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Factorization Theorem
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  transition from partonic final 
state to the hadronic observable 
(hadronization, fragm. function, 
jet definition, etc)
  Sum over all histories with X 
in them
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f j (x,Q)
  sum over all initial state 
histories leading, at the 
scale Q, to: 
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 The possible histories of initial and final state, and their relative 
probabilities, are in principle independent of the hard process 
(they only depend on the flavours of partons involved and on 
the scales Q)

 Once an algorithm is developed to describe initial (IS) and final 
(FS) state evolution, it can be applied to partonic IS and FS 
arising from the calculation of an arbitrary hard process

 Depending on the extent to which different possible FS and IS 
histories affect the value of the observable X, different 
realizations of the factorization theorem can be implemented, 
and 3 different tools developed:

1. Cross-section evaluators
2. Parton-level Monte Carlos
3. Shower Monte Carlos
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1: Cross-section evaluators

 Only some component of the final state is singled out for the 
measurement, all the rest being ignored (i.e. integrated over). E.g.  
pp→e+e- + X

 No ‘events’ are ‘generated’, only cross-sections are evaluated:

Experimental selection criteria (e.g. jet definition or acceptance) are 
applied on parton-level quantities. Provided these are infrared/
collinear finite, it therefore  doesn’t matter what F(X) is, as we 
assume (fact. theorem) that:

 Thanks to the inclusiveness of the result, it is `straightforward’ to 
include higher-order corrections, as well as to resum classes of 
dominant and subdominant logs
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State of the art

• NLO available for:

• jet and heavy quarks production

• prompt photon production

• gauge boson pairs

• most new physics processes (e.g. SUSY)

• NNLO available for:

• W/Z/DY production

• Higgs production 

€ 

(qq →W )

€ 

(gg→ H )
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2: Parton-level (aka matrix-element) MC’s

• Parton level configurations (i.e. sets of quarks and 
gluons) are generated, with probability proportional 
to the respective perturbative M.E. 

• Transition function between a final-state parton and 
the observed object (jet, missing energy, lepton, etc) 
is unity

• No need to expand f(x) or F(X) in terms of 
histories, since they all lead to the same observable

• Experimentally, equivalent to assuming

• perfect jet reconstruction (Pμ parton → Pμ jet) 

• linear detector response 
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State of the art
 W/Z/gamma + N jets (N≤6)
 W/Z/gamma + Q Qbar + N jets (N≤4)
 Q Qbar + N jets (N≤4)
 Q Qbar Q’ Q’bar + N jets (N≤2)
 Q Qbar H + N jets (N≤3)
 nW + mZ + kH + N jets (n+m+k+N ≤8, N≤2)
 N jets (N≤8)

Njets 2 3 4 5 6 7 8
# diag’s 4 25 220 2485 34300 5x10⁵ 10⁷

Example of complexity of the calculations, for gg-> N gluons:

For each process, flavour state and colour flow (leading 1/Nc) are calculated on an event-
by-event basis, to allow QCD-coherent shower evolution

ALPGEN: MLM, Moretti, 
Piccinini, Pittau, Polosa
MADGRAPH: Maltoni, Stelzer
CompHEP: Boos etal 
VECBOS: Giele et al
NJETS: Giele et al
Kleiss, Papadopoulos
......
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3: Shower Monte Carlos
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Goal: complete description of the event, 
at the level of individual hadrons
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I: Generate the parton-level hard event
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II: Develop the parton shower
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II: Develop the parton shower
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II: Develop the parton shower
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III: Hadronize partons
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III: Hadronize partons
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III: Hadronize partons
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III: Hadronize partons

q

q

q’

q’
_

_

1. Split gluons into q-qbar pairs

2. Connect colour-singlet pairs

3. Decay the colour-singlet 
clusters into hadron pairs

N

N

π π
π

π



The shower algorithm
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Sequential probabilistic evolution (Markov chain)
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The shower algorithm

12

Sequential probabilistic evolution (Markov chain)

The probability of each emission only depends on the state of 
the splitting parton, and of the daughters.  The QCD dynamics 
is encoded in these splitting probabilities.
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The shower algorithm
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Sequential probabilistic evolution (Markov chain)

The probability of each emission only depends on the state of 
the splitting parton, and of the daughters.  The QCD dynamics 
is encoded in these splitting probabilities.

1

Q0 Q1

Q2

Q3

Q4

Q5

The total probability of all possible evolutions is 1 (unitary evolution). 
•The shower evolution does not change the event rate inherited 

from the parton level, matrix element computation.
•No K-factors from the shower, even though the shower describes 

higher-order corrections to the leading-order process



Single emission
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1

z=P(k2)/P(k)≈ energy/momentum 
fraction carried by one of the two 
partons after splitting

ϕ = azimuthq2 ≈ virtuality scale of the branching:

While at leading-logarithmic order (LL) all choices of evolution variables and of 
scale for αs are equivalent, specific choices can lead to improved description of 
NLL effects and allow a more accurate and easy-to-implement inclusion of 
angular-ordering constraints and mass effects, as well as to a better merging of 
multijet ME’s with the shower

• (k1+ k2)2

• k1 ∙ k2

• k⊥2

• ....

• P=k0

• P=k ∕ ∕

• P=k ∕ ∕ + k0 
• ...

μ = f(z,q)

q dProb(Q0→ q2)
dq2 dzdφ

= P0
αs(µ)

2π
1
q2 P(z)

k1

k2
k

Q0

P0 ⇒ ∫ d Prob = 1



Multiple emission
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Prob(Q0→ Q1) = P0
αs
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dq2
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dq2
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P0 = exp{−αs
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Z Q0

Λ

dq2
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Λ=infrared cutoff

P0 = Sudakov form factor
~ probability of no emission 
between the scale Q0 and Λ

Prob(Q0→ X) = P0×∑ 1
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1.Generate 0< ξ1 <1

2.If ξ1 < P(Q , Λ) ⇒ no radiation, 
q’ goes directly on-shell at scale 
Λ≈GeV

3.Else
1.calculate Q1 such that P(Q1,Λ)= ξ1

2.emission at scale Q1:

4.Select z according to P(z)
5.Reconstruct the full kinematics of 

the splitting

6.Go back to 1) and reiterate, until 
shower stops in 2).  At each step 
the probability of emission gets 
smaller and smaller

prob. of no radiation 
between 
Q and Λ

Λ QQ1

1

P

ξ1

Q2

ξ2

Q1
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P(Q,Λ) = exp
[
−

Z Q

Λ

dq2

q2
αs(q)

2π
P(z)dz

]

Generation of splittings



The existence of high-mass clusters, however rare, is unavoidable, due to IR 
cutoff which leads to a non-zero probability that no emission takes place. This is 
particularly true for evolution of massive quarks (as in, e.g. Z→bb or cc). 
Prescriptions have to be defined to deal with the “evolution” of these clusters. 
This has an impact on the z→1 behaviour of fragmentation 
functions. 

Phenomenologically, this leads to uncertainties, for example, in the background 
rates for H→γγ (jet→γ). 16



Ex: Particle multiplicities:

17

This approach is extremely 
successful in describing the 
properties of hadronic final states!



Ex: Energy distributions
(Winter, Krauss, Soff,
 hep-ph/0311085)

18



Ex: Transverse momenta w.r.t. thrust axis:
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  no emission outside C1 ⊕ C2:

Main limitation of shower approach:

 
  lack of hard, large-angle emission
  poor description of multijet events 

   loss of accuracy for intrajet radiation 

incoherent emission inside C1 ⊕ C2:

C1

C2
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Because of angular ordering



COMPLEMENTARITY OF THE 3 TOOLS
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ME MC’s X-sect evaluators Shower MC’s

Final state 
description

Hard partons → 
jets. Describes 
geometry, 
correlations, etc

Limited access to 
final state 
structure

Full information 
available at the 
hadron level

Higher order 
effects: loop 
corrections

Hard to 
implement, 
require 
introduction of 
negative 
probabilities 

Straighforward 
to implement, 
when available

Included  as 
vertex 
corrections 
(Sudakov FF’s)

Higher order 
effects: hard 
emissions

Included, up to 
high orders 
(multijets)

Straighforward 
to implement, 
when available

Approximate, 
incomplete 
phase space at 
large angle

Recent progress:

MC@NLO for full 
1-loop corrections

New algorithms to 
merge hard ME with 
showers


