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solutton may be an even or odd function of z. In the first case.
® = Acosk,ze**, @ = Be kel oikx,
with pk,? = —k.? (the wave vector is in the xz-plane); the boundary conditions give the relation.
tank, L =k /k,. 3)
In the second case,
YO = Asink,zek*, @ = 4 Be~hll gk

and the boundary conditions give

tank, L = —k_/k,. (4)

The demagnetizing factor of the slab is n® = 1, and the demagnetizing field is therefore —4nM. With p(w) from
(1), we find the oscillation frequency

o =y (MB+ H—4nM) (MPB + H—4nM cos? ), ¢

where 0 is the angle between k and the z-axis. For any value of k, there is a discrete infinity of k, values given by the
conditions (3) and (4). The corresponding frequencies are given by (5), and depend only on the ratio k, /k_ A]]
possible frequency values lie in the range

Y (MB+ H—4nM) < o < 3 [(MB+ H—4nM) (MB+ H)T.

As k, — 0, only symmetrical oscillations are possible, and from (3) k, L ~ (k,L)?, i.e. is a second-order small
quantity. Accordingly, we put § = 0in (5)and obtain a frequency equal to the homogeneous resonance frequency,
as it should be, )

§80. The field energy in dispersive media

The formula
S = cExH/4n (80.1)

for the energy flux density remains valid in variable electromagnetic fields, even if
dispersion is present. This is evident from the arguments given at the end of §30: on account
of the continuity of the tangential components of E and H, formula (80.1) follows from the
condition that the normal component of S be continuous at the boundary of the body and
the validity of the same formula in the vacuum outside the body.

The rate of change of the energy in unit volume of the body is div S. Using Maxwell's
equations, we can write this expression as
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see (75.15). In a dielectric medium without dispersion. when ¢ and p are real constants, this
quantity can be regarded as the rate of change of the electromagnetic energy

U = (¢E? + uH?)/8n, (80.3)

which has an exact thermodynamic significance: it is the difference between the ml':‘ﬂ‘ ﬂﬂg
energy per unit volume with and without the field, the density and entropy remainit

unchanged. ol ) _
In the presence of dispersion, no such simple interpretation is possible. Moreover, 10 o
general case of arbitrary dispersion, the electromagnetic energy cannot ‘be .ratmrﬂﬂl
defined as a thermodynamic quantity. This is because the presence of dispersion in ge:flef
signifies a dissipation of energy, i.e. a dispersive medium is also an absorbing mediun-
To determine this dissipation, let us consider a monochromatic electromagnetic field. Bl"‘
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aging with respect to time the expression (80.2), we find the steady inflow of energy per
it time and volume from the external sources which maintain the field. Since the
plitude of the field is assumed constant, all of this energy goes to compensate the
ipation. Under the conditions stated, therefore, the time average of (80.2) is the mean
antity Q of heat evolved per unit time and volume.

ince the expression (80.2) is quadratic in the fields, all quantities must be written in real
. If, as is convenient for a monochromatic field, we take E and H to be complex,
n in (80.2) we must substitute for E and ¢D/¢dt respectively 3 (E + E*) and J(—ioxE
iwe*E*), and similarly for H and ¢B/ét. On averaging with respect to time, the products
E and E*-E*, which contain factors e¥2* give zero, leaving

iw a i
Q= 167 [(* —e)E-E*+ (u* — u)H-H*) =.§ € |E[>+ " [H?). (80.4)

IS expression can also be written
0 = w(e'E? + 1" H?)/4n, (80.5)

ere E and H are the real fields, and the bar denotes an average with respect to time; cf. the
t footnote to §59.

t is easy to derive also a formula for the energy dissipation in a non-monochromatic
d which tends sufficiently rapidly to zero as t — + oo. In this case it is appropriate to
ider the dissipation not per unit time but over the whole duration of the existence of
field.

panding the field E(t) as a Fourier integral, we write

oo

E() = I E, e " dw/2n,

= a0

—i Jwe[w}Eme'm'dwf2ﬂ,

h E_, = E*. Writing the products of these quantities as a double integral and then
ting with respect to time, we have
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€ integration with respect to ¢ is effected by means of the formula

O

I e=ieron dt = 218 (o + ),

the delta function is then eliminated by the integration over «’. The result is
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On substituting ¢ = ¢ +i¢”, the term in & (w) vanishes in the integration, since the
integrand is an odd function of . With a similar expression for the magnetic field, we have
finally

o

_ _l_ " 2 " Z d_o‘_)-
det =i Iw[s ()| E,|* + " (w)|H,,| ]21r’ (80.6)

an

the integral from — o to oo can be replaced by twice the integral from 0 to oc.

These formulae show that the absorption (dissipation) of energy is determined by the
imaginary parts of ¢ and p. The two terms in (80.5) are called the electric and magnetic losses
respectively. On account of the law of increase of entropy, the sign of these losses jg
determinate: the dissipation of energy is accompanied by the evolution of heat,i.e. 0 > 0]t
therefore follows that the imaginary parts of £ and u are always positive:

Eﬂ' } O‘ p” } 0 {80-?}

for all substances and at all (positive) frequencies.t The signs of the real parts of £ and i for
@ # 0 are subject to no physical restriction.

Any non-steady process in an actual body is to some extent thermodynamically
irreversible. The electric and magnetic losses in a variable electromagnetic field therefore
always occur to some extent, however slight. That is, the functions £ (w) and g (w) are not
exactly zero for any frequency other than zero. We shall see in § 81 that this statement is of
fundamental importance, although it does not exclude the possibility of only very small
losses In certain frequency ranges. Such ranges, in which &” and g’ are very small in
comparison with & and ', are called transparency ranges. It is possible to neglect the
absorption in these ranges and to introduce the concept of the internal energy of the body
in the electromagnetic field, in the same sense as in a static field. To determine this
quantity, it is not sufficient to consider a purely monochromatic field, since the strict
periodicity results in no steady accumulation of electromagnetic energy. Let us therefore
consider a field whose components have frequencies in a narrow range about some mean
value @ The field strengths can be written

E=Ey()e, H=Hy()e o, (808)

where E, () and H, (t) are functions of time which vary only slowly in comparison with thé
factor e "', The real parts of these expressions are to be substituted on the right—haﬂj?1
side of (80.2), and we then average with respect to time over the period 27/, which 18
small compared with the time of variation of the factors E, and H,,.

The first term in (80.2), with E written in complex form. is

HE+ E*)-5(D+D*)/4r,

and similarly for the second term. The products E - D and E* - D* vanish when averaged

t This statement applies to bodies which, in the absence of the variab}e: ﬁield. are in ther::m:-d}jn@;:
equilibrium; we assurne this condition to hold. If the body is not in ghermal equilibrium, then ¢ may in princl o
be negative. The second law of thermodynamics requires only a net increase in entropy asa result of the effects
the variable electromagnetic field and of the absence of thermodynamic equilibrium, the latter effect bel ol
independent of the presence of the field. An example of such a body is one in which all the atoms have been excl
artificially (i.e. not by spontaneous thermal excitation, but by an external “pumping” field). ‘
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time, and can therefore be ignored, leaving

1 ¢D* cD
- —— L
16n (E a tF at ) (803)

e write the derivative D/é1 as fE, where [ is the operator 0¢/dt, and ascertain the effect

this operator on a function of the form (80.8). If E, were a constant, we should have
ply JE = f(w)E, where f(w) = — iwe(w). We expand the function E,(t) as a series of

urier components Eq,e™ ™, with constant E,. Since E, (1) varies only slowly, this series
include only components with a < @,. We can therefore put

JBoge™ 00t = f(o+ 0y Eg e+
gf[mo}Eme—i{m,,+a]1 + mdf{mﬂj Eoﬂe_i'[m“‘i'“}'.
do,

ming the Fourier components, we have

}-Eu(”e_m’“' = flwy)E e @0t + fg&ﬂi} a_E_E e—iwot

dw, 0t
itting henceforward the suffix 0 to , we thus obtain
cD d(we) CE, _.
o —— 80.10
ot koI, do ot © ( )

ituting this expression in (80.9) and neglecting the imaginary part of () gives

1 d(we) (. , B, . CE\ .
(E" a TP )= T6r a0 a®EY

E-E* = E,-Ey* Adding a similar expression involving the magnetic field, we
lude that the steady rate of change of the energy in unit volume is given by dU/dt,

(i
5=~1—[d(—m}-E-E* +9{{-?£)H-H*], (80.11)

16| dw dw

of the real fields E and H this expression can be written

— 1 |d(we)— d(oy)—->
U=-—| gz P\ 03 80.12
83‘[[ dw S dw i ] ( )

rillouin, 1921).

I81s the required result: U is the mean value of the electromagnetic part of the internal
Per unit volume of a transparent medium. If there is no dispersion, £ and u are

tants, and (80.12) becomes the mean value of (80.3), as 1t should.

the external supply of electromagnetic energy to the body is cut off, the absorption

his always present (even though very small) ulimately converts the energy U entirely

heat. Since, by the law of increase of entropy, there must be evolution and not

a;:iiu:?n of heat, we must have U > 0. It therefore follows, by (80.11), that the
ties

d(@e)/dw > 0, d(wu)/dw > 0 (80.13)
e
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must hold. In reality. these conditions are necessarily fulfitled, by virtue of more stringent
inequalities always satisfied by the functions &(w) and p(e) in transparency ranges (see the °
footnote to §84).

It should be emphasized once more that the expression (80.12) has been derived in the
first approximation with respect to the frequencies o with which the amplitude E (t) varies.
Itis therefore valid only for fields whose amplitude varies sufficiently slowly with time. This
comment applies also to the calculation of the stress tensor in §81.

§81. The stress tensor in dispersive media

Another topic of considerable interest is the determination of the (time) averaged stress
tensor giving the forces on matter in a variable electric field. We shall show that, even when
dispersion is present (but absorption is again absent), the expression for this tensor
contains no derivatives with respect to the frequency, unlike the energy equation (80.12).In
particular, for a transparent isotropic dispersive fluid in a monochromatic electric field, the
mean value 6, is derived from (15.9) by simply replacing £ by £(w) and the products E;E,
and E? by their mean values E;E, and E? (L. P. Pitaevskii, 1960).

To prove this, we return to the proof given in §15 and reformulate it to some extent. We
there considered a diclectric-filled plane capacitor and determined the stress tensor from
the equality between the work done by the ponderomotive forces in a movement of the
plates and the change in the appropriate thermodynamic potential. We now write this
condition for total quantities (not those per unit area), in the form

Aoy Eim, = (0 W)y e (81.1)

where A is the area of the capacitor plates. The potential # is here replaced by the ordinary
energy %, the change in which is taken for fixed values of the entropy & of the dielectric
and of the total charges + e on the capacitor plates (instead of a fixed potential ¢), and the
result (%), 4 = (54)y,, given by the theorem of small increments is used.

In the form (81.1), this condition has a particularly simple significance: a thermally
insulated capacitor with fixed charges on the plates is an electrically closed system. If
mechanical work is done on it (to move the plates) by an external source, all the work goes
to increase the energy of the capacitor. The latter is

U = U, +€*)2C, (81.2)

where %, is the energy of the dielectric in the absence of the field (for the same value of the
entropy %) and C is the capacitance. For a plane capacitor, C = e¢A/4nh, where h is the

distance between the plates. Hence

82

2¢?

On expressing 8C in terms of the displacement ¢ of the plates (taking into account the
dependence of £ on the density of the dielectric, which is changed by the displacement), we
immediately find (15.9); since the result is obvious, it will not be given here.

@)y, = (6Uo)y — 573 (8C)g- (813)

+ Itisexpressed in terms of different variables, with the adiabatic instead of the isothermal derivative de/0p and
function P,. The two forms are, of course, equivalent.



