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Laplace transform

as a tool for solving continuous-
time linear time-invariant systems
and electric circuits
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Laplace Transform

* Laplace transform is useful as an
analytical tool in the characterization,
analysis, and study of LTI systems and
electrical circuits

* |t plays an important role in analyzing
causal systems specified by linear
constant-coefficient differential equations
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Definition

Laplace transform X(s)
of a causal signal x(t)

X(s) = L(x(1)) = f x(t)e " dr
()

1 o+joo
x(t) = L7HX(s)) = — X (s)e*! ds

)] Jo—joo

Inverse Laplace transform

The two functions x(t) and X(s) form a Laplace transform pair which is
designated by x(t) «» X(s). The variable s is called a complex frequency variable.
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Laplace transform pairs

o(t) VAN
u(r) <
e " u(r) VAN
" u(t) VAN
sin(wt) u(r) VAN
cos(wt) u(t) <«
e sin(wt) u(r) AN
e Y cos(wt) u(t) VAN
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Uniqueness

Homogeneity

Additivity

Differentiation

Dx(t) = %

Convolution

Properties

xi1(1) = x(t) & Xi(s) = Xz(S)I

L(Kx(t)) = KL(x(1))
L7 KX (s)) = KL7H(X(s))

Lx1 (1) + x2(1)) = L(x1(1)) + L(x2(7))
L7HX 1 (s) + Xa(s) = L71(X1(5) + L71(Xa(5))

L(Dx(t)) = sLx (1)) — x(07) = sX(s) — x(07)

L/mx(r)h(r — 1)dtr = X(s)H(s)
0



Transfer function of
continuous-time systems

M L
X —>-—> Y > anD"y(r) = Y bD'x(t)
m={ [=0

Relaxed LTI system described by linear constant-coefficients differential equation

M L
X (s) —>“—> Y (s) (Z ams’”)}’(s) — (Zb;sf’))((s)
()

m=>0 =

Y (s) -

H(S) =3 S by

S _
©) -
Transfer function Y ans”
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Relaxed system

* A system is said to be relaxed at time t; if
the output for t 2 t; is solely and uniquely
determined by the input for t = t,

* If the concept of energy is applicable, the
system is said to be relaxed at t; if no
energy is stored in the system at t,
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Analysis of CTLTI systems by
transform method

Consider a continuous-time linear time-invariant (CTLTI)
system specified by its block diagram and assume zero initial
conditions (the system is at rest) and find the response of the
system (signals at all nodes) for an excitation applied at node 1




Analysis procedure

1.Label nodes by integer numbers

2.Assume that signal at some node is y(t)

3. Assume that input is a known function of time x(t)
4. \Write equations characterizing each block

5. Apply the Laplace transform to
both sides of each equation

6. Solve the set of algebraic equations

/. Find transfer function by dividing Y(s) by X(s)
assuming zero initial conditions

8. Find the inverse Laplace transform of Y(s)
to obtain the response y(t)
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4

Analysis steps

v = x(t) 3}
Y2=»+¥+ ¥
B =ofinmd | 1O =X
]
Yy = @ ,Jru va(r)dr Vals)y = Vyis) 4+ Vs(s) + Yais) 6
1
Vi = —E_"-'S Ya(s) = mYz{.&']
Yo = —¥4 s
_ ng{.&'}
5

Ys(s) = —él’zfiﬁ'J

Yols) = —Yy(s)

Hiis 3 =
w(t) = L Hs5)X(5) = £-] 3:‘” = e’ sin (E%Er) wit)
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Z transform

as a tool for solving discrete-time
linear time-invariant systems
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Z Transform

« Ztransform is useful as an analytical tool
In the characterization, analysis, and study
of discrete-time LTI systems

* It plays an important role in analyzing
causal systems specified by linear
constant-coefficient difference equations
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Definition

Z transform X(z)
of a causal

X(2) = Z{xm} = ZIU”Z—” sequence {X}

Inverse z transform

I' is a contour in the counterclockwise sense
enclosing all the singularities of X(z2)

The sequence {X,} and the function X(z) form a z transform pair which is
designated by {x, } <> X(z). The variable z is called a complex variable.
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/ transform pairs

(S.[”} <> 1
Z 1
i : 1
7 —d | —az™
vd 7_1
nu g <> — 5 — 7 ' _
(z—D* (A —z71)
, zsm(e)
sin(fn) u ) < - : _
74 — 2zcos(f) + 1
_ 7(z — cos(f))
cos(6n) u <~ - : _
74 — 2zcos(f) + 1
. ze ¥ sin(f)
e “"si(fn) u ) <> - 5
74— 2ze “cos(f) + e =«
—an . 72(z — e %cos(f))
e cos(fn) u <~ -
72 — 2ze%cos(f) + e 2@
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Uniqueness

Homogeneity

Additivity

Shifting

Convolution

Properties

Xt = o & X(2) = ¥(2)

Z(K{'x(fﬂ}) — KX(Z)
Z7HKX(z2) = K{xu)

Z({.IT(_,”} + {y(r.-')}) — X(Z) + Y(Z)
ZH(X (@) + Y@) = {xw} + {yw)

Z{.?C(m} * {h(n]} — Z{h(n)} x {J{?(”)} — X(Z)H(Z)
ZHX@HR) = {xmw) * (haw} = {hw} * {x@)



Convolution

Convolution of two causal sequences is defined as

{,‘*"(rr}} — {X(n}} * {/'?'[H}}

(9.4

Yin) = E I{;.Jz}h(n—;.i}

=\
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Transfer function of
discrete-time systems

M L
X(n) —)-—) Y(n) Z Um Y(in—m) — Zb[x{n—f)
m=0 [=0

Relaxed LTI system described by linear constant-coefficients difference equation

M L
X(z) —)ﬂ—) Y (2) (Z amz”’)}’(z) = (Z b;z”) X(2)

m=0 [=0
H(z) = &)

L

bz~
X(2) >
H(z) = —

Transfer function | Y ™
m=~0
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Analysis of DTLTI systems by
transform method

Consider a discrete-time linear ¥ e
time-invariant (DTLTI) system
specified by its block diagram
and assume zero Iinitial
conditions (the system is at
rest) and find the response of
the system (signals at all
nodes) for an excitation
applied at node 1
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Analysis procedure

1.Label nodes by integer numbers
2.Assume that signal at some node is y
3.Assume that input is a known sequence X
4. \Write equations characterizing each block

5. Apply the z transform to
both sides of each equation

6. Solve the set of algebraic equations

7. Find transfer function by dividing Y(z) by X(z2)
assuming zero initial conditions

8. Find the inverse z transform of Y(z)
to obtain the response y,
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4

vi(n) = x(n)

5

o) = Xeo Analysis steps
Ya(2) = boY1(2) + Xpo(2)

Ya(z) = Ya(z) + Ya(z)

Ya(z) = z27'Y5(z) 6

vain) = boyi(n) + xpo(n)
va(n) = yaln) + va(m)
valn) = ysin — 1)

(bp + 0177 + Bz OX(2) + 77 X (2} + 272 X2 (2) + Xbo(2) + 271 Xp1(2) + 272 Xp(2)

= 1—az7 ! — agz2
Y
7
8
vin) = Z7YH3(2) X (2)) = Z71(Ha(z2))
T T
- — —cos(n=) + «/Esin(ng) un) + 28(n)
8N 12 @,
+ |
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