 as the energy density of the entire system 
that we can shift origins freely in computing Dij(w). 

As a first example, let us calculate the gravitational radiation produced by a 
sound wave in a tube lying in the z-direction. The density of the vibrating material 
can be written 

P = Po + Pi 
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where p0 is the constant unperturbed value and p 1 is a small perturbation. vVe 
also treat the material velocity v (in the z-direction) as a small perturbation, and 
neglect dissipative effects. The equations of motion are then 

OP1 CV 
+Po~ = 0 

Dt Dz 

av 
Po • + 

Dt 
0 

where i·, is the speed of sound. The tube is not supported at its ends (otherwise 
we would have to take into account the gravitational radiation emitted by the 
support!), so the pressure vs 2p 1 must vanish at the tube ends. vVith this boundary 
condition, the general solution for a tube extending from z = () to z = L is a 
superposition of the normal modes 

v = -i;vs cos kz sin (wt + </J) 

P 1 = i;p 0 sin kz cos (wt + </J) 

where i; is a small dimensionless number, ¢ is an arbitrary phase, and 

V w = Nn__s. 
L 

(10.5.13) 

(10.5.14) 

(10.5.15) 

with N any positive integer. Since vis not constrained to vanish at the tube ends, 
these ends will in general be di,;placcd by amounts b(O, t) and b(L, t), respectively, 
where 

b(z, t) = fu(z, t) dt = wsw- 1 cos kz cos (wt + ¢) 

The time-dependent part of the second-moment oft.he mass density is given here by 

]);j(t) = 11iflr4 (tL p 1 (z, t)z 2 dz + L 2p0 b(L. t)) 

where A is the cross-sectional area of the tube, and n = (0, 0, 1) is a unit vector 
in the z-direction. Thi,; vanishes for N even. whereas for N odd we find 

(
4n.n.JIL 2i;) 

Dij(t) = - -'. 1 --- cos (wt + cp) 
N3n3 

where M = p0AL is the mass of the tube. (The reader can easily check that D;it) 
would be the same if the second moment of the mass distribution were evalua'ted 
using as origin some point other than z = 0.) Comparing with Eq. (10.5.11), we 
see that Dii(t) has a Fourier component 

D--(Nn ~) = -•; L 
2n;niML2i; 

N3n3 
(10.5.16) 
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The radiated power is thus given by Eq. (10.5.7) (in c.g.s. units) as 

p = I60Jf 2l\ 6a2 

15L2 c5 
(10.5.17) 

for each odd N. This may be compared with the total energy of the oscillation, 
which is simply the kinetic energy at the times when p 1 vanishes, that is, when v 

is greatest: 

E = ½PoA IL v 2 rnax(z) dz = }1llv/a 2 

Evidently the emission of gravitational radiation will carn,e the oscillator to Jose 
energy at a rate 

p 
rgrav = Ji 64OJfvs4 

15L 2c5 
(10.5.18) 

For instance, let us calculate the rate of gravitational radiation by acoustic 
oscillations in the large aluminum cylinders used as antennas in vVeber's experi­
ments on gravitational radiation. 1 (As we shall see, the effective cross-st'ction of 
such antennas is determined by r grav•l vVeber's cylinders have the parameters 

L = 153 cm V 5 = 5.1 x 105 cm/sec M = 1.4 x 106 gm 

Hence, if gravitational radiation were the only loss mechanism. the oscillations 
(10.5.13), (10.5.14) with Nodd would lose energy at a rate 

(10.5.19) 

In contrast, the actual decay rate r of the N = 1 mode in this cylinder is about 
0.15 sec- 1 , owing primarily to viscous dissipation within the aluminum. Hence 
the "branching ratio" of gravitational radiation here is of order 

r Y/ = -grll_V ~ 3 X 10-3 4 

r 
(N = 1) (10.5.20) 

Any ordinary mechanical oscillation will always give up vastly more of its energy 
to heat than to gravitational radiation. 

As a second example, let UR calculate the power radiated by a rotating body. 
If the body rotates rigidly about the 3-axis with angular frequency T, then the mass 
density T 00 will take the form 

T00(x, t) = p(x') 

where p(x') is the mass density expressed in coordinates x' fixed in the body, 
defined by 

x 1 = x1 cos Qt - x2 sin Qt 

Xz = X1. sin Qt + X2 COS Qt 

X3 _ x; 
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HencC', hy changing coordinates in (10.5.9), we may express ])ij(t) in terms of 
the moment-of-inertia fonsor in body-fixed coordinates 

J .. = f a3x 1x'..1:'-p(x') IJ - l J (10.5.21) 

For simplicity, let us consider rotation around one of the principal axes of the 
ellipsoid of inertia, so that 1 13 = 123 = 0. "\Ve can also choose the x'1 and x~ 
axes along the two other principal axes, so that I 12 = 0. \Vith Iij diagonal, we 
nm,- find 

D 11 (t) = ½(1 11 + In) + ½(1 11 - 122 ) cos 2Qt 

D 12 (t) ½(1 11 122 ) sin 2QI 

Dzz(t) = ½(111 + 1 22 ) ½(1 11 122) cos 2Qt 

D 13 (t) D 23 (t) = 0 

The nonvanishing Fourier coefficients for w = 2Q in Eq. (10.5.11) are then 

According to Eq. (10.b.7), the total power emitted at t,vice the rotation frequency 
is then (in c.g.s. units) 

39G'"6J2 2 
P(2Q) = __'"_'~~ e _ 

5c5 

·where I and e are the moment of inertia and equatorial ellipticity, 

(10.5.22) 

(10.5.23) 

(10.5.24) 

A body ·with circular symmetry around the axis of rotation will have e = 0, and 
therefore will not emit gravitational radiation. (Indeed. this conclusion doe,; not 
even depend on the quadrupole approximation, since such a body, though rotating, 
has a time-independPnt energy-momentum tensor.) On thP other hand, for a point 
mass m fixed in the rotating coordinate system at a point x~ = r, x~ = x~ = 0, 
the only nonnmishing element of 1 u will be I 11 = rnr 2 , so that I = rnr 2 and 
e = I, and Eq. (10.5.23) gives a radiated power 

P(2Q) = 32GQ6m 2r4 (10.5.25) 
5c 5 

For instance, for the orbital motion of the planet Jupiter, we have 

m = 1.9 X 1030 g, r = 7.78 x 1013 cm 
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and Eq. (10.5.25) gives a gravitational radiation power of only 5.3 k\V, less even 
than the solar thermal gravitation power ca:culated in the last section. At this 
rate, it would take very much longer than the age of the solar system to observe 
any effects of this energy loss on Jupiter's orbit. 

The negligibility of gravit,1tional radiation in celestif1l mechanics c,1n be stated 
in more general terms. For a system consisting of particles ,vith typical mass Xi, 
typical separations r, and typical velocities v, the power radiated at a frequency 
w of order v/r will be of order [comrmre Eq. (10.5.7)] 

or, since GJJ(r is of order v2, 

p ~ a(~Y Jl2r4 

-8 
P ~ .JI v_ 

r 

The typical deacceleration arad of particles in the system owing to this energy loss 
is ginm by the power P divided by the momentum Jiv, or 

v? 

This may be compared with the accelerations computed in Newtonian mechanics, 
which are of order v 2 /r, and with the post-Kewtonian corrections discussed in the 
last chapter, which are of order v4 /r. fRadiation effects enter w·ith an odd power 
of v because they represent an irreversible process, as shown by our use of an out­
going wave solution in Eq. (10.4.4).] 8ince radiation n•action is smaller than the 
post-Newtonian effects by a factor v3 < 10- 12 , the neglect of radiation reaction 
in the last section was perfectly justified. Indeed, if we had strength we could 
even compute the post-post-Newtonian ,1ccelerations, 2 which are of order 1.56/r, 
without encountering the effects of gravitational radiation! 

The discovery of the pulsars has provided us with a more promising source of 
gravitational radiation. As discussed in Section 11.4, pulsars are probably neutron 
stars, 3 with masses of the order of one solar mass. radii of the order of 10 km, and 
hence moments of inertia I of tlw order of 1045 g cm 2 . A ne,1 born pulsar, formed 
in a supernova, may be rotating with .Q of order 104 sec- 1 , so according to Eq. 
(10.5.22), it would be emitting grnvitational radiation at a rat(, of order 10 55 e2 

ergs/sec. For comparison, tlw total rotational energy of the puls,1r would be ,1bout 
10 5 3 ergs, so most of the pulsar's kinetic energy would be radiafrd away as gravita­
tional waves 4 within a few years, provided that the equatorial ellipticity e is 
greater than about 10- 4 _ This is too large a static ellipticity to be maintained in 
the huge gravitational field of a neutron star, but it might be possible for dynamical 
effects to produce a mean ellipticity this large, particularly in the early period 
before the pulsar has settled down to its equilibrium configuration. Enntually 
the pulsar will slow down sufficiently so that other loss mechanisms. such as 
magnetic dipole radiation (for which P ex: .Q4 ) become more important than 
gravitational radiation. 


