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SommarioSommario
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Annular junctionsAnnular junctions
sinesine--Gordon equation and long annular Gordon equation and long annular JosephsonJosephson junctions junctions 
How to insert vortices in long annular junctions and how count How to insert vortices in long annular junctions and how count 
them (with a brief cosmological parenthesis)them (with a brief cosmological parenthesis)
small annular junctions: how to count vortices in small small annular junctions: how to count vortices in small a.ja.j..
Resonances in small annular junctionsResonances in small annular junctions
DetectorsDetectors
How to put all together to solve  a How to put all together to solve  a ““device problemdevice problem””
When there is not room enough When there is not room enough 
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London equationsLondon equations
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FluxoidFluxoid conservationconservation
Integrating the first London’s equation
along  one of the possible closed path
C surrounding the cavity
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We get for the “fluxoid” (indipendent from C):
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Since the current can flows only in a surface layer
Taking C in the bulk gives J=0. So for the “flux”:
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You can turn off the
field but Φ does not change:
Is a trapping!
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• This may also be seen as a very general requirement of single
valuedeness of the order parameter.

C

Flux quantization in a multiplyFlux quantization in a multiply--
connected superconductorconnected superconductor

• The previous constant cannot take any value. Simply apply the 
Bohr-Sommerfeld quantum condition:



JosephsonJosephson effecteffect

Nobel Prize in 
Physics 1973
with
Leo Esaki
Ivar Giaever



JosephsonJosephson equationsequations



JosephsonJosephson junction in magnetic fieldjunction in magnetic field

typical value:  10μm 



JosephsonJosephson vortexvortex
A stable selfA stable self--sustained sustained 
tunnelingtunneling current structurecurrent structure

It needs L>It needs L>λλjj

Associated flux is the Associated flux is the 
elementary flux quantum:elementary flux quantum:
ΦΦ00== 2.072.07××1010--15 15 teslatesla •• mm22

= 2.07= 2.07××1010--15 15 V V •• ss

∼2λj
H=0

L



Small junction in Small junction in m.fm.f..

H

The magnetic field penetrates completely 
Because shielding is ineffective if L<<λj



Summary of the  relevant Summary of the  relevant 
relationshipsrelationships
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….plus Maxwell’s equations…
(Third Josephson equation)



Small junction in magnetic fieldSmall junction in magnetic field
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Short junction dynamics and Short junction dynamics and FiskeFiske
stepssteps

Fiske (1964)
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Perturbed sinePerturbed sine--Gordon modelsGordon models

Space and time normalized to:



SineSine--Gordon EquationGordon Equation

Nonlinearity may compensate dispersion:Nonlinearity may compensate dispersion:
Permanent profile wave or Permanent profile wave or ““solitarysolitary”” wave wave 
solution possibilitysolution possibility

ϕϕϕ sin2

2

2

2
=

∂
∂

−
∂
∂

tx

A A BaroneBarone, F Esposito, C , F Esposito, C 
J Magee, A C Scott J Magee, A C Scott 
Theory and Applications Theory and Applications 
of sineof sine--Gordon EquationGordon Equation
RivistaRivista del del NuovoNuovo
CimentoCimento 11 p. 227p. 227--267 267 
(1971)(1971)



““KinkKink”” solution or a solution or a ““solitonsoliton””

x
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ϕ0 ϕ0



Mechanic Mechanic analoganalog: chain of : chain of pendulapendula

See  for example Barone & Paternò
Physics and Applications
of the Josephson Effect
N Y Wiley 1982

(In the book a ‘pocket ‘ version
is also shown )







Energy and perturbation analysis Energy and perturbation analysis 
for a single for a single fluxonfluxon

In this approximation a  fluxon behaves as a relativistic “particle”



Overlap geometryOverlap geometry





• In the mechanical analog: start with an open chain, introduce a 2π
kink and then close the loop on itself. 

• Once extablished the kink so introduced can never disappear.
Additional solitons can only be created in soliton-antisoliton pairs
(if the chain is sufficienly long) with no net twist

• Like the analog the annular junction is also a closed loop. 
If upon cooling through the transition temperature one or more flux
quanta are trapped in the junction they can never disappear as long
as the electrodes remain superconducting

From Davidson, Dueholm, and Pedersen J.Appl. Phys. 60 (1986)1447  



Perform a normalPerform a normal--superconducting superconducting 
transition (Field cooling  repeated trials), transition (Field cooling  repeated trials), 
then monitor Ithen monitor I--V characteristic. V characteristic. 
(spontaneous defect formation)(spontaneous defect formation)
(Notably this mechanism of production of (Notably this mechanism of production of fluxonsfluxons during during 
the phase transition is related to the so called Kibblethe phase transition is related to the so called Kibble--
ZurekZurek mechanism introduced in cosmology to predict mechanism introduced in cosmology to predict 
cosmic string density at phase transition in the early cosmic string density at phase transition in the early 
Universe). Experiments are at moment in course on Universe). Experiments are at moment in course on 
annular junctions to this end. (Roberto Monaco)annular junctions to this end. (Roberto Monaco)

How to insert How to insert fluxonsfluxons in an annular in an annular 
junctionjunction





Ustinov’s group
Method
Break superconductivity 
With a laser or an e. beam
Force the magnetic flux into



Indirect observation of Indirect observation of fluxonsfluxons



Current Voltage characteristicCurrent Voltage characteristic

 

0.1 mV 

0.1 mA 

1st Fiske 
Step 

2nd Fiske 
Step 

3rd Fiske 
Step 

4th Fiske 
Step 

Zero Field Step2 
(1,1) 

Zero Field Step4 
(2,2) 

R=45μm. Rint=30μm, λj~ 45μm
jc=54 A/cm2

Nb/Al/Al2O3/Al/Nb

No trapped flux
Only pairs



A long JJ clock based on a rotating A long JJ clock based on a rotating 
fluxonfluxon



Josephson junction size affect on  fluxons structure and dynamics
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R ~λjR ~λj

• The more  the coupling the larger
the screening effect of the   
tunneling supercurrents

• The main effect of this screening 
on the magnetic structure is
a localization of the magnetic
field lines

• In the presence of trapped flux
stationary tunneling currents
exist even in the absence of 
external bias current.

• When a bias current is feeded in, 
a rotation of the magnetic field
(and current) structure occurs:
a finite voltage is developed
across the junction.

(T~ Tc)

(T<Tc )

(T<<Tc )



““SmallSmall”” chain of chain of pendulapendula
for a 1for a 1--D small annular junctionD small annular junction

displaying a displaying a ““trapped trapped fluxonfluxon””





1-D or 2-D ‘small’ case
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If the external magnetic field is
also considered, we get

ϑκρϑϕϕ sin−−= no

o

oHd
Φ

=
πμκ 2

From this, the critical-current diffraction pattern, i.e. the 
dependece of the critical current on the m.f., is recovered
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S the surface of the annular tunnelling
barrier

‘max’ is the maximum with respect to ϕo



Effect of trapped magnetic flux quanta on the 
Josephson critical current

n is the number of trapped magnetic flux quanta

δ= Ri/Re  H0=Φ0/(2πRe μ0deff)

Main prediction is that, with n≠0, Ic(0)=0
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C. Nappi, Phys. Rev. B 55 , 15117 (1997)



Critical-current diffraction
pattern with no trapping (n=0)

Nb, Ri=35μm,  
Ri=50μm, 
λj ~30μm 
@ 4.2K

(A.Franz, A. 
Wallraff, 
A.V.
Ustinov
PRB 62,
119 (2000))

Dots, 
experimen

tal
data, solid
line, theoy



0I
Ic

0H
H

• The critical current diffraction pattern in the Parallel
magnetic field can reveal the number of trapped flux quanta

n=0 n=2
n=1

n=3 n=7

(For this case δ= Ri/Re=0.47)



0 2 4 6 8 10 12 14 16 18 20
Xkm normalized voltage values of the resonances

(1,1) (2,1)
(3,1)

(1,3)
(1,2)
(2,2)

(2,3)
(4,1)

(3,1)
(4,2) (4,3)

(0,2)

(0,3)

(3,3)

(0,4)

k     mk     m 11 22 33
00 6.036.03 11.8911.89 17.7617.76
11 1.381.38 6.236.23 11.9811.98
22 2.732.73 6.806.80 12.2612.26
33 4.014.01 7.677.67 12.7112.71
44 5.225.22 8.778.77 13.3213.32

Ri/Re=0.47. In the presence of k fluxons trapped and zero external
field only the corresponding single color raw is excited

V= Xkm c’ Φo/2πRe

Fiske positions in annular junctions

Xkm
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Small junctions, no

trapped fluxons

Critical Current, 

first and second

Fiske step-

Current dependences

on the external

magnetic

Field. 

The diameter

of the inner

hole decreases

from top to bottom

as indicated

Solid line: theory

, circles: experiments



2Re = 16 μm
2Ri = 7.5 μm
Nb λj = 50 μm @4.2K
(ξo=38nm)
ICIB-C.N.R.

Trapping of one fluxon in a small junction

R. Cristiano et al. APL 74, (1999) 3389
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Trapping of a fluxon in a small junction

R. Cristiano et al. APL 74, (1999) 3389
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IIcc with  three trapped with  three trapped fluxonfluxonss
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Photograph annular
junction
R=45μm. Rint=30μm, 
λj~ 45μm
IC-C.N.R.

n=3

C. Nappi, R. Cristiano, M.P. Lissitski, R. Monaco, A. Barone, Physica C 367 (2002), 241



A high magnetic field suppresses A high magnetic field suppresses 
JosephsonJosephson current and current and ““stepssteps””
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As the external magnetic field increases, the Josephson critical current
lowers.  In the same time a number of resonances (known as Fiske steps) 
are excited in the I-V characteristic of the junction as a consequence of 
the a.c. Josephson effect (2) . At fields relatively high (50 – 100 Gauss) 
both the Josephson critical current and the Fiske resonances are 
suppressed. Under this condition (3) it is possible to polarize the junction
in the subgap region to make it operate as radiation detector.



Superconducting tunnel junction detector: 
Operation principle
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The Josephson branch has to be
suppressed for a stable
operation point is obtained



Trapping of magnetic flux quanta by applying parallel magnetic field

H<Hc
top

Hc
top<H<Hc

bottom

H is turned off

Experimental results under X-ray irradiation from 55Fe X-ray 
calibration source

-400 -300 -200 -100 0 100 200 300 400

-600

-400

-200

0

200

400

600

I(n
A)

V(μV)

 after trapping 
of magnetic flux quanta

 working point



Estimation of the number 
of trapped magnetic flux 
quanta
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 exp
 n=12 

Situation with trapped 
Abrikosov vortices
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 before trapping 
of magnetic flux quanta 

 after trapping 
of magnetic flux quanta

n=12 was obtained

The increase of quasiparticle
current  is due to the presence
of one Abrikosov vortex
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An energy resolution of about 100 eV was 
obtained for the Kα line  of the top 
electrode

Ibias

M. P. Lisitskiy
et al 
Appl. Phys. Lett
84, 5464 (2004)

ICIB-CNR



Amplitude of the 3rd resonance vs magnetic field
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The failure of the theory based on the cavity modes
serves to detect and enlighten the mechanism of 
onset of fluxon sustained resonaces at small fields



C. Nappi, M. Lisitskiy
G.Rotoli, R. Cristiano,
A. Barone
Phys.Rev. Lett.
93, 187001(2004) 



Part of the material of this seminar Part of the material of this seminar 
has been taken from the web sites:has been taken from the web sites:
For the animations:For the animations:

http://homepages.tversu.ru/~s000154/collihttp://homepages.tversu.ru/~s000154/colli
sion/solpen_m/SOLPEN1.htmlsion/solpen_m/SOLPEN1.html
http://www.math.h.kyotohttp://www.math.h.kyoto--
u.ac.jp/~takasaki/solitonu.ac.jp/~takasaki/soliton--
lab/gallery/solitons/sglab/gallery/solitons/sg--e.htmle.html

Figure and other, A. Ustinov group web site:Figure and other, A. Ustinov group web site:
http://http://fluxonfluxon group.physik.unigroup.physik.uni--erlangen.deerlangen.de//

http://homepages.tversu.ru/~s000154/collision/solpen_m/SOLPEN1.html
http://homepages.tversu.ru/~s000154/collision/solpen_m/SOLPEN1.html
http://www.math.h.kyoto-u.ac.jp/~takasaki/soliton-lab/gallery/solitons/sg-e.html
http://www.math.h.kyoto-u.ac.jp/~takasaki/soliton-lab/gallery/solitons/sg-e.html
http://www.math.h.kyoto-u.ac.jp/~takasaki/soliton-lab/gallery/solitons/sg-e.html
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