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Genetic drift
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Gambler's ruin

Haploid population of constant size N , one locus, two
alleles, a and b, no selection
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Gambler's ruin with selection
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Kimura's diffusion approximation

Allele's frequency at generation t: x

x(t) =
na

N

Conditional probability that x(t) = x, given that x(t0) = x0:
P(x; t j x0; t0)
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D(x; t ) �t '
1
2



(x(t + �t ) � x(t))2�

� h x(t + �t ) � x(t)i 2

v(x; t ) �t ' h x(t + �t ) � x(t)i

Special equations at x = 0 and x = 1:
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The backward diffusion equation

Let x be �xed and x0 random. Then

@
@t

P(x; t j x0; t0) ' D(x0; t)
@2P
@x20

+ v(x0; t)
@P
@x0

Fixation probability by time t: � (x0; t) = P(1; t j x0; 0)

Ultimate �xation probability: � (x0) = lim t !1 � (x0; t)

D(x0)
d2�
dx2

0
+ v(x0)

d�
dx0

= 0

Boundary conditions: � (0) = 0 ; � (1) = 1
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Neutral drift

Population of size N

Pna(t + 1) =
�

N
na

�
(xa(t))

na (1 � xa(t))
N � na

hx(t + 1) � x(t)i = 0


(x(t + 1) � x(t))2�

=
x(1 � x)

N
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Fixation probability

x(1 � x)
2N

d2�
dx2

0
= 0

� (0) = 0 � (1) = 1

+

� (x0) = x0
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Kimura's theorem

Mutation rate per individual and per generation: �
Average # of mutants (new alleles) appearing in population
of size N : �N
Probability of �xation of a neutral mutant: 1=N
Average # of �xation of new alleles in the population:

� �x = �N
1
N

= �

The �xation rate (in the population) equals the mutation
rate (of the individual)

Mathematica notebook
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The probability distribution

P(x; t j x0; t0) =
1X

`=1

C` � (x0)  ` (x) ` (x0) e� � ` t

where

C` =
2` + 1

`(` + 1)

� (x0) = 4 x0(1 � x0)

 ` (x0) = T1
`� 1(1 � 2x) Gegenbauer polynomial

� ` =
`(` + 1)

N
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Starting with x = 0:5
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Starting with x = 0:1
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Asymptotic behavior

For t ! 1

P(x; t j x0; 0) ' 6x0(1 � x0) e� t=(N )

Diploid population: 2N genomes, two alleles
The fraction H (t) of heterozygotes is given by

H (t) =
Z

dx 2x(1 � x) P(x; t j x0; 0)

' 2x0(1 � x0) e� t=(2N )
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Fixation probability

� (x0; t) = x0 +
1X

`=1

(� 1)`

2
e� ` (`+1) t=(4N )

� f P` � 1(1 � 2x0) � P`+1 (1 � 2x0)g

P` (x): Legendre polynomials
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Selection and drift

Wa

Wb
= es

@P
@t

=
1

4N
@2

@x2
f x(1 � x) Pg

� s
@

@x
f x(1 � x)Pg

The probability that x =2 f 0; 1g eventually decays like e� � 0 t ,
where � 0 is the minimal eigenvalue
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Selection rate

N� 0 is a function of Ns:
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Frequency distribution

Frequency distribution in un�xed classes vs. � 0
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Fixation of mutant genes

For v(x) = sx(1 � x) and D(x) = x(1 � x)=4Ne the equation
for the �xation probability reads

1
4Ne

d2�
dx2

0
+ s

d�
dx0

= 0

Ne: effective population size

Thus

� (x0) =
1 � e� 4Nesx0

1 � e� 4Nes

'
�

x0 + 2Nes x0(1 � x0) for 4Nes � 1
4Nesx0 for s � 1
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Effective population size

Ne can be much smaller than the “census size” N
When N changes with time

1
Ne

=
1
t

Z t

0
dt0 1

N (t0)

With exponential growth

Ne(t) ' N0 log
N (t)
N0

For humans (N0 ' 10 000, N (t) ' 6 109) Ne ' 150 000
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Fixation probability for s = 10� 4
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Fixation of an advantageous mutant
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“Phase diagram”

Error threshold

selective regime

neutral regime

polymorphic monomorphic
�N � 1

sN � 1

s

1=N

Lässig
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Sampling errors: Muller's ratchet

Assumptions:
Fujiyama landscape, in�nite genome limit

Wg / wdH (g;g0 ) = wk

lim
L !1

L� = u

Asymptotic fraction of individuals in the “error class”
dH(g; g0) = k:

x �
k =

e� u=(1� w)

k!

�
u

1 � w

� k

N.B.: Mutations can only increase k
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Probability that, in the next generation, there are zero
individuals in the error class k = 0

pratch '
�

1 �
e� u � 0

N hWi

� N

= exp
�

�
e� u � 0

hWi

�

where

hWi =
1X

k=1

wk xk

When � 0 vanishes, the �ttest individuals belong to error
class k = 1 and the “ratchet” can start again
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FMDV experiments

Viral evolution subject to bottlenecks

A: Evolving Virus (Foot and Mouth Disease Virus)

B: Controls

Lázaro et al.
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Fitness values vs. time
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Fitness distributions

Virus: Weibull (stretched exponential):
P(W) � exp (� (W=W0)� )

Controls : log-normal:
P(W) � exp (� (log W � logW0)2=2� 2)

“Pareto plot” for the Weibull distribution:

[Y(n)]� = � a logn + b
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Evolving Virus
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Controls
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Model

Population of individuals characterized by �tness
W 2 f 0; 1; 2; : : :g

Fitness W: expected # of offspring = W

W � 1
p

 � W
q

�! W + 1, W � F

nW (t + 1) = nW (t) + (1 � p � q) W nW

+ p(W + 1) nW +1 (t) + q(W � 1)nW � 1(t)

Replication cycles take place g times

Manrubia et al.
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“Transfer” regime

Assumptions: p; q � 1, g limited

Set W0 = maxf Wg

Only �tness classes W0 � 1 are produced by mutations

nW0+1 (t + 1) = ( W0 + 2) nW0+1 =t) + qW0nW0 (t)

nW0 (t + 1) = ( W0 + 1) nW0 (t)

nW0 � 1(t + 1) = W0nW0 � 1(t) + pW0nW0 (t)
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After g steps

nW0+1 (t + 1) = qW0 [(2 + W0)g � (1 + W0)g]

nW0 (t + 1) = ( W0 + 1) g

nW0 � 1(t + 1) = pW0 [(1 + W0)g � W g
0 ]

W0 is a random variable on repeated bottlenecks

Conditional probability to go from W0 to W 0
0 in g generations

pW0 � 1;W0 = nW0 � 1(g)=nW0 (g)
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Distribution of W0

P1 (W0) /
pW0 ;W0 � 1pW0 � 1;W0 � 2 � � � p2;1

p1;2p2;3 � � � pW0 � 1;W0

/
�

p
q

� W0 � 1 �
W0 + 1

2

� g

Distribution of population sizes

Q(N ) '
X

W0

P1 (W0)� (N � (W0 + 1) g)

/ N exp
�

N 1=g ln(q=p)
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Exponentially growing regime

Assumptions: p; qarbitrary, g ! 1

Stationary distribution shape:

nW (t + 1)
nW (t)

! � ;
nW +1 (t)
nW (t)

! � W

� W =
� � 1 � W(1 � p � q)

p(W + 1)
�

q(W � 1)
p(W + 1) � W � 1
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RNA viral quasispecies

Transient and stationary distributions for g ! 1
p = 0 :25, q = 0 :01, F = 20
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FMDV �tness distribution

The experimental regime lies in the middle

F = 8 g = 5 (—: p = 0 :07, q = 0 :03); (� � � : p = 10 � 3 , q = 3 :5 10� 4 ) Berlin, August 29, 2005 – p. 38/60



DNA evolution experiments

Molecules are sampled

Random DNA sequences
are generated

Protein-binding molecules
are selected

Resulting population is
amplified (with mutations)
via PCRand sequenced

Dubertret et al., 2001
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lacR and lacO
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The protein
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Characterization
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Mismatch and phase
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Sequences in the �rst 4 cycles

� : evolving sequences; � : random sequences; dotted lines: “noise” level
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A model

Mutations: Probability k �! ` mismatches in one PCR
cycle

Bk` =
X

m;j;l
` + m � j � l = k

P(`; ` + m � j � l )

Selection factor for k mismatches (Fujiyama landscape)

Wk = max( qk ; q0); q =
1
6

; q0 =
1
65

Effect of n = 25 PCR cycles plus selection on the
distribution N of error classes:

fN g �! W`

X

k

(B)n
`k Nk
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Simulations
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Competitive evolution for motifs

Sequence ~S = ( b1; b2; : : : ; bL )

Binding energy (linear model)

E ~S = � # mismatches

Binding probability

P(E ~S; � ) =
1

1 + exp(E ~S � � )
=

1
1 + exp(� (r � r0))

= P(r; r 0)

A fraction � of sequences survives after each cycle
Peng et al., 2003
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Simulations

N = 5 10 5 , L = 170 , � = 0 :01, selection strength � = 0 :1

The distribution n(r; t ) depends on t only via r0(t)
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Analysis

Diffusion approximation to the quasispecies equation: �

mutation rate, q alphabet size, � <� 1 competition factor
(weak competition), � generation time

@n
@t

=
@
@r

�
@
@r

(D(r )n) � v(r )n
�

| {z }
mutation

+ U[r ; n] n
| {z }
selection

D(r ) =
�
2

�
1 �

q � 2
q � 1

r
L

�

v(r ) = �
�

1 �
q

q � 1
r
L

�

U[r ; n] =
1
�

�
� � 1P(r; r 0) � 1

�
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Solution

In�nite sequence length: L ! 1 , D(r ) ! D, v(r ) ! �

Ansatz: n(r; t ) = n̂[r � ct]

Stationarity equation for n̂:

Dn̂00� [(c + � )n]0+ u n = 0

u(y) = [ � � 1� (� y) � 1]�

Physically acceptable (n � 0) solutions exist for
c + � > c 0 =

p
4D(� � 1 � 1)=�

cmin = c0 � � selected by “marginal stability”

For � large enough, cmin � 0
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Finite population size

Cutoff in n: u(y) �! u(y)� (n � N � 1)

Slight chance in speed:

�c0

c0
'

� 2

2 ln2 N

Negligible (� 6%) corrections in c
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Finite sequence length

Ansatz: n(r; t ) = n̂ [r � r0(t)]

ODE for r0(t):

r 0 + _r0 = 
 r eq


 =
q

q � 1
� r eq = ( � � c0)=


ODE for n̂:

Dn̂00(y) � [(� 
 (y + req) + � )n(y)]0+ u n(y) = 0

Dynamics selects the fastest decaying front for y < 0
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Comparison
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Strong competition and small

mutation rates

Kloster & Tang, 2004
A model for in vitro evolution of DNA sequences binding to
mnt-repressor

L = 17 base pairs

Starting Sequence (SS) with r0 = 6 base mismatches
with wild type (WT)
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Assumptions

Linear binding model: af�nity
K (S) = e � � � i =

Q
i K i (Si )

Evolution by base substitutions: m! = 720 “minimum
paths”

“Best path” steps take place in inverse order of � K i
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Evolutionary regimes

Random Walk: 1 < N � 1=� monomorphic population
Average time for �xing error at one base ( Kimura)

hTi =
�

LN�
3

�
1 �

1
� w

�� � 1

| {z }
Average time to “seed“ a mutation

+
logN

log(2� w=(1 + � w)
| {z }

Average �xation time

� r � 1 ) r � exp(� t)
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Mean Field: Let n� the number of WT molecule produced by
a given path �

N > max
�

Var(n� )
h(n� )2i

Var and average over realizations of the path

Quasispecies theory applies

hTi ' 1 +
log (3=(rT � ))

ln 2

Almost constant improvement speed

Middle Ground: each realization of the process is different
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Comparison

� = 10 � 4
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Variance of the # of errors

� = 10 � 4
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Conclusions

I have not been able to treat much of the grand
structure (neutral networks, punctuated equilibria,
games, . . . )

Berlin, August 29, 2005 – p. 60/60



Conclusions

I have not been able to treat much of the grand
structure (neutral networks, punctuated equilibria,
games, . . . )

A quantitative theory of sequence evolution is (slowly)
emerging

Berlin, August 29, 2005 – p. 60/60



Conclusions

I have not been able to treat much of the grand
structure (neutral networks, punctuated equilibria,
games, . . . )

A quantitative theory of sequence evolution is (slowly)
emerging

The dynamics varies a great deal on what is evolving
(viruses, motifs, etc.)

Berlin, August 29, 2005 – p. 60/60



Conclusions

I have not been able to treat much of the grand
structure (neutral networks, punctuated equilibria,
games, . . . )

A quantitative theory of sequence evolution is (slowly)
emerging

The dynamics varies a great deal on what is evolving
(viruses, motifs, etc.)

. . . God is in the details ( Warburg)

Berlin, August 29, 2005 – p. 60/60



Conclusions

I have not been able to treat much of the grand
structure (neutral networks, punctuated equilibria,
games, . . . )

A quantitative theory of sequence evolution is (slowly)
emerging

The dynamics varies a great deal on what is evolving
(viruses, motifs, etc.)

. . . God is in the details (Aby Warburg)

Berlin, August 29, 2005 – p. 60/60


	Genetic drift
	Gambler's ruin
	Gambler's ruin with selection
	Kimura's diffusion approximation
	The backward diffusion equation
	Neutral drift
	Fixation probability
	Kimura's theorem
	The probability distribution
	Starting with $x=0.5$
	Starting with $x=0.1$
	Asymptotic behavior
	Fixation probability
	Selection and drift
	Selection rate
	Frequency distribution
	Fixation of mutant genes
	Effective population size
	Fixation probability for $s=10^{-4}$
	Fixation of an advantageous mutant
	``Phase diagram''
	Sampling errors: Muller's ratchet
	FMDV experiments
	Fitness values vs. time
	Fitness distributions
	Evolving Virus
	Controls
	Model
	``Transfer'' regime
	Distribution of $W_0$
	Exponentially growing regime
	RNA viral quasispecies
	FMDV fitness distribution
	DNA evolution experiments
		extit {lac}R and 	extit {lac}O
	The protein

