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Motivations

Extracting thermodynamic information from
manipulated systems

Need to get away from equilibrium

Jarzynski equality


e� �W

�
= e � � � F ; � = 1=kBT

Work distribution: actual possibility of evaluating e� �W
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De�nitions I

Stochastic system described by a master equation

@P�
@t

=
X

� 0

[k�� 0(� (t))P� 0 � k� 0� (� (t))P� ]

Equilibrium distribution for each value of �

Peq
� (� ) =

e� �H � (� )

Z �

Z � =
X

�

e� �H � (� ) = e � �F �
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De�nitions II

Equilibrium condition
X

� 0

[k�� 0(� )Peq
� 0 (� ) � k� 0� (� )Peq

� (� )] = 0 ; 8�

Manipulation protocol

� = � (t); 0 � t � t f

Work

W =
Z t f

0
dt _�

@H� (� )
@�

�
�
�
�
� (t );� (t )

Saclay, SPhT, October 10, 2005 – p. 5/39



Work distribution

� � (t; W ): Joint probability distribution of the state �
and the work W at time t

Equation for � � (t; W ):

@� �

@t
=

X

� 0

[k�� 0(� )� � 0 � k� 0� (� )� � ] � _�
@H�

@�
@� �

@W
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Jarzynski equality I

Generating function of � � (t; W ):

	 � (t; � ) =
Z

dW e�W � � (t; W )

Evolution equation for 	 � (t; � ):

@	 �

@t
=

X

� 0

[k�� 0(� )	 � 0 � k� 0� (� )	 � ] + � _�
@H�

@�
	 � (t; � )

Case � = � � :



e� �W

�
=

X

�

	 � (t; � � )
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Jarzynski equality II

@	 � (t; � � )
@t

=
X

� 0

[k�� 0(� )	 � 0 � k� 0� (� )	 � ] � � _�
@H�

@�
	 �

=
d
dt

�
e� �H � (� (t ))

Z � (0)

�

	 � (t; � � ) =
e� �H � (� (t ))

Z � (0)



e� �W

�
=

X

�

e� �H � (� (t ))

Z � (0)
=

Z � (t )

Z � (0)
= e � � (F � ( t ) � F � (0) )
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A simple model

Stretching a molecule by pulling

Model for tertiary structure of RNA

Three stable states: compact, half-stretched, stretched

Two energy barriers
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Energy landscape
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Work distribution: Slow protocol

r = _f = 1 pN/s, W in unità kBT
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Work distribution: Fast protocol

r = _f = 10 pN/s, W in unità kBT
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Collective coordinates

The space of microscopic states � becomes rapidly
unmanageable as the system size N increases

Many relaxation processes are faster than the
experimental time scale

It is then convenient to describe the system in terms of
collective coordinates, e. g.,

M =
NX

i =1

� i

in a system of spins

F. Ritort, 2004
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Evolution equation for P(M; t )

@P
@t

= bH P

bH � =
1X

k=1

@k

@Mk
(gk(M ) � )

bH Peq = 0
Peq(M ) / e� � F � (M )
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Evolution equation for 	( M; �; t )

	( M; �; t ) =
Z

dW e�W �( M; W; t )

@	
@t

= bH	 + � _�
@F �

@�
	

Path integral: (
 (t); M (t))

	( M; �; t ) =
Z

dM 0

Z M (t)= M

M (0)= M 0

D
 DM

exp
� Z

dt0L (t0)
�

	( M 0; �; 0)
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De�nitions for the path integral

L (t) =
�


 _M + H(
; M ) + � _�
@F �

@�

� �
�
�
�

 (t );M (t );� (t )

H(
; M ) =
1X

k=1


 kgk(M; � (t))

Z
D
 DM = lim

� t ! 0;N !1
N � t = t

Z 
 =+i 1


 = � i1

Z M =+ 1

M = �1

NY

k=1

d
 (k� t) dM (k� t)
2� i
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Thermodynamic limit

In the limit N ! 1 , M ! Nm

F � (Nm) ! Nf � (m) H(
; Nm ) ! NH (
; m )

the path integral is dominated by the classical path (
 c; mc)
which satis�es

0 = _m +
@H
@


0 = � _
 +
@H
@m

+ � _�
@2f �

@m@�
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Thermodynamic limit

In the limit N ! 1 , M ! Nm

F � (Nm) ! Nf � (m) H(
; Nm ) ! NH (
; m )

the path integral is dominated by the classical path (
 c; mc)
which satis�es

0 = _m +
@H
@


0 = � _
 +
@H
@m

+ � _�
@2f �

@m@�

	( Nm; �; t ) = exp f� Ng(m; �; t )g
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Boundary conditions


 0 = 
 c(t=0) = � �
@f�
@m

�
�
�
�
mc(t=0)


 f = 
 c(t= t f ) = 0
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Boundary conditions


 0 = 
 c(t=0) = � �
@f�
@m

�
�
�
�
mc(t=0)


 f = 
 c(t= t f ) = 0

Shooting method:

Evaluate 
 0(m0)

Solve the equations of motion with initial conditions
(
 0; m0) and evaluate 
 f (m0)

Saclay, SPhT, October 10, 2005 – p. 18/39



Boundary conditions


 0 = 
 c(t=0) = � �
@f�
@m

�
�
�
�
mc(t=0)


 f = 
 c(t= t f ) = 0

Shooting method:

Evaluate 
 0(m0)

Solve the equations of motion with initial conditions
(
 0; m0) and evaluate 
 f (m0)

Find m�
0 such that 
 f (m�

0) = 0
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Path thermodynamics

	( �; t ) =
Z

dM 	( M; �; t ) = exp f� Ng(� )g

g(� ) = �f � (m�
0) �

Z t

0
dt0 `(
 c(t0); mc(t0))

`(
 (t); m(t)) = 
 _m + H (
; m ) + � _�
@2f �

@�@m

�( Nw; t ) =
Z +i 1

� i1

d�
2� i

e�Nw 	( �; t ) = exp f� N� (w)g
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� and w are conjugate variables

� (w) = inf
�

(g(� ) + �w )

= g(� � (w)) + � � (w) w;

� � (w) : g0(� � ) = � w

w� (� ) : � 0(w� ) = �
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Jarzynski equality for the classical

paths

For � = � � , (
 c; mc) satis�es


 c(t) = � �
@f�
@m

�
�
�
�
mc(t )

; 8t

H (
 c; mc) = 0

Thus

`c(t) =
�

 _m � � _�

@f�
@�

�
= � �

df �

dt

It then follows

sc = � �
�
f � (t ) � f � (0)

�
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An example: Mean-Field

ferromagnet, Langevin dynamics

F (M ) = Nf (Nm) = �
J

2N
M 2 � hM � TS(M )

S(M ) = � NkB

��
1 + m

2

�
log

�
1 + m

2

�

+
�

1 � m
2

�
log

�
1 � m

2

��

bH � = ! 0N
@

@M

��
@F
@M

�
� + � � 1 @

@M
�
�
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Equations of motion

_m = �
@H
@


= � ! 0
@f
@m

� 2kB T ! 0


_
 =
@H
@m

+ � _�
@2f

@m@�
= ! 0

@2f
@m2


 + � _�m

H (
; m ) = ! 0

�



�
@f
@m

�
+ � � 1
 2

�
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T > Tc, manipulation of h

h(t ) = h0 + ( h1 � h0 )
t
t f

; 0 � t � t f

J = 0 :5; h0 = � h1 = � 1; t f = 2 ; N = 100
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A slower protocol

J = 0 :5; h0 = � h1 = � 1; t f = 4 ; N = 100
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Crossing the transition

J = 1 :1; h0 = � h1 = � 1; t f = 2 ; N = 100
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Manipulation of J

J (t ) = J0 + ( J1 � J0 )
t
t f

; 0 < t < t f

J0 = 0 :5; J1 = 1 :5; h0 = h1 = 0 :01; t f = 10 ; N = 1 ; 10; 100
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Pulling on titine

� E = 37 :27kB T , � e = 8 :27kB T , x+ = 0 :25nm, x � = 27 :9 nm

� E

� e

x �

x+

x0

x1 x2

x3

k+ k�
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Work distribution

r = d f= dt = 10 pN/s (a): t = 5 s (a), (b): t = 10 s
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At longer times

(a): t = 15 s, (b): 18s
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Large �uctuations and exponential

tails

Exponential tail:

P(Nw; t f ) / exp(� N� 0w)

equivalent to

� (w) = � 0w + const.

lim
� ! � �

0

g0(� ) = w�

lim
� ! � +

0

g0(� ) = w+
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Above Tc

J = 0 :5; h0 = � h1 = � 1; t f = 2

-5

-4

-3

-2

-1

 0

 1

 2

 3

 4

 5

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

w

��

Saclay, SPhT, October 10, 2005 – p. 32/39



Below Tc: slow protocol

J = 1 :1; h0 = � h1 = � 1; t f = 2
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The classical path
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Below Tc: fast protocol

J = 1 :1; h0 = � h1 = � 1; t f = 0 :2
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The “path phase transition”
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The path free energy
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Discussion

The identities provide a way to access
thermodynamics via manipulations
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Discussion

The identities provide a way to access
thermodynamics via manipulations

These techniques yield a way to estimate the work
distribution also for comparatively small sizes N

It is crucial to identify the relevant collective variables
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