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Summary

Small systems

Generalized second law: The Hasano-Sasa relation
Microscopic reversibility and Loschmidt's paradox

The “time-reversal” identities and the uctuation
theorems

Exploiting the Jarzynski relation: The histogram
method

Exploring driven systems: The cloning technique

Perspectives
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Small systems: Arti cial
nanomachines

A metal-plate rotor attached to a multiwalled nanotube
Fennimore et al., 2003
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Small systems: Natural
nanomachines

The kinesin-microtubule system: one 8-nm step every 10-15 ms
ATP! ADP+P+ 20T (kg =1)
Typically W 12T, efciency 60% Dissipated power: 20T per second

Milligan Laboratory, Scripps Research Institute
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Evolution equation

P : Liouville operator depending on parameter
Manipulation: t ! (),0 t t, (0)=0
Steady state: for each

P PS=0; 8
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The Hatano-Sasa relation

(x; ): “Steady state hamiltonian”
(x; )= InP3(x)

De ne 7

{
@
A(t) = dt® (t9 =
O 0 _(C)@ (t9):x (t0)

Then, if the pdfis PP att = 0,

PTH) = (x x(t)e AV

Average over Initial condition and noise
Hatano and Sasa, 2001
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Conservative forces: The Jarzynski
relation

For conservative forces

(x ) = E(X;T) F
_ 1 @QE F)
R @ (x(1)
= %_(t) %E - %dF (t) = %(dW dF)
(x x(t)e W =e (E O Fo=T = ped (x) ZZ_S)

Jarzynski, 1997
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Consider the joint pdf ( x;A;t) of x and A
Evolution equation for

De ne 7

Then

Proof
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Driven Brownian particle

Langevin equation:

me; = i %;JHH (1)
hi(t)i =0; hi(t) i(%i=2T 4 (t 1t9; 8t; t°

Kramers equation (r; = p;=m)

@r_ X @ p
@t . @ir m

|
|
|

-

P+ T@P

@p m @r @p
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Energy balance

AT
£ = E(Rp = o+ Ul
dE = £+ )  de+ T de+ %Ed
| {z bo {z }
dQtot dW ext
_ @U _@ P @
dQiot —dQeX+| f @; T@1° d{1;+ E+T@’p d’}p
dQnk
—_ @ _ dQex
dA = ) _dt= = +d
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Generalized Second Law

— SS
O = InTr P34
= In hexp( A)i =In exp (?I_ex
1 . .
= Qe h i
hi= TrinP>pP>=3g P>

T S h Qe
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Entropy balance

Local entropy:
s(x;t) =  InP(x;t)

Crooks,1999; Qian, 2002

_ @U _@s P @s
dQiot =dQ + | f~ @; T@1° d{1°z+ E+ T@19 d;a
dQ>

@ = hdsi =dS
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Loschmidt's paradox

Thomson (1874) and Loschmidt (1876):

To every initial state xy of a mechanical system
leading to a decrease in Boltzmann's H function,
corresponds an initial state | X leading to its
Increase
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Loschmidt's paradox

Thomson (1874) and Loschmidt (1876):

To every initial state xy of a mechanical system
leading to a decrease in Boltzmann's H function,

corresponds an initial state | X leading to its
Increase

Boltzmann's reply (1877):

There are In nitely many more states in a large
system leading to a decrease in H than those
leading to Its increase
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Loschmidt's paradox

Thomson (1874) and Loschmidt (1876):

To every initial state xy of a mechanical system
leading to a decrease in Boltzmann's H function,
corresponds an initial state | X leading to its
Increase

Boltzmann's reply (1877):

There are In nitely many more states in a large
system leading to a decrease in H than those
leading to Its increase

In small systems, transient increases of Boltzmann's H are
to be expected
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Microscopic reversibility |

Mechanical system described by x = (p;r)

Time reversal operator: [ X =( p;I)
Time-reversal invariance of the hamiltonian: E(I x) = E(x)

Solution of the equations of motion:

) . Q@EQE
X(Gxo) s (BO= G5 @p
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Microscopic reversibility |

Mechanical system described by x = (p;r)

Time reversal operator: [ X =( p;I)
Time-reversal invariance of the hamiltonian: E(I x) = E(x)

Solution of the equations of motion:

) . Q@EQE
X(Gxo) s (BO= G5 @p

Time reversal of the trajectories

The time-reversed trajectory | X(t; | Xp) IS also a solution:

| X(t; 1 X0) = I X( t;Xgq)
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Microscopic reversibility I

Microscopic reversibility:
Q (=e ¥ (1x): Q'RQ=p
For the Kramers eqguation with non-conservative force f™

1 _ f~ P
Q 'PQ=0 =
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Observations

| speak of Boltzmann's H and not of the entropy: H is
a dynamic observable and the entropy Is not

Typically the probability of a uctuationis / ef =

Thus a system is “small” if free energy differences are
O(T)
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The time-reversal relation

Evolution operator:
yA t
U(t;te)= Texp  dt°B

to

B(t;to) 1= Q; *U(t; to)Qx,
satis es

2Bt = QU(GLIQ + QB Q8L o)
! #
@E:T+

F P g
o P, — B(t; o)

)T
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Transition probabillities for short time

Intervals
Q. UX%t+ t;x1)Q,
= e((E(XO;t+ t) E(X;t)):TU(IHXO;t + t, | X; t) ' "
Fp @EX)
= U(x:t+ t:x%t) ex — = t
( ) exp T m @t

UXx%t+ t;x;t)
U(lx;t + t;1x%t)
_ P QFEo
—exp f p- t @X(x

= exp (dQ=T)
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Crooks's reversal relation

A path is coarsely de ned by the “gates”

b =(X0;0) I (Xg5ty) |

! (Xk 1; Tk 1) | (Xk = Xt = t)
Then 7
P i%0i0) =y 9Q
P(E ejIx;t) P o T
where
E=(IXto) ! (Ixk itk 1) ! ! (Ix;t3) b (I Xost)

k=1t t,et)= (O
Average over all paths x(t) conditioned by the gates
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Continuous limit: paths! = x(t), 8t

Arbitrary initial pdf's pg(Xg) for ! and p:(1 X) for b :

P(!';  JXo; 0)po(Xo)

REpoipd 2= 0 5 %)

t
@ +1n Po(Xo)
o T P1(X1)

Averaging over the paths

i T P(!; jxo;0)po(xo) € ©

= Tr P(E HIxt)m(Ix)=1

e

Seifert's relation
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A rst uctuation theorem

1. Entropy production must sometimes be negative!

2. Take po(X; 0) arbitrary, p:(x) = P(x;t) (starting from this
Initial condition)

Z Z
R = dQZ g = thot — S
I T tot
Thus
P( Stot) — o S

P(  Stot)
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The Gallavotti-Cohen uctuation
theorem

3. In particular for (t) = const., po(X) = pi(X) = P>3(X):

Q
R' ==t=t
T

P() _ .
P( ) -

Gallavotti and Cohen, 1995
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Back to Jarzynski

4. Take pp =exp( (E o F ()=T) and
pr=exp( (E @ F v)=T). Then

R = Sy + E(X;t) = (t) E(X, O) F (0) =T
= Wy=T
Thus
1= e Wy=T _— e W=T e F=T
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Evaluation of free-energy landscapes

M
o
~~
<
~—r
I

ZTlnTr (M M(x))e Eo)=T

N
o
[

dM ef oM)=T =Trg FEolO=T

Manipulation: t !  E ()(X), E (0)(X) = Eo(X),

E (X) = Eo(x)+ U (M(x))
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The basic identity

A. Imparato and L. Peliti, 2005
Z e E vk

Lo
e (Fo(M) FO):Te U (t)(l\/I )=T

M M(x)e " dx (M M (X))

Generalization of Hummer and Szabo, 2001
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The histogram method

eU (ty(M)=T (M M (X))e W=T t - e (Fo(M) Fo)=T

N trajectories (MX; W), sampled at discrete times t;
Discrete binsM- M M-+ M-

r(M-;t;) = Zge® WMITT (M (t))e W=T

X _
Zoe m(M\):TNi (MEye i
k=1

RM.) = e FoM) FO=T M= hr(M;t))i; 8]
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The best estimate

X
R (M)= r(M-;t;)p,
' X
O p 1 p=1
|
Best estimate:

- /
P Varr(M-;t;) e Wi,

Braun et al., 2004
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A mean- eld Ising model

Fo(M) = NMZ TS(M)
N + M N + M
S(M) = 5 log 5
N N M " N M
2 d 7>
Uh(M) — hM
n o= M
N

fo (M) %InR (M)
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Linear protocol

1.2
1.1 s 1 =

1L i
0.9
0.8
0.7
0.6

0.5

04 t+ m U .

0.3 | | |
-1 -0.5 0 0.5 1

h(t) = ho + Mot

hi= ho=1,t=2;10,N =10, N =104 samples
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A larger system

0.4 | | | | | | | | |

-1 -08 -06 -04 -02 0 02 04 06 0.8 1

h(t) = ho + Mot

hi= ho=1,t =2;10,N =100, N =104 samples
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Oscillatory protocol

-1 -08 -06 -04 -02 0 02 04 06 0.8 1

h(t) = hgsin(2 t ); 0O t t;
ho=1,N =10,J9=0:5,t; =2, N =104 samples
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At lower temperatures

h(t) = hgsin(2 t ); 0O t t;
ho=1,N =10,J9=1:1,t; =2, N =104 samples
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Unzipping of a model homopolymer

Uy ) = 3K ( 2(1)?

L-J potential (; ) + harmonic potential for successive beads

N =20, =0:5nm, =1 kcal/mol,m=3 10 2° kg = m 2="' 3:3ps,
=15m= ,k=5000 = 2, T =300 K

Napoli, March 3, 2006 — p. 33/54



Linear protocol

\l
o
o
O
o1
|_\
o
w
I
L[]
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Oscillatory protocol: “Pulsed”
protocol

0 500 1000 1500 2000 2500

t= 101
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The free energy

o
I

10 ©
10 5
10 *

o
S
S
<
[
o1 0101

o
1
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The “always attached” protocol

1000

800

600

400

Fo(ksT)

200
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What Is happening?

Z
Z
o
s @f@ggg
b5
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11

10.5

10

9.5

7.5

The con gurations
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Discussion

The JE is effective (via the histogram method) to
reconstruct free-energy landscapes for systems small
enough (small energy barriers)

Care must be taken that the monitored collective
coordinate is “good”, i.e., that the distribution of the

transverse degrees of freedom is suf ciently sampled
during manipulation

The choice of the manipulation protocol affects the
reliability of the results
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Exploring nonequilibrium systems

C. Giardina, J. Kurchan, L. Peliti, 2005
Evolution equations:

@ _p+oa

@t
Then Is given by a weighted average:
VA t
( x;t)=  (x x(t)exp dt® A(tY

0
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The weight can be wild

-1.5 -1 -0.5 0 0.5 1 15

W

Work distribution P (W=N) for the Ising model
Dashed line: Weighted work distribution P (W=N )e W=T
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Can we improve our statistics?

Interpret ( x;t) as a density of walkers
Walkers move according to the Langevin equation

Walkers reproduce or die depending on the local value
of A

Thus samples the weighted probability, not the
original one!
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The Totally Asymmetric Exclusion
Process (TASEP)

o o - o o o -

At any given time step t, a given particle moves to the right
with probability if the target site is empty

Con guration C=(n;),n; 210;1g,1 =1;L, periodic b.c.
Current J:

1; if one particle jumps to the right;

J =
cc O; if nothing happens.

We wish to evaluate

* |+
X
el )= exp NJole
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The large-deviation function

X h |
e( ) = UCTCT 1 UC1C0 = o' c
C G Gr T o
where
Ucoc = €7 e®Ucoc
De ne X
Kc:= Ucec; U(Q,OC UCOCK(:1
0
() X 0 0
e 7= Ut Ko i UgeKa
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The simulation steps

A cloning step:
Pc(t +1=2) = KcPc(t)

[K C] +1; with prOb. Kc [K C],

Gclonesof C: G = K . otherwise
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The simulation steps

A cloning step:
Pc(t +1=2) = KcPc(t)

[K C] +1; with prOb. Kc [K C],

Gclonesof C: G = K . otherwise

A shift step:

X
Poo(t + 1) = UcPc(t + 1=2)
C
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The simulation steps

A cloning step:
Pc(t +1=2) = KcPc(t)

Gelonesof C:- G = Kcl*+1; withprob. Kc  [Kc];

Kl otherwise
A shift step:
X
Poo(t + 1) = UcPc(t + 1=2)
C

Overall cloning step with an adjustable rate
M: = N=(N + G) (the same for all con gurations)
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Results

0.1 —]

0.2+ —

-0.3 —

04+ —

-0.5— —

()

-0.6— —

0.7+ —]

-0.8+— —

-0.9— —

_ 1 1 1 1 1
10 -8 -6 -4 -2 0

For long times

lim }In[MT M, Mq] = |i£ﬂ —= ()

tn t!
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Moving shock waves
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The Lorentz gas

Xi = Ei + (O)X;; 1=1:2
(t) = EiXi
() = In exp tdto (t%

0
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The Gallavotti-Cohen relation

0.25[—

0.2

0.15—

()

0.1

0.05—

Data for E = (E; 0), E = 1;2 and noise intensity =10 3;10 4
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Discussion

Ef cient sampling technique (minutes on PC)
So far restricted to steady states

Beyond steady states: sampling of the initial condition
(TBD)
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Perspectives

“Local”’ uctuation relations
Experimental checks: Electrical circuits (Ciliberto et al.)

Energetics of molecular engines
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Thanks

My collaborators:

For the exploration of general identities and
free-energy landscapes: Alberto Imparato

For the cloning simulation technique: Cristian
Giardina and Jorge Kurchan
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