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Abstract - We developed a non linear 2D tomographic method to interpret the first
arrival times from the Mt. Vesuvius active seismic experiments. The use of a non-lin-
ear technique is justified by the lack of a refined reference model of the volcano and
the weak data redundancy. The method is based on a spectral representation of the
velocity field while the forward problem (travel time and ray computation) is solved
using the asymptotic approximation for the wave equation solution. The velocity field
is represented by the sum of polynomial and wavenumber spectral Fourier decom-
posed functions which account for the long wavelength velocity variations and short
wavelength anomalies. In this case the ray vector equation is resolved locally by setting
the initial conditions for ray position and parameter. We provide the iterative analytic
expression for computing ray coordinates in a heterogeneous elastic 2D medium. The
inverse method is based on a global/local optimization technique (Genetic Algorithm
and Downhill Simplex) which explores the whole parameter space i.e. the coefficients
of the polynomial and spectral Fourier functions. This spectral approach turns to be
very efficient for applications to seismic tomography problems where the medium
spectral content and the minimum resolved wavelength are generally unknown. In
fact, a medium description through a Fourier series enables one to estimate by arrival
time data inversion both the medium properties and the minimum resolvable wave-
length in the tomographic study. The method was tested numerically simulating two
canonical acquisition geometries and was then applied to a subset of data collected
during the active seismic experiments performed in the Mt. Vesuvius area. 

1 Introduction

In recent years, first arrival time tomography has become a rather standard
tool to investigate the smooth velocity variation in complex geological environ-
ments. In particular it has been successfully applied to retrieve images of the
shallow and deep structure of volcanoes where the medium complexity is related
to the presence of densely fractured, fluid percolated lavas forming the volcano
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edifice and/or of melting reservoir at depth. The input data sets for such studies
are first P and S arrival times from active source (on land borehole explosions
and offshore airgun shots) and/or microearthquake seismic recordings acquired
in varied 2D and 3D source and receiver geometries. The joint use of active and
passive sources in local seismic tomography studies proved very efficient since it
minimizes the usual complications with local earthquake tomography which
originate from the natural trade-off among the unknown source and medium pa-
r a m e t e r s .

Different volcano images were obtained using local earthquake data (Kilauea
volcano in Hawaii, Thurber, 1984; Campi Flegrei in Italy, Aster and Meyer, 1998;
Mt. St. Helens in U.S.A., Lees and Crosson, 1989; Redoubt volcano in Alaska,
Benz and Smith, 1984). In these studies anomalously low-velocity zones were de-
tected with a spatial resolution about 5000-10000 m, and interpreted as magma
reservoirs at depth. High resolution, active source seismic experiment (Medicine
Lake in California, Evans and Zucca, 1988; Jasper seamount in California, Ham-
mer et al ., 1994; Mt. Vesuvius in Southern Italy, Zollo et al ., 1996) also proved a
powerful method to investigate volcano structures.

The tomography methods which are generally applied to the investigation of
volcanic structures are based on approximate techniques for ray-tracing and travel
time computation and/or iterative, linearized inversion schemes (Thurber, 1983;
Eberhart-Phillips, 1986). This approach requires a rather well defined initial mod-
el for inversion and allows only for small velocity perturbations (few percent).
Both these conditions are rarely verified in strongly heterogeneous media like vol-
canoes are expected to be.

In this paper we developed a non-linear tomographic method based on the
exact first arrival ray tracing and travel time computation in a spectral decom-
posed medium. The velocity field v(x, z) is represented by the sum of a polynomial
and wavenumber spectral decomposed functions which account for the long
wavelength velocity variations and short wavelength anomalies as proposed by
Gjevik (1974). Since the minimum resolvable wavelength of the velocity field is
generally not known a p r i o r i, the medium description by its wavelength compo-
nents helps to detect the minimum wavelength limit of the tomographic study. A
similar approach was recently used by Hammer et al. (1994). The method was ap-
plied to data collected during the 1994 and 1996 active seismic campaigns per-
formed in the Mt. Vesuvius volcanic area (Gasparini et al., 1998).

2 Non linear 2D arrival time inversion

We developed a non linear 2D inverse method to interpret the first arrival
times from the Mt. Vesuvius active seismic experiments. Actually most strongly
non-linear geophysical problems are investigated by global or mixed global/local
optimization methods (Sen and Stoffa, 1997; Snieder, 1998). These overcome the
difficulty of designing a reliable reference model of the complex volcano struc-
ture, by the weak data redundancy and the expected strong velocity heterogeneity,
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typically encountered in linear/linearized inverse approaches. The method is
based on a spectral representation of the velocity field while the forward problem
(travel time and ray computation) is solved by using the asymptotic approximation
for the wave equation solution.

We assume that the 2D velocity field v(x, z) can be represented by the contri-
bution of 1D and 2D terms

v(x, z) = vL + vH . (1)

The term vL:

vL =
P

i = 0 

i

j = 0

pij x
iz j

describes the long wavelength velocity variation in x, z directions (for instance, ve-
locity gradients), where P is the order of the polynomial expansion and pij the re-
lated coefficients.

The term vH

vH =
M + 1

m = 1

N + 1

n = 1
Amne

i (mKxx + nKz z) ∆x ∆z (2)

represents the 2D velocity anomalies of the medium (short wavelengths), here de-
scribed by a complex Fourier series expansion. In (2), Amn are the complex coeffi-
cients of the Fourier series. Given the model dimensions Lx and Lz, the minimum
wavenumbers Kx and Kz are defined as 2π /Lx and 2π /Lz, respectively. The quanti-
ties ∆x and ∆z are the constant sampling intervals in the space domain which are
dependent on the higher order numbers M and N considered in the Fourier series
expansion (∆x = Lx /M; ∆z = Lz /N).

The parametrization of the 2D medium velocity field through the function
(1) provides an efficient and accurate way to compute analytically the space
derivatives of the velocity field. Furthermore it has the advantage of explicitly de-
scribing the medium heterogeneities in terms of their wavenumber spectrum pa-
r a m e t e r s .

The non linear inverse technique we used is based on the exhaustive search in
the model parameter space for the minimum of a cost function, whose fast com-
putation quests for a very efficient solution of the forward problem, i.e. the travel
time computation in a 2D heterogeneous medium. Using the eq. (1), the vector
equation for ray path in a heterogeneous 2D medium can be solved locally apply-
ing an analytical expression for the ray quantities (Appendix). A new ray position
can be deduced from the previous one assuming locally a constant gradient of the
square of the slowness (formulae  (A.12) and (A.13) with a stepping parameter τ
related to the arc length by ds = v–1dt (Červený, 1987; Virieux, 1988).

The inverse method is based on the exhaustive search in the model parameter
space of the L2 norm, assessing the distance between the observed and computed
first P arrival times. The exploration of the model parameter space is performed
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through a technique which employs at consecutive steps the Genetic Algorithm
(GA) (Goldberg, 1989; Whitley, 1994) and the Downhill Simplex (DHS) (Press 
et al., 1986) optimization methods. Both methods need only the cost function
evaluation and not its derivatives.

In seismic tomography problems the model parameter resolution is strongly
related to the minimum resolvable medium wavelength, which is generally un-
known a priori and makes the choice of medium gridding extremely constraining.
The adopted inversion strategy consists of performing several inversion cycles at in-
creasing resolution degree. This can be naturally realized through the chosen mod-
el description by increasing at each step the order of the polynomial/Fourier series
considered for the medium description. Firstly, the best-fit low order (p, q < 3)
polynomial coefficients are found, which constrain the large wavelength variation
of the medium (gradient, dipping layers). Secondly, the best fit coefficients of the
Fourier series are searched by adding at each new cycle a coefficient in order to
consider shorter wavelengths. The inversion process is stopped when the addition
of a new parameter does not significantly improve the solution variance. The
method does not require a reference model at the early inversion stage, as for the
perturbative linearized technique. In order to speed up the search for the best fit
solution at each inversion step the search is restricted within an arbitrary interval
around the best fit coefficient values obtained in the previous step. At the end of
the inversion process we obtain the minimum norm parameters and the minimum
resolvable wavelength according to the adopted medium description.

Methods for resolution analysis have been mostly developed for linear and
linearized inverse approaches and provide only local information, i.e. near the best
fit model. These may not be obviously extrapolated to global/local optimization
methods as the one we used here. For a qualitative estimate of resolution we
adopted the analysis of ray density tensor as proposed by Kissling (1988). We call
areal ray coverage the isotropic component and angular coverage its ellipticity. Al-
though the ray density tensor has been developed for linear inverse methods, syn-
thetic examples (see the next section) show that it represents a satisfying indicator
of the spatial resolution in non-linear tomography. The best suited methods for
complete resolution analysis are still a matter of the ongoing research (Zhang and
Toksoz, 1998; Snieder, 1998).

3 Synthetic examples

The inversion method has been tested numerically simulating two canonical
acquisition geometries: the cross-hole and global offset acquisition lay-outs.

In the cross-hole test the sources and receivers are located in two vertical par-
allel boreholes. An additional array of receivers is located at the model surface
(Figure 1a). The synthetic P-velocity field shows a centered gaussian-like anomaly
with a peak velocity 30% larger than the background value (vp = 3000 m/s). The
estimated model is compared to the synthetic one in Figure 1a. The global shape
of the anomaly and the background velocity value are well recovered. The shape
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129A 2D non linear method for travel time tomography: application to Mt. Vesuvius

distortion of the retrieved anomaly is clearly related to the non uniform sampling
of rays, areal and azimuthal coverages (Figure 1b). Residuals for the best fit model
range between – 0.02 s and 0.02 s. The final model shows a minimum resolvable
wavelength λx

min = λz
min = 1400 m.

The global offset test represents the typical source and receiver configuration
of 2D active seismic experiments at Mt. Vesuvius. Shots and receivers are both lo-
cated at the topography of the investigated model section (Figure 2a). The P-
velocity field is decribed by a truncated cone-like anomaly (peak = 1000 m/s and
radius = 3000 m) with center position in (x = 15000 m; z = 4000 m) summed to a

a

b

Figure 1a,b Synthetic test of the non linear inverse method using a typical cross-hole acquisi-
tion lay-out. (a) Source and receiver configuration and ray paths. Synthetic versus estimated 2D
velocity model. (b) Model resolution. Ray, areal and angular coverage maps.

Distance (km) Distance (km)

P wave velocity (km/s)

True Estimated

Ray coverage Areal coverage Azimuthal coverage
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vertical gradient velocity variation (v(z) = (2000 + 500 z) m/s). The comparison
between the synthetic and estimated models shows that the model is well con-
strained up to a depth of about 3000-4000 m which corresponds to the region of
maximum ray, areal and azimuthal coverage. Resolution also degrades moving lat-
erally from the section center (Figure 2b). Residuals for the best fit model range
between –0.03 s and 0.03 s. The final model has different minimum resolvable
wavelengths for x and z directions: λ x

min = 1700 m and λz
min = 900 m.

4 Application to Mt. Vesuvius active seismic data

Two active seismic experiments were performed in the Mt. Vesuvius area in
1994 and 1996. Seismic sources were provided by 17 shots produced by 250 to
800 kg of seismic gel housed in 50 m deep boreholes. Shots and receivers were de-
ployed along five 25 to 40 km profiles (A, B, C, D, Profile 94 in Figure 3). Profile
94 was performed in 1994 using 80 three-component seismographs which record-
ed three shots. Profiles A, B, C and D were carried out in 1996. During this cam-
paign, 140 digital seismographs were deployed in the field. Each of them was
equipped with 3C sensors having a natural frequency ranging between 2 and 4
Hz. The acquisition lay-out was planned according to a multi-2D source and re-
ceiver configuration (Figure 3). For each profile the shots have been recorded
along the in-profile direction and the quasi-orthogonal one (e . g., shot A1 was
recorded simultaneously along the profiles A and C). This guarantees an optimal
2D and 3D coverage of the volcano although it is not a real 3D experiment. The
station spacing was about 250 m on the volcano edifice and about 500 m outside.
Seismic records were acquired at a sampling rate of 200 Hz. Further details on the
experiments can be found in Gasparini et al. (1998).

An example of recorded common source section is shown in Figure 4. Clear
first arrivals were detected as far as 25 000-30 000 m. Hand-picking of first arrival
times was performed on unfiltered and filtered Common Source seismic sections.
Traces were arranged as a function of the offset in order to improve the phase
identification by waveform correlation.

Instead of a single reading with a weighting factor, a time window (t1, t2) was
selected, bracketing the presumed first arrival time on each seismogram. t1 is the
observed phase arrival time. t2, larger than t1, is a measured time, whose distance
from which t1 expresses the uncertainty on the first arrival time picking (t1). The
width of the window (t1, t2) is related to the classical weighting factor, i . e. poor
data quality is associated with a wide (t1, t2) window.

In addition, for large offsets and noisy records a single time reading can be
performed. This time is associated to the first prominent amplitude arrival detect-
ed on the seismic records, not necessarily being the first P arrival. This time read-
ing is useful in an approach based on global/local model parameter exploration
since it provides a constrain a posteriori during the inversion procedure (e.g., ac-
cepted models must provide theoretical first arrival times smaller than the mea-
sured t2). It is not used for the misfit function calculation.
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In this paper we analyzed data from the shot gathers along profile A. The
travel time curves for shots along this profile are shown in Figure 5. The travel
time curves show a significant change in the slope at offsets of 2-5 km. This is re-
lated to the arrival of an head-wave produced at the discontinuity between the
volcanic/alluvial sediments and the Mesozoic limestones which is the prominent
lithological transition at shallow depths (< 3000 m) underneath the Campanian
Plain and the volcanic complex.

The 2D P-velocity model along profile A obtained using the spectral tech-
nique is displayed in Figure 6. A number of coefficients equal (17 × 9) was needed
to represent the model: The smallest sampled wavelength is λx

m i n = 1700 m and
λz

min = 700 m for the x and z directions respectively and the misfit between the ob-
served and calculated models is 0.06 s. 

Figure 3 Map of the investigated area with active seismic profiles and the acquisition lay-out.



As expected for a “global offset’’ acquisition lay-out the resolution is higher in
the vertical rather than in the horizontal direction. Comparing the azimuthal, areal
and ray coverage maps (Figure 7) we conclude that the parameter resolution is
higher in the middle part of the explored section and progressively diminishes
moving outward. It also generally decreases with depth. The maximum resolvable
depth is around 3000-4000 m.

The inferred P-velocity shows a high variability in the shallow volcanic struc-
ture, with values ranging from 1500 m/s to 6000 m/s. A very sharp velocity in-
crease (from 3000-4000 m/s to 6000 m/s) is observed in the 2D image at depths
ranging from a few hundreds meters to 2000-3000 m. Another prominent feature
of the tomographic images is a relatively high velocity region (vp = 3500-4500 m/s)
located 1000-1500 m underneath the summit caldera of the volcano.
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Figure 4 Example of a recorded seismic section along the profile A for the shot A1.
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Figure 5 First P arrival time curves for shots along the profile A. The t1 and t2 time windows
are displayed as a function of the distance from the shot.

Figure 6 2D P-velocity model, relative to the section spanned by the profile A of the 1996 ex-
periment, as inferred in this study from the non linear inversion of first arrival times.

Distance (km)

P wave velocity (km/s)



5 Discussion and conclusions

We have applied a newly developed non linear inverse method which uses a
spectral description of the propagation medium and an exact ray-tracing tech-
nique. Our synthetic simulations showed that the method is very efficient in the
retrieval of velocity images of strongly heterogeneous structures such as volcanoes
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Figure 7 Model resolution. Ray, areal and azimuthal coverage maps for model section A.
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provided that sources and receivers are adequately distributed around the target
volume.

In tomographic problems the minimum velocity wavelength resolved by data
is generally unknown a priori, which makes the choice of medium gridding subjec-
tive and critical. The proposed medium parametrization (Fourier decomposition)
and the inversion strategy (moving from large to small wavelength model compo-
nents) suggest a different approach to investigate the minimum wavelength re-
solved by data. 

The latter is generally variable along the tomographic image and our method
provides only an estimate of the wavelength associated with the retrieved highest
degree coefficients which is an average value of the resolved wavelength on the
whole image.

The exhaustive search for the cost function minimum is performed by cou-
pling the Genetic and Downhill Simplex algorithms which ensure a quite efficient
and fast procedure for model space sampling.

The method has been applied to retrieve the 2D images of the shallow struc-
ture of Mt. Vesuvius by the inversion of first P arrival times recorded during two
recent active seismic experiments in the area. The 2D image shows a sharp P-ve-
locity increase at a depth range of 2000-3000 m depth b.s.l. underneath the vol-
cano. This sharp velocity transition can be associated with the passage from the
Plio-Pleistocene volcano-sedimentary to the Mesozoic limestone formation (Zollo
et al., 2000). 

This conclusion is supported by the lithostratigraphy and the laboratory ul-
trasonic measurements from the Trecase well samples (Zamora et al., 1994). It can
be reasonably assumed that the P-velocity isoline at 5500 m/s marks the position
of this discontinuity in the tomographic images.

The limestone top has an irregular shape and generally dips from the edges of
the Campanian Plain toward the volcano. This trend is also consistent with the
Bouguer anomalies pattern (Cassano and La Torre, 1987; Berrino et al., 1998).

Interestingly, the analyzed velocity section shows an important depression in
the morphology of the limestone top about 9000 m long and 1000 m deep extend-
ing North of Mt. Somma. It can be related to a graben-like structure.

The high velocity body overlaying the Mesozoic limestone underneath the
summit caldera can be associated with a paleo-volcanic or a sub-volcanic (solidi-
fied dikes) structure. In fact the range of observed velocities (vp = 3500-4500 m/s)
is consistent with in-situ and laboratory measurements of solidified lavas (Bernard,
1999; Zamora et al., 1994).
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Appendix The ray path and traveltime equations.

Let us recall the vector equation for ray trajectory in a heterogeneous 2D
medium

d
d
r

s(x) d
d
x
r

= ∇s(x) (A.1)

where s(x) = 1/v(x) is the slowness, v is given by eq. (1) and x ≡ (x, z) is the ray
vector expressed in its cartesian components. dr is curved elementary distance cal-
culated along the ray path. It can be shown that eq. (A.1) can be split in two equa-
tions for p ≡ (px, pz), the ray parameter vector, and for x (Virieux, 1996)

d

d

p
r

= ∇s(x) (A.2)

d
d
x
r

= vp. (A.3)

According to Virieux et al. (1988) we introduce the variable τ, defined by the
equation

s dτ = dr.

The variable τ depends on wave velocity and is therefore a function of the ray po-
sition. By changing the variable in eqs. (A.2) and (A.3), these can be rewritten as a
function of τ

d

d

p
τ

= s∇s =
1

2
∇s2 = α (A.4)

d
d
x
τ

= p . (A.5)

The vector x(τ) ≡ (x (τ), z (τ)) gives the ray coordinates along the travel path.
The differential eqs. (A.4) and (A.5) allow one to obtain the values of ray pa-

rameter and coordinates at a given point along the ray path knowing their values
at a neighbouring, previous point along the same trajectory. Therefore, these equa-
tions are defined locally along the ray path and can be applied to trace rays
through an iterative procedure moving from the source position to the receiver. In
order to solve analytically eqs. (A.4) and (A.5) we compute the squared slowness



138 ALDO ZOLLO, RAFFAELLA DE MATTEIS, LUCA D’AURIA and JEAN VIRIEUX

derivatives at a given point (xo , zo) along the ray trajectory

αx = 1
2 ∂

∂
x

s2 =

= –s 3
Q

q = – Q
q cq xo

q –1 +
M + 1

m = 1

N + 1

n = 1
(i m Kx) Ai j exp (i (mKxxo + nKzzo)) ∆x ∆z

(A.6)
αz = 1

2 ∂
∂
z

s2 =

= –s 3
P

p = – P
p cpzo

p –1 +
M + 1

m = 1

N + 1

n = 1
(i n Kz) Aij exp (i (mKxxo + nKz zo)) ∆x ∆ z

The solutions px and pz of eq. (A.4)

px = α xτ + βx (A.7)

pz = α zτ + βz.

Substituting in eq. (A.5) and solving for x and z we obtain

x =
1

2
αxτ 2 + βxτ + γx (A.8)

z =
1

2
α zτ 2 + βzτ + γz.

The constants βx and γx can be determined by the initial conditions for τ = 0 

βx = px
o

γx = xo.

Substituting in eq. (A.7) and (A.8)

px = αxτ + px
o (A.9)

x = 1
2

αxτ 2 + px
oτ + xo.

Similarly for pz, z

pz = α zτ + pz
o (A.10)

z = 1
2

α zτ 2 + pz
oτ + zo.

Equations (A.9) and (A.10) provide the new ray parameter and position given
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their initial values at point (xo, zo) and an arbitrary value of τ. The travel time is
given by

T = T0 + s2τ + · pτ 2 + 1/3α 2τ 3 . (A.11)

We can generalize these equations to obtain the following iterative formulae for
obtaining the ray parameter and coordinates at any point (xN, zN)

xN (τ) = 1
2

[αx]xN – 1
τ 2 + pxN – 1

τ + xN – 1 (A.12)

zN (τ) = 1
2

[αz]zN – 1
τ 2 + pzN – 1

τ + zN – 1

px
N = [αx]xN – 1

τ + px
N – 1 (A.13)

pz
N = [α z]zN – 1

τ + pz
N – 1.

The travel time si computed through the expression

TN = TN – 1 + s 2
N – 1τ + α · pN – 1τ 2 + 1/3 (αx

2 + α z
2)N – 1τ 3. (A.14)

The parameter τ controls the sampling length along the ray path, which therefore
depends on the ray position and on the local wave velocity. As a general rule, small
values of τ (typically < 0.1 km2/s) correspond to a fine sampling of the ray path
(ray-path arc sampling length ∆l < 0.025 km with a velocity around 4 km/s).

The code has been tested by comparing ray paths and travel times using eqs.
(A.12), (A.13) and (A.14) and those computed analytically in 2D synthetic media
obtained by summing up a gaussian-like symmetric anomaly to a vertical gradient
velocity function.
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