Appendix F
Collins—Soper Frame

To prove Egs. (2.86), we use variables that are manifestly covariant under rotation
about the 2’ axis in the CS frame (the rest frame of the lepton pair: see Figure 2.24).
The magnitude of the lepton momenta in their rest frame is given by

k=1lkl=02, Q=+ (k+ k) (F.1)

where kq, k; are four momenta of the leptons in the CM frame of the two incoming
hadrons. Then, without loss of generality, we can choose the four momenta in the
CS frame by

kip=Fk, ki, =ksin0, ki, =kcos,
k=%, ky=-ksinf, ki,=-kcos6 (F.2)

We have fixed the x’—z’ plane defined by P4, Py, Q. Then, the direction of the y’
axis is defined by

A~ PAX Q
Rr=(0,0,1,0) = ——— F.3
T = ( ) P,x 0 (E.3)
By the boost in the Q; direction with By = [Q;]/Q,y = ,/Q?+ Q/Q, they

become variables in the * frame. We denote the variables with * in the x frame.

kiy=yk(l1+ Bsin0), ki =vk( sin0 +pB), ki, =kcosO
kyo=yk(l—psin0), k), =vk(—sind +p), k), =—kcosO (F.4)

= (kjy + k2)/V2 = k[cos O + y (1 + B sin 0)]/v/2

= (kx kz*z)/ﬁ= kcos 6 + y (1 — Bsin 0)]/+/2

(kl*o ki) /2 = k[—cos 0 + (1 + Bsin 0)]/v/2

= (k3o + k3. )/ﬁ:k[ cos 0 + y(1—fsinB)]/ V2 (E.5)
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Tk — Tk = (K2/2)[{(cos 0 + y)? — By sin” 60
—{(—cos 0 + y): — Bry?sin’ 0}

2k?y cos 6 =2 (g‘)z Q2—+Q2T

= cos 6
2 Q
2
08 = ————(ki"k; — ky k;N)*
00+ Q;
2
= ———— (k" — ki k) (F.6)

QY Q'+ 1

where z boost invariance was used in deriving the last equality.

AY =k{, — ki, =vk(sin0 + ) — yk(—sin 0 + ) = 2yksin6
AX = AZ* = 4k%y%sin> O = y? Q% sin 62
(AT~ Q1) = (AD)*(Q7)* = (Qy sin 0)}(Qr)* = Q*Qry’sin’ 0
AT Q)2
(2 tz QT)Z :ﬁZ,J/ZSiHZG
QHQ* + Q1)
AT (AT Q)
Q@ QP+ QY
Thus far, we have only used covariant variables under rotation around the z’ axis.

An explicit azimuthal angle dependence of the momentum of the produced lepton
pair can be derived using the Rt vector defined in Eq. (F.3).

= y%sin’ 6 — B%y?sin® 0 = sin’ 6 (E.7)

Ak Ry = A%, = QOsin 6 sing
Ar-Qp = A%, =y Qsinf cos ¢
(Q% + QY A¥ - Ry Qsin 6 sin ¢

Q  Ar g 7OsinOcosp tan ¢ (F.8)

Notice that the right-hand side of Egs. (F.6), (F.7) and (F.8) are all manifestly invari-
ant under z boosts, so that the equations apply equally well using laboratory frame
variables as well as those in center of mass frame of the two incoming hadrons.



