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Abstract. Visibly Pushdown Automata (VPA) are a special case of
pushdown machines where the stack operations are driven by the in-
put. In this paper, we consider VPA with two stacks namely 2-VPA.
These automata introduce a useful model to effectively describe con-
current pushdown systems using a simple communication mechanism
between stacks. We show that 2-VPA are strictly more expressive than
VPA. Indeed, 2-VPA accept some context-sensitive languages that are
not context-free and some context-free languages that are not accepted
by any VPA. Nevertheless, the class of languages accepted by 2-VPA is
closed under all boolean operations and determinizable in ExpTime , but
does not preserve decidability of emptiness problem. By adding an or-
dering constraint on stacks (2-OVPA), decidability of emptiness can be
recovered (preserving desirable closure properties) and solved in PTime .
Using these properties along with the automata-theoretic approach, we
prove that the model checking problem over 2-OVPA models against
2-OVPA specifications is ExpTime -complete.

1 Introduction

In the areaof formal design veribcation, one of the most signibcant developmerts
hasbeenthe discovery of the model checking technique, that automatically allows
to verify on-going behaviors of readive systems ([CE81, QS81, VW86]). In this
veribcation method (for a survey see[CGP99]), one checks the corredness of a
sydem with resped to a dedred behavior by checking whether a mathematical
model of the system satisbes a formal specibcation of this behavior.

Tradition ally, model checking is applied to Pnite-state systems, typically
modeled by labeled state-tr ansition graphs. Recently, model checking has been
extended to inPnite-state sequential systems (e.g., see [Wal96, BMP 05]). These
are systems in which each state carries a bnite, but unbounded, amount of infor-
mation, e.g.,a pushdown store. Pushdow automata (PDA) naturally model the
control Bow of sequertial programs with nested and recursive procedure calls.
Therefore, PDA are the proper model to tackle with program analysis, compiler
optimization, and model checking quedionsthat can be formulated as dedsion
problemsfor PDA. While many analysis problems, such asidentifying deadcode
and accesses to uniniti alized variables, can be captur ed asregular requirements,
many others require inspedion of the stack or matching of calls and returns, and
are non-regular context-fr ee. More examplesof useful non-regular properties are
givenin [SCFG84], where th e specibcation of unbounded messagebule rsis con-
sidered. Since cheding context-free properties on PDA is proved in generalto
be undecidable [KPV02], weaker models have been proposed to decide dile rent
kinds of non-regular properties. One of the most promising approaces is that of



Visibly PushdownAutomata (VPA) [AM 04]. Theseare PDA where the push or
pop actions on the stadk are controlled externally by the input alphabet. Such a
redriction on the useof the stack allows to enjoy all dedrable closure properties
and tractabl e decigon problems though retaining an expressvenessadequate to
formulate program analysis questions (as summarized in Figure 1). Therefore,
checking pushdown properties of pushdown models is feasible as long as the
calls and returns are made visible. T his visibility requirement seemsquite natu-
ral while writin g requirements about pre/p ost condition s or for inter-procedural
Bow properties. In particular, requirements that can be veribed in this manner
includeall regular properties, and non-regular properties such as: partial correct-
ness(if P holds when a procedure is invoked, then, if the procedure returns, P'
holds upon return), total correctness (if P holds when a procedure is invoked,
then the procedure must return and P' must hold at the return state), local
properties (th e computation within a procedure by skipping over calls to other
procedures satisbes a regular property, for instance, every requed is followed
by a response), acess control (a procedure A can be invoked only if another
procedure B is in the current stad), and stadk limits (whenever the stadk size
is bounded by a given constant, a property A holds). Unfortunately, some nat-
ural context-fr ee properties like Othe number of calls to procedures A and B
is the sameOcannot be captured by any VPA [AMO04]. Moreover, VPA cannot
explicitly represent concurrency: for instance, properties of two threadsrunning
in parallel, ead one exploiting its own pushdown store.

In this paper, we propose an extension of VPA in order to enrich with fur-
ther expressivenessthe model though maintaining some desrable closure prop-
erties and deddability results. We brst consider VPA with an addition al, input
driven, pushdown store and we call the proposeal model 2-Visibly PushdownAu-
tomaton (2-VPA). As in the VPA cas, 2-VPA input symbols are partition ed in
subclasses, each of them triggers a transition belonging to a spedbc class i.e.,
push/p op/lo cal transition, which also seleds the operating stack, i.e., the brst or
the second or both. Moreover, visibilit y in 2-VPA ale cts the transfer of informa-
tion from one stack to the other. 2-VPA turn out to be strictly more expressive
than VPA and they also aceept some context-sensitive languages that are not
context-free Unfortunately, this extension doesnot preserve decidability of the
emptiness problem as it can be proved by a reduction from the halting prob-
lem over Min sky Machines [Min67]. In the automata-theoretic approach, to gain
with a deddable model checking procedure, deddability of the emptin ess prob-
lem is crucial. For this reason, we add to 2-VPA a suitable restriction on stack
operations, namdy we consider 2-VPA in which pop operations on the second
stack are allowed only if the brst is empty. We call such a variant ordered 2-VPA
(2-OVPA). The ordering constraint is inspired from the classof multi-pu shdown
automata (MP DA), debned in [BCCR96]. These are pushdown automata ex-
ploiting an ordered collection of arbitr ary number of pushdown storesin which
a pop action on the i-th stack can occur only if all previous stacks are empty. In
[BCCR96], it hasbeen showvn that the class of languagesaccepted by MP DA is
strictly included into context-sensitive languages it has the emptiness problem
decidabe, it is closed under union, but not under intersection and complenmert.

From an expressve point of view, 2-OVPA are a proper subclassof MP DA
with two stacks (PD?). Di! erertly from PD?, exploitin g visibility allows to re-



cover in 2-OVPA closure under intersedion and complement thus allowing to
facethe model checking problem following the automata-theoretic approad. In

such an approach, to verify whether a sygem, modeled asa 2-OVPA S, satisbes
a correctnessrequirement expressed by a 2-OVPA P, we chedk for emptiness
theintersedion between the languageaccepted by S and the complemert of the
languageaccepted by P (i.e, L(S)! L(P) ="). Sinceintersection and comple-

mentation of 2-OVPA can be performed in polynomial and exponential time,

regpedively, and inclusion for VPA is ExpTime -complete [AM04], we get that

model checking an 2-OVPA model against an 2-OVPA spedbcationis ExpTime -
complete. Thisisnotable sincecheding cortext-freeproperties on PDA is proved

to be undeddable [KPV02] and then also model chedking multi-pushdown prop-
erties over MPDA is undecidable.

The extension we proposefor VPA does not only alect expressveness but
also gives us a way to naturally describe distributed pushdown systems behav-
ior. In fact, we show that 2-OVPA capture the behavior of systems built on
pairs of VPA running in a suitable synchronousway acording to a distri buted
computin g paradigm. To this purpose, we introduce a composition operator on
VPA parameterized on a communication interface. Given a pair of VPA, this
operator allows to build a Synchronized Sygem of VPA (S-VPA), which behaves
syndironously and in parallel. A communication between two synchronous VPA
consigs in a transfer of information from the top of the stadk of one VPA to the
top of stack of the other. If we interpret each one of the involved VPA asa pro-
cesswith its pushdown store (containi ng activation records of procedure calls,
for instance), the enforced communication form can be seen as a Remote Pro-
cedure Call [ST 02], widely exploited in the client-server paradigm of distrib uted
computing. In our case,ordering of VPA modules can be interpreted as follows:
we can see the former one acts asa client and the latter asa sever. The client
can always demand to the server the execution of a tak and the sener can
return a result to the client whenever this is available (it s stack is empty).

The properties of languagesaccepted by 2-VPA and 2-OVPA we obtain along
the paper are summarized in Figure 1. Due to pagelimitation s, some proofs are
reported in Appendix.

Languages| Closure Properties Decision problems

! " |Complement| Emptiness Inclusion
Regular | Yes|Yes Yes Nlogsp ace Pspace
CFL Yes | No No Ptime Undecidable
VPL Yes | Yes Yes Ptime ExpTime
Lppe Yes | No No Ptime Undecidable
2-VPL Yes|Yes Yes Undecidable|Undecidable
2-OVPL |Yes|Yes Yes Ptime ExpTime

Fig. 1. A comparison between closure properties and decision problems.

2  Preliminaries

Let X' be a bnite alphabet partiti oned into three pairwise disjoint ses X, X,
and X; standing respedively for call, return, and local alphabets. We denote



the tuple ¥ = #5,, X,, X;$ a visibly pushdowm alphalet. A (nondeterministic)
visibly pushdownautomaton (VPA) on bnite words over & [AM04] is a tuple
M= (Q,Qin,I',%,6,Qr), where Q, Q;,, Qr, and I" are respectively bnite sets
of states initi al states Pnd states and stack symiols; % &' I" is the stadk bottom
symbol and we use I to denoteI" ( {%}; and §) o.( 6, ( &, is thetransition
relation whered. = Q* X.* Q* I', 6, = Q* X.* I * Q,and ; = Q* X;* Q.
We call (¢,a,q¢',7) ' 6. a push transition, where on reading a the symbol v is
pushed onto the stack and the control state changesto ¢'; (¢,a,7,q¢') ' 4, a pop
transition, where v is popped from the stack leading to the cortrol state ¢'; and
(¢,a,¢") ' 6; alocal transition, where the automaton on reading a only changes
its control to ¢'. A conbgution for a VPA M is a pair (¢,0) ' Q* (I'*.%)
where o is the stack cortent. A run p = (qo,00)..-(qx, o) of M on a word
w = aj...a; 1S a sequence of conkgurations such that ¢ ' Q;n, 00 = %, and for
every i ' {0,...,k}, one of the following holds: [Push ]: (¢i, a;, gi+1,7) ' de, and
o1 = .04 [Popl: (gi,ai,7,¢+1) " 0., @and either v ' I" and o; = ~.0441, OF
Y= 0= 041 — %,; or [LO Ca']: (qi,ai,qiﬂ) Y and Oi+1 = O0j.

A run is accepting if its lag conbguration contains a bnal state. The lan-
guage accepted by a VPA M is the set of all words w with an accepting run
of M on w, say it L(M) . A languageof bnite words L ) X* is a visibly push-
down language (VPL) with respect to a pushdown alphabet X, if there is a
VPA M such that L = L(M). VPLs are a subclass of deterministic context-free
languages a superclassof regular languages, and are closed under intersection,
union, complementati on, concatenation, and Kleene#. Furth ermore, the empti-
nessproblem for a VPA M, i.e., dedding whether L(M) & ", is decidable with
time complexity O(n®), where n is the number of states in M.

In the literatur e, di! erent extensions of classical pushdown automata with
multip le stacks have been considered. Here, we recall multiple-pushdow au-
tomata as they were introduced in [BCCR96]. These machines are pushdown
automata endowed with an ordered se of an arbitrary number of stadks and the
constraint that pop operations occur sequertially and only operate on the brst
non-empty stack. Thus, push operati ons are never constrained and they can be
performed independertly on every stack. The formal debrition follows.

A multi-pu shdown automaton with n + 1 stacks (PD™, for short) is a tuple
M = (X, Q, Qin, Iy Zy, §, Qr), Where X, Q, Q;n, I', and Qp are respec-
tively Pnite sets of input symbols, states initial states, stack symbols, and b-
nal states, Zp &' I' is the bottom stack symbol and used to identify the initial
non-empty stadk, and § is the transition relation debned as a partial function
from Q* X ( {e}* I'to 2% If (¢',0u,...,an) ' (q,a,7), on read-
ing a the automaton changes its cortrol state from ¢ to ¢', the stack symbol
~ ' I is popped from the brst non-empty stack, and for ead i in {1,...,n},
and o; ' I'* is pushed on the i-th stack. A conbguation of M is a n + 2-tuple
#y,z0%, ..., 0"% whereq' Q,z' X* 6°...,06"" I'* and o’ is the content
of the i-th stack. The above conkguration is initial if ¢ = o, 0 = Zp, and all
other stacks are empty, and it isbPnalif ¢' F. The transition relation , 5, over
conbguations is debned in the following way: #y, ax;e,..., ,v.Yi, ..., WS, M
H' o0, e, 0Yis - 0 ST (¢, 0a, ..., o) ' 8(g,a,). A word w is
aceepted by a PD™ M il #y,w; Zo,e...,e$, %, #ar,ei71, .., 7S Where , %, is
the kleene-closure of , 5y and ¢qr ' Qp. The languageof a PD™ M is the sd



of words accepted by M. We denote the class of languagesaccepted by PD™ as
L ppn . The following theorem summarizes the main results about PD™.

Theorem 1. [BCCR 96] For every n + 1, we havethat L ppn subsimesCFLs,
it is strictly included in CSLs as well asin L ppn« . It is closel under union,
concatenation and Kleene. Moreover, it has a decidable emptiness problem and
solvabk in O(|Q|®), where |Q| is the numker of states of the automaton.

3 Visibly Pushdown Automata with two Stacks

A 2-pushdownalphalet is a pair of pushdown alphabets Y = #9314 where
20 = #3030 59 and X1 = #5151 sl are a possibly dile rent partitioning
of the same input alphabet X. The intuition is that the X0 drivesthe operations
over the brst stac and X those over the second. Symbolsin X belonging to call,
return or local partitions of both £° and X* are simply denoted by X, %,., %,
regpedively. Furthermore, input symbols that drive a call operation on the brst
(resp., second) stack and a return on the seacond (resp., brst) stadk are called
synchronized communication symbols and formally denoted as ¥, = 0! X1
(resp., X5, = X°1 X1, Finally, we denote with X, (resp., X,,) the set of call
(resp., return) symbols for the stadk ¢ and local for the other, with i = 0,1.Inthe
following, we use X to denoteboth a 2-pushdown alphabet and a (1-)pushdown
alphabet, when the meaning is clear from the context.

Debniti on 1 (2-Visibl y Push down Aut omaton). A (nondeterministic) 2-
Visibly Pushdown Automaton (2-VPA) on Pnite words over a 2-pushdowvn al-
phatet Yisa tuple M = (Q,Qin,I,%,6,QFr), where Q,Q;,,Qr, and I' are
regoectively bnite sets of states, initial states, bna states and stack symiols,
% &'I' is the stack bottom symbol (with I+ usel to denote I" ( {%}), and ¢ is
the transition relation debred as the union of the following sets, for ¢ * {0, 1}:

¥ 0,) (Q* Zy* Q* D), ¥ 0,) (Q* 2, * I * Q),

¥ 0.) (QF Xex Q* I'* 1), ¥0,) (QF Xx I * I * @),

¥ 6,) (QF Zg* I*Q* 1), ¥4§)QF L*Q.

We say that M is deterministic if @, is a singleton, and for every ¢' Q, a'
Y,and~' I, thereis at mog onetransition of the form (¢, qa,q'), (¢, a,q',7),
(¢;a,4',7,7"), (@,0,7,4), (¢,a,7,7',4), or (g, a,7,4¢',~') belonging to 4.

Transitions in ¢;, é,, and §,, extend VPAG local, call, and return transitions
to deal with two stacks, in a natural way. We call (¢,a,q',v,7") ' d. a doubke-
call transition where on reading a the automaton changes its contr ol state from
g to ¢', and the symbols v and +' are pushed on the brst and second stac,
respedively; we call (¢,a,7,7',4¢") ' 9§, adoubk-pop transition where on reading
a the automaton changesits cortrol state from ¢ to ¢', and the symbols v
and +' are popped from the brst and second stack, respediv ely; Pnaly, we call
(¢,a,7,¢',7") " 6, with ' {0,1}, a synchronous (communication) transition
between stacks, whereon reading a the automaton changesits cortrol state from
g to ¢ and the symbol ~ is popped from the stack i and v pushed on the other.

A conbguation of a2-VPA M isatriple (¢, %, o) whereq' @ ando® 01"
I'* %. For an input word w = ay...ap ' X* arun of M on w is a sequence



p = (qo,ag,a%)...(qk,ag,a,%) where g0 ' Qin, 03 = ot = %, and for all i
{0,...,k- 1}, there are j, j' {0,1}, 7 & j', sudch that one of the following holds:

-/

Push : (gi, ai,qis1,7) " 0 , then ol = v.0) and U+1 = o) ;
2Push : (¢, s, qis1,7,7") ' 0. then oly = ~v.0) and ol = 707

Pop: (gi,ai,7v.qis1) " 0, then e|ther v =0l =0l = % ory& %and

o] = 4.0}, . In both cases o—z+l = o/ ;
2Pop: (ql,al,fyo,’yl,qﬁl) S, then, for k' {0,1}, either v, = of = ok, = %,
or v, & %and of = y.0k ;

Local: (¢;,a:,q+1) " & then 0% = 0% and o}, = o},

Synch: (¢i,ai,7,¢iv1,8) ' 0y then either 4 = af = oJ,, = %, or v & % and
o = v.0%,, . In both case o7,, = 6.07 .

From the above debrition, we notice that communication between stacks is
only allowed by applying a synch. transition. For a conkguration ¢, we write
¢, u ¢ meaning that ¢ is obtained from ¢ by applying one of the rules above.
We omit M whenit is clear from the context. A run p is accepting when it ends
with a conbguration containing a bnal state. A word w is accepte if thereis an
aceepting run p of M on w. The languageaccepted by M, denoted by L(M), is
the se of all words accepted by M. A languagel ) E# is a 2-VPL with regped
to ¥ if thereis a 2-VPA M over ¥ sud that L(M) =

Theorem 2. The emptinessproblem for 2-VPA is undecidable.

Proof. [sketch] We prove the result by showing a reduction from the halting
problem of two counters Min sky machines. A Min sky machine with two counters
Co and C; is a bnite sequence M = (Ly : I1;L, : Iy;...; L, : halt ) where
n + 1, L1,..., L, are pairwise di! erert instruction labels, and I1,...,I, are
instructions of type increment, i.e., C,, := C,, + 1; goto L;, or of type test
and decrement, i.e., if C,, = Othen goto L; else C,, := C,, - 1; goto Ly,
where0. m . landl1l. j k. n.A conbguration of M is atriple (L;,vg,v1)
where L; is an instruction label, and vg,v; ' N represent the values of the
counters Cy and C, respectively. Let Conf be the set of all conpguations of
M, thetransition relation /) Conf* Conf between conbguationsis debned in
an obvious way, and { # isthe transitive and refRexive closure of § . If (L1, 0,0)
/ A (L0 s ]) holds for a Minsky machine M, we say that (Ll,O 0).
(LJ, i l) is an execution trace for M. The halting problem for M isto de(:lde
whether there exist vg,v1 ' N such that (L1,0,0) ¢ * (L,,vo,v1). This problem
is known to be undecidable [Min 67].

We now prove that given a two counters Minsky machine M there exists a
2-VPA M' over ¥ such that L(M') & " i' M eventually halts. Let M = (L :
Ii;Ly . Ip;...; L, : halt), we debPre M' = (Q, Qin, I, %, 5, QF) such that
Q= {L1,...,L.}, Qin = {L1}, I' = { A}, where A does not appear in M,
Qr ={L,}, and Y isthe partition ed set of all instructions I;, with i = 1,...,n
sud that 1; * X, (resp., I; ' X.) if I; is an increment instruction of the
counter Cp (resp., Cy), or I, ' X, (resp., I, ' X,,) if I, is atest and decremert
instr uction over the counter Cq (resp., C1). Finally, ¢ is debred as follows: if I;
is an increment instruction such as C,,, := Cp,, + 1; goto L;, with m ' {0, 1},
then (L;, I;,L;, A) ' &, ; otherwise, if I; is a test and decremert instruction



such asif C,, = Othen goto L; else Cy, := C),- 1; goto Ly, with m ' {0, 1}
then (L;, I;,%, L;),(Li, Ii, A, L) ' 6., . It remainsto provethat M haltsi! M
acoepts a word. It is easyto showv by induction the following assettion:

Given a sequence of numbers s = s3185... s, with s; " {1,...,n} for all
i' {1,...,k}, the sequence (L, ,v° Vg, 81) (Lsk, Vg, s Sk) of elements from
{Ll,... } * N* Nis an execution trace of M if and only if the sequence
(le, 0%,08) - (Lg 09,05, ) of elemerts from Q* I'*.%* I'.%is arun of
M, with lod | = uﬂ+1foreathi {1,. k}andj‘ 0,1.

This implies that (le, Vg, s Sl) (L 1) is an halting execution

Sk7 5k7 Sk

trace of M il (Ls,,0 suffsl . (st Ty s Sk) is an aceepting run of M* over
I, ..o Iy, with |od | = v{+1f0r each i ' {1,...,k}, since L,, = L,, and
L,, is bnal for M'. 0

It is intereging to notice that the reduction we consider in the proof of
Theorem 2 also applies to the restricted model of VPA with 2 stacks where
operations acting simultaneously on both stacks are avoided. This follows from
thefad that two courters Minsky machine instr uctions only involves one counter
at a time, which leavesempty the sds X, X, and X, , with ' {0, 1}.

4  Ordered Visibly Pushdown Automata with Two Stacks

In this section, we considerthe subclassof 2-VPA which enforces the ordering
constraints on using pushdown stores as debned for MPDA. In more detail, we
consider a class of ordered 2-VPA (2-OVPA) as the class of 2-VPA in which a
pop operation on the second stack can occur only if the brst stack is empty.
Thus, in such a model simultan eous pop operations are not allowed. The formal
debprition of 2-OVPA follows.

DePniti on 2. A 2-OVPA M over X is a 2-VPA suchthat X, is empty and for
all input word w = ay...ax ' X* andrun p = (qo,09,0%)...(q.0%, %) of M over
w, for all +* {1,...,n}, the following hold:

Pop: (¢i,ai,V,qiv1) " 6r, theno? = 0% = %andol, = v.0!

Synch: (gi,ai, 7, gi+1,9) ' 6, theno? = %and 0%, = §.% and o},; = v.0}.

Directly from the fact that 2-OVPA are a subclassof MPDA and the fact
that for MPDA the emptiness is solvable in cubic time, we get the following.

Corollary 1. Given a 2-OVPA M, deciding whether L(M) & " is solvablein
O(n®), where n is the number of statesin M.

While dealing with automata, oneinteresting question is whether the accep-
tance power increaseswhile using e-moves i.e., transitionsthat allow to change
the state without consuming any input. Here we invedigate 2-VPA with the
ability of performing a redricted form of e-moves we only enable e-moveson
reading the top of the stadk symbols on a local action. More formally, the variant
2-VPA. of 2-VPA we consider is obtained by replacing ¢; in Debntion 1 with a
subsetof Q* (X ( {e})* I'* I'* @ and by substituting the Lo cal rule in the
debrition of a run for 2-VPA with the following: .
Local.: a; ' X, ( {} and there exists (q;,a;,7°,7*,¢iv1) ' & such that o] =
ol =~l.0f, forall j* {0,1}.



Since at each step, a 2-VPA. can now choosewhether to consumean input
symbol or take an e-move, we consider the run deprition modiPed accordingly.
In the following theorem, we shaw that 2-VPA and 2-VPA., aswell as2-OVPA
and 2-OVPA., are expressively equivalent.

Theorem 3. L' 2-VPLi! L' 2-VPL.and L' 2-OVPL i! L' 2-OVPA..
We conclude the section with an example of a languageaccepted by a 2-OVPA..

Example 1. Let Ly = {a™b"c” | 2n ' N }. We show a 2-OVPA. M accepting
Ly. The alphabet > we usefor M is partitioned in X, = {a}, X5, = {b}, and
Y = {c} (i.e, all the other partition elements are empty). The automaton is
the fOHOWing M = (Q?Qiny Fa 57QF)1 with Q = {(IOaCILQZaCI&QF}: an = {qO}y
Qr = {qo,qr}, I'= {A, B} and 6 = {(qo,a,q1, 4), (q1,a,q1, 4), (q1,b, 4, g2, B),
(92,0, A, q2, B), (q2,€,%, B, g3), (q3,¢, B, ¢3), (g3,¢,%,%, qr)}. The 2-OVPA. M
is depicted in Figure 2, where we adopt the following corventions to represent
arcs for a local transition such as (¢;,a, 4, B, g;) we label the arc between g;
and g; as a, (A, B); for a synch transition sud as (¢;, a, 4, g;, B) we label the
arcass,A/ B,ifa' X,,andass, A3 B, otherwise moreover a push or
pop transition is labeled like a synch transition but with one part missing. For
example, a pop from the seoond stadk (g;, a, B, g;) is labeled asa,43 B.
a,A$ # b,A% B ¢,(&,B)

&
a,A$ # b,A% B c,#$ B
Fig. 2. A 2-OVPA, accepting L1 ={a"d""|' n ( N}

5 Expressiveness and Closure Properties

In this section, we compare 2-VPLs and 2-OVPLs with VPLs [AM 04], determin-
istic and (nondeterministic) context-free languages(resp., DCFLs and CFLSs)
[HU79], and multi-p ushdown languages [BCCR96] (L ppn ). Recall that the fol-
lowing chain of strict inclusionsholds: VPLs 5 DCFIs 5 CFIs5 Lpp2 5 CSLs.

Theorem 4. The following assetions hold:

a) 2-OVPLs 5 2-VPLs; b) VPLs 5 2-OVPLs; ¢) VPLs 5 2-VPLs;

d) DCFLs\ 2-VPLs & "; e¢) DCFLs\ 2-OVPLs & ";

f) 2-VPLs! CFLs\ VPLs & "; g) 2-OVPLs 5 Lpp2; h) 2-OVPLs 5 CSLs.

Alth ough 2-VPLs and 2-OVPLs are strictly more expressve than VPLs, we
show that they preserve union, intersedion, complementation (and thus inclu-
sion). These properties, along with the property that the emptiness problem
for 2-OVPA is solvable in Pti me, make 2-OVPA a powerful engine for system
veribcation using the automata-theoretic approach. We recall that 2-VPA and
MP DA do not support such an approach since MPDA does not enjoy closure
under intersection and complementation, and for 2-VPA the emptiness problem
is undecidable.



Theorem 5. (Closur e Properties) Let L; and L, be two 2-VPLs (re9., 2-
OVPLs) with respect to the sameX. Then, L, ! Ly, Ly ( L, are 2-VPLs (resp.,
2-OVPLs) over X. Also, L1 4L,, and L are 2-VPLs over %. Furthermore, all
the mentioned operations can be performed in polynomial-time.

The closureof 2-VPA and 2-OVPA under complementation can be proved asan
immediate conse&juence of determinization.

Theorem 6 (Dete rminizat ion). Givena 2-VPA (resp, 2-OVPA) M over ¥,
there is a deterministic 2-VPA (resp., deterministic 2-OVPA) M' over Y such
that L(M) = L(M"). Moreover, if M has n states, we can construct A/' with
0(22"") statesand O(2"" 4|X|) stack symbols.

Proof. [sketch] The proof we presert is inspired from that givenin [AMO04] for
VPA. There, the main idea is to do a subset constructi on, postponing handling
push transitions. The push transitions are stored into the stadk and simulated
later, namely at the time of the matching pop transitions. The constructi on has
two componerts: a se of summary edgesS, that keepstrack of what state transi-
tionsare possble from a pushtransition to the corregponding pop transition, and
a sd of path edgesR, that keepstrack of all possble state reached from an initial
state. In our case we have to handle two stacks and the communication mecha-
nism. Therefore, we have to use two summary edges ses Sy and S1, and, in order
to managethe communication transitions, we augment the structure of states
adding information about the top of the stacks. Let M = (Q, Q:n, [, d,QF) bea
2-VPA (resp., 2-OVPA) over X. We debne a deterministic 2-VPA (resp., deter-
ministic 2-OVPA) M' = (Q',Q\,,I",6', Q%) over ¥ such that L(M) = L(M").
Let @' = P(Q* Q)* P(Q* Q) * P(Q). Idg is the se {(¢,9) | ¢' Q}, and
Q:, = {(Idg, Idg,Qn)}. The stack alphabet I is the set of elements (S, R, a),
where (S,R)' P(Q* Q)* P(Q) and a' (Ui&{O,l} Yo ( Xg) ( Xs. Thesetof
pnal statesis Q% = {(So0,S1,R) | R! Qr & "} . We give an idea of §' by means
of the following example, referring to the Appendix for the formal debnition.
Let w = wicdwactws be an input word, where in w; ead push, either into the
brst or into the semnd stack, is matched by a pop, but there may be unmatched
pop transiti ons; w, and ws are words in which all push and pop transiti ons are
matched for both stacks; ¢ and ¢} are push, the former for the prst stack and the
latter for the second. In M', after reading w, the prst stack is (So, Ro, ¢7).%, the
second stad is (S1, Ry, ct).%, and the cortr ol state is (Sg, S}, R"). So cortains
all the pair of states (¢, ¢') such that the 2-VPA (resp., 2-OVPA) M cango from
q with brst stack empty to ¢' with brst stack empty on reading w;. Analogously
S1 cortains all the pairs (q,q') sud that M can go from ¢ with second stack
empty to ¢' with second stack empty on reading wic§w,. Ro and R; are the sets
of all states reachable by M from an initial state on reading w; and wjcSw,,
respedively. S§ and Si are the current summariesfor the prst and second stadk,
regpedively, and R" is the set of all states reachable by M from an initial state
on reading w. In this construction, we maintain as an invariant suc a property
of the stacks and control state. Now, after reading w, if M readsa push sym-
bol a operating on the brst stack, stacks and cortrol state change as follows:
the trip le (S, R*, a) is pushed on the brst stac, the second stack remains the
same, and the new control state is (Idg, Sj, R') where Idg is the initi alization



summary and S; and R' are updated (path and summary edges are extended)
acoordingly to all possible ¢ transitions. If alocal transition symbol occurs, then
only the control state is ale cted, which changes acoordingly to ¢ transitions. If
a pop symbol a occurs after reading w, M' pops (So, Ro, c9) from the brst stack
and it updates Sy and Ry, using the current summary S§ along with a push
transition on ¢§ and a corresponding pop transition on a. If a synchronization
symbol « from the prst to the seond stack occurs, M hasto combine push and
pop operations as above to update its stacks and cortr ol state. (0]

The closure under complementation for 2-VPLs and 2-OVPLs follows from
Theorem 5.

Corollary 2. (Closur e under compl ementati on) Let L ' 2-VPLs (resp.,
2-OVPLs) over X, then ¥*\ L' 2-VPLs (resp., 2-OVPLs) over X.

6 Model Checking and Synchronized Systems of VPA

A model checking procedure veribes the corredness of a sysem with resped to
a desred behavior by chedking whether a mathematical model of the system sat-
ispesa formal spedbcation of this behavior. Here, we consider the case whether
both the model of the system and the formal specibcation of the required be-
havior are given by VPA with two stacks, say them M and P, respectively. The
automata-th eoretic approach to model cheding exploits the combination of clo-
sure properties and emptiness deddability: checking whether )M satisPesP is
reduced to check whether L(M)! L(P) = " (all the runs of the model M satisfy
the behavioral property represented by P).

Recall that the emptiness problem for 2-OVPA is solvable in cubic time
(Corollary 1). Since determinization for 2-OVPA is in ExpTime (Theorem 6),
and intersection can be done in polynomial-time (Theorem 5), we get an Exp-
Time algorithm to solve the model cheding problem. T he completenessfollows
from the fact that VPA model checking is ExpTime -complete [AMOA4].

Theorem 7. The model checking problemfor 2-OVPA is ExpTime -complete.

In the remaining part of this section we show that 2-OVPA gives a natural
way to desaibe distrib uted pushdown systems. In fact, we show that 2-OVPA
capture the behavior of sygems built on pairs of VPA working in a suitable
synchronousway according to distri buted computin g paradigm. To thi s purpose
we introduce an operator of synchronous composition on VPA that allows to
build a Synchronized System of VPA from a pair of VPA My and M;. The
automata My and M; run independently on the sameinput so that ead input
symbol can drive di! erert transitions on the two, that is a local transiti on for the
former and a push transiti on for the latter. Only communications between M
and M; have to be syndironized in acoordancewith a relation A (a parameter
of the synchronous compostion operator) that contains all the transitions that
are push transiti ons for the one and pop transitions for the other. The idea is
that A contains all the pairs of transitions on which the two VPA are allowed to
communicate. The only constraint on the pushdown alphabets is that an input
symbol can not trigger a pop transition on both VPA. Moreover, we have to
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prevent that M3 can pop whenever My has a non-enpty stack, and thus every
pop transition of M; is synchronized with My. Two VPA My and M; over X0
and X1, respediv ely, are synchronizableif X° = ¥* and %! X% is empty.
Debniti on 3 (Sync hron ized Systems of VPA). A Synchonized Systemof
VPA (S-VPA) My||,M; is a pair of synchmonizable VPA M, and M; over X0
and 21, resectively, togetherwith a communication relation A ) §%* §1( 69* 42,
where ¢6° and ¢* are the transition relations of My and M, resgctively.
Arunponw= ag...a, ' (X°( LY)* for My||,M; is a pair of VPA runs on w,
70 = (48, 9)(43,09)...(a5, 09) for Mo and 7 = (g5, %)(qi,01)...(q5, 03) for My
such that, for all k' {0,...,n- 1}, , where t? is the transition applied from
(¢2,09) to (g2, ,0%,,) in Mo, and ¢} is the transition applied from (¢i,o1) to
(qi41,01,1) in My, such that if ¢} is a pop transiti on then o9 is empty and if
(80, ¢1) "+ 0% 61( 69* slthen (t2,¢1) " A. A run pisaceepting if both 7° and 7!
are aceepting and thus w is accepted. L(Mp]||»M1) is the se of words accepted
by Mp||»M1. From Debrition 3, it follows that L(Mp||xM1) ) L(Mp) ! L(My).
Next theorem states that 2-OVPA are more expressive than S-VPA.

Theorem 8. Let Mo||xMi be a S-VPA over X° X1, then L(Mol|[\M1) is a
2-OVPL with respct to X = #.°, 3%

We give an evidenceof the power of the introduced S-VPA by meansof an
example of a system behaving in a context-sensitive way. Consider a client-server
sydem of pushdown processes desaibed by a pair of syndronized VPA (see
Figure 3) behaving in the following way: brst, the client colleds in its pushdown
store an ordered pool of jobs on reading a sequence of input job; ' JobSet,;
after that, the client transfers(rcall) the whole ordered sequence of jobs to the
saver; then the serwer dispatchesto the client a solution for ead job (solve)
in the same order the client has colleded the jobs;, moreover, the server waits a
spedal commit mert from the client (returnSol;) after each dispatching, which is
necessary to process next job; when the sever runsout of pending jobs, thewhole
sydem can restart the computation (restart). Notice that the communication
interface A relates each Job; that the sever hasto pop, with its solution Sol;
that the client hasto push, determining the computation.

Mo: client A\ M 1: server

L ob; o ~—
pust(’ Job;) reall pop(Iobi) ~retur S ol - h
>

start pool f> op(SoIi -~ . orlcall pus h(Jobj)
@ pop( L @

endR call
endp ool endR call

~
-
-

res tar t solv e,pus h(Sol )

Fig. 3. An example of an S-VPA.

7 Conclusions

In this paper, we have investigated ordered visibly pushdow automata with two
stacks (2-OVPA), obtained by merging the debntions of visibly pushdown au-
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tomata [AM 04] and multi-pu shdown automata with two stacks [BCCR96]. We
have shavn that 2-OVPA are determinizable, closed under intersection and com-
plementation, and have th e emptin essproblem deddable and solvable in polyno-
mial time. Thus, we get that theinclusion problem is alsodecidable for 2-OVPA,
and in particul ar, it is ExpTime -complete. It is worth noticing that dropping
visibilit y or the ordering constraint from 2-OVPA makes inclusion undeddable.
The properties satisbedby 2-OVPA, along with the fact that they aceept some
context-free languages that are not regular as well as some context- sensitive
languagesthat are not context-free make 2-OVPA a powerful model in system
veribcation while using the automata-theoretic approach.

Finally, the model we proposecan be also extended to deal with an arbitrary
number n of stacks (n-OVPA). We argue (it is left to furth er invedigation) that
n-OVPA still retain decidability and closure properties of 2-OVPA and that,
from an expressivity viewpoint, n-OVPA debre a strict hierarchy based on the
number of pushdown stores.
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8 Appendix

Pro of of Theorem 2.

Proof. Here we complete the proof of Theorem 2 proving the following assert:

Given a sequence of numbers s = s382... s, with s; " {1,...,n} for all
i' {1,...,k}, the seguence (L, ,v° Vg, s 51) (Lbk, Vg, s ék) of elements from
{Ll,.. 7,} * N* Nis an execution trace of M if and only if the sequence
(le, 0% ol o) - (Lsk, 09 oL ) of elements from Q* I'*.%* I'*.% s a run of
M', with |a7||— “7. + 1lforeahi' {1,...,k} andj' O,1.

We prove the above assrt by induction on the length of the sequences. The
basecas for |s| = 1 is trivi al since every trace of M starts from (L, v9,v}) =
(L1,0,0) and every run form M' starts from (L1,0?9,01) = (L1,%,%), and thus
lo7] = v +1,forj' {0,1}. Let usconsiderlsl =k and provetheassrt for k+ 1.
By hypothe3|swe havethat (le, Vg s Sl) (L ;0 Usis Sk) is an exeaition trace
of M if and only |f (Lsy, 0 81,081 coo (L s Sk,a ) isarun of M*, with |oJ | =
vgl + 1,foreath i’ {1,...,k}. If s, = n then we can not extend the exeation
trace of M and the run of M!, so the asset is trivi ally true. Otherwise, we have
two sub-casesto considerdepending on the kind of the instruction I, . Assume
brst that I, is an increment instruction of the counter Cy (resp., C1), that is
Iy = co = co+1; goto L; (resp., I, = c1:= c1+1; goto L;), then the k+ 1-th
elemert in the exeaution tr aceof M is (L;,vd + 1,01 ) (resp (Lj, 02 vl +1)).
In such a case, we have by debrition that from the state L,, , the automaton
M' readsa the symbol I, using the transition (Ls, , I, , L;, A) belonging to dg,

(resp dc,)- Then, the next conkguration in the run is (LJ,USk+1 , SM ), with
— 1 — — —
SM A(TSK, = Sk+1,and |osm| 0|cr |+ 1= 0 +2—vSkl + 1 (resp.,
(LJ709|<+1 ’ 5k+1) Wlth Jﬁk +1 = A O—Gk’ Sk = 09k+1 ! and |09k +1 | = |U | +1=
+2= gk . 1.

If I, isif Cp= Othen goto L; else Cp:= Cp- 1; goto L,, is a test-and-
decrament instruction of the counter co (resp c1), then the k + 1th element
in the execution trace of M is (L,,,v° vg, - 1, Sk) (resp., (L, Sk,vgk - 1)) if
vgk >0 (resp , vk > 0), elsethe k+ l-th element in the execution trace of M
is (Lj,v° Vg, s qk) (resp., (L;,v° Vg, s gk)) if vqk 0 (resp., vgk = 0). In such a case
we have by debrition that from the state L, , M reads/; using the transition
(Lsk,ISWA L) if 0 & % (resp., o2 & %), or the transition (L, , I, ,%, L;)

if a = % (resp 01 = %) In the brst cas, the next conkguration in the run

is (Lm, 0%, soL), with 0%, = Ao% (resp., ol = Aocl) andthen |02 ., |
=09 ]- 1=12% =0  +1(resp,|ol al=lol|- 1=l =2 +1).1In
the latt er casethe transition is (Lsk, s> %, L;) and sothe next conkguration in
therunis (L;,05 . .ok 1), with oS = cro = % (resp., o, = or = %) and
thus o9 41 | = log | = %] = 1= v +1 = o) + 1 (resp, |Usk+1| log | =
|%|= 1= v} +1 =} +1). So,we have done with the asset. 0]

Pro of of Theorem 3.

We present ¢-Closure debnition. Let M = (Q,Qin, I,6,Qr) be a 2-VPA,
(resp., 2-OVPA.) and ¢ ' @, with e-Closure(q,~°,+*) we denote the se of all
p' @ sud that are reachable from ¢ only by s-movesof type (¢',,7°,~%, ¢").
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Moreover, we overload the e-Closure debrition by the following: let @ a sé of
states, then e-Closure(Q, vo, 11)= Uq&Q e-Closure(q, Yo, 71)-

Proof. Let M = (Q,Qqn,I,0,Qr) be a 2-VPA (resp., 2-OVPA). We shawv a
2-VPA. (resp., 2-OVPA.) M. suc that L(M) = L(M.). We consider M, =
(Q,Qin, I',6-,Qr) with . cortaining all push, pop and sync transitions of §.
Moreover, 6. di! ersfrom ¢ on local transiti ons: for eat (¢,a,p) ' ¢ and for all
40,4t I, then (q,a,~7°,~%, p) ' d.. It is eag to prove that M and M, accept
the same language.

Let now M, = (@, Qin, , [, 0., Qr) bea2-VPA. (resp., 2-OVPA.). We debne
a 2-VPA (resp., 2-OVPA) M such that L(M) = L(M.). We considerM = (Q*
I'* T, Qi %} * {%}, ['* I6,Qp* I'* I'), with Q;, = e-Closure(Q;y, , %, %)
and ¢ is debned as follows:
Push:a' X, and(q,a,p,7)"' 9., then for all 1°,~1 ' I there are transiti ons
((Qa Voa’yl)aa7(p!77771)v(rya 70)) ' with p! ‘ €-C|03Jre(p7’y,"yl);
2Push:a' X, and (¢,a,p,v,7') " 9., then for all 1°,~* ' I there are transi-

tions ((¢,7%7%), a, (0,77, (7,7°), (', 7)) * 6 with p' " e-Closure(p, v,7');
Pop:a' X, and (q,a,v,p) ' 6., then for all 1,41 ' I there are transitions

(@770, (1,7%), (',7%41) * o with p' ' e-Closure(p, 7%, 7");
2Pop:a' X.and(q,a,v,7,p)" O, thenforall 1%, ~1" I therearetransitions
(2791, a,(1,7%), (7,1, (0'7°,71) * 6 with p' ' e-Closure(p,7°,+%);
Local: ' X; and (q,a,~°,~%,p) "' 6., then for all 4°,~* ' I there are transi-
tions ((¢,7% 7Y, a,(p',7°,7) ' & with p'* e-Closure(q,~°,7%);
Synch:a' X, and (q,a,v,p,7) "' &, then for all 1%~ ' I there are transi-
tions ((¢,7,7), @, (v,7%), (,7%7),(7,7") ' d with p'* e-Closure(q,~°,7).

It is eay to prove that M and M. acaept the same language. 0]

Pro of of Theorem 4.

Proof. Assertion a) follows from the debprition of 2-OVPA and the decidability
of the emptiness problem for 2-OVPA, but not for 2-VPA.

To show as®rtion b), we canuse Ly = {a"b"c"|2n' N} "' 2-OVPLs (Ex-
ample 1). The strict containment follows from the fact that, for all pushdown
alphabets ¥, we have L, & VPLs [AMOA4].

Assertion c) follows immediately from assrtions a) and b).

In order to provethe assetion d), we show that the DCFL L, = {w# w"|w '
X*Y isnot in 2-VPL. In particul ar, we prove that the sub-languageL = {a"# a™
[n' N} of L, is not a 2-VPL for any b5 (thus, X = {a,#}). First, we consider
that the input symbol # is only a marker that denotethe starti ng of the second
part of the input string, so it is not inBuertial in the proof. Let M be a 2-VPA
over Y. We prove the asset showing that whatever partiti on of X we choose
for a, L(M) & L. If « ' X;, M reducesto a bnite automaton, and we know
that L is not a regular language So L is not a 2-VPL over Y with a' . If
a' X., M reducesto a VPA, becauseit uses two stacks like a single one, that
canonly pushonreading a, so it cannot compare the number of a before # with
the number of a after the marker symbol. T he obtained automaton behaves asa
zero reversal-bounded one-courter machine debned by Oscar H. Ibarra in 1978

1 0. H. Ibarra. Reversal-bounded multicounter machines and their decision problems.
J. ACM, 25(1):116133, 1978.
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that accept only regular languages So L is not a 2-VPL over Y with a' X,.
The cazof o' X, withi= 0or 1, is analogous.If ' X, with i = 0 or 1,
we have a 2-VPA M acting asa VPA M' with o' X., where M' simulates M
on the stack j & 4, becausethe stack i is always %. The above argument holds
and L is not a 2-VPL over X with «' X, , for ¢ = 0,1. So, we conclude that L
is not a 2-VPL over X, for any X.

Assertion e) is an immediate consejuenceof assrtions a) and d).

To show assetion f) weuse L = {w ' X% | |w|l, = |w|y} of all strings
having equal number of occurrencesof a and b. In [AMO04] it is shown that L is
a CFL but not a VPL, for any pushdown alphabet. Here we show a 2-VPA M,
over an alphabet X, accepting L. Let X' be partitioned in X, = {a} and X, =
{b}v and ME LQ7Qin7F7 67 QF) where Q:{q07qF}!Qin = {QO}r QF :JQF},
I'={A,B,A,B} and 0 = {(qo,¢,%, % qr), (90,0, B,%,qr), (q0,¢, % A, qr),
(q0,¢, B, A, qr), (q0,a,%, g0, A), (q0,a, B, g0, A), (g0, a, B, qo0, A), (g0, b, %, qo0, B),
(90,0, A, qo, B), (qo,b, A, qo, B)}. We depict M in Figure 4.

Wenow provethe assetion g) asfollows. Let a2-OVPA M = (Q, Qin, I, 6,QF)
over ¥, we now presat a construction of a PD? automaton A' such that
L(M) = L(M"). Before starting with construction debnition, w.l.0.g., we as-
sumethat stack symbolsin M are distinct for ead stack. We usethe subscript
0 (resp., 1) to denote a brst (resp., seand) stadk symbol asin o (resp., v1). Let
M'=(Q',X,I,6,q,Qr, Zo) be debred as follows: Q' = Q ( qo, with g0 '/ Q,
§' is debned as follows:
ifa' X;and(q,a,q')" d,thenforall vo' I thefunction §' hasthe transiti ons
(¢,a,7%) 6/ (¢',70,¢) and for all v, ' I thetransitions (¢,a,v1) 6/ (¢',¢,71),
if ' X.and(q,a,q',7,71)" J,then the function ¢' hasthe transiti ons for all
%" I (g:0,%) 6/ (¢',7070,71), and for all v ' I" (g, a,71) 6/ (4,70, 7171),
ifa' %, and(q,a,,q")" 9, thenthefunction §' hasthe transiti ons(q, a, yo) 6/
(¢'.e,9),
if a' X, and (¢,a,q¢',7) ', then the function &' has the transiti ons for all
IY(IJ " r (Q7a770) 6/ (q!,gjg), and for all 71 r (q7a7’71) 6/ (q!a’70771),
if ' X, and (q,a,7%,¢',71) ' J, then the function §' has the transiti ons
(¢,a,70) 6/ (¢',,71), and symmetrically for the symbolsin X, ,%,,, and %, .
Furth ermore, from ¢o the automaton A* canonly exploits a pop s-move operat-
ing on the brst stack and reaching a state in @Q;,,. MOreover, for each transiti on
of M involving % symbol, we add to &' the corregpondent move with ¢ usedac-
cordingly. Strict inclusion follows from the fact that 2-OVPLs, dile rently from
L pp2, are closal under intersedion, as we later show in Theorem 5.

Finally, assertion h) immediately follows from asertion g) and the fact that

L pp2 are a proper subclass of CSLs (Theorem 1). 0]

a & % A Ea Eag)

a7§% A g, &7‘4)

a.B% A € (B, &)

bjB$ & &, &7&)

=1 _— T

b,B$ A

b,B$ A

Fig. 4. A 2-VPA accepting L = {w ( Z'| |w|a = |w|o}

15



Pro of of Theorem 5.

Proof. Intersection. Let L; and L, be two languagesrespectively accepted by
2-VPA (resp. 2-OVPA) M; and M;. The 2-VPA (resp., 2-OVPA) M accepting
Ly ! L, is the synchronous product of M; and M,. It is eay to seethet the
syndhronous product construction we now show preservesthe ordering of stacks
for 2-OVPA case soin the following we speak indile rently of 2-VPA.

The resulting 2-VPA M accepting L1 ! L, hasdebred in such a way that the
sds of states, initial states, Pnal states, and stack symbols are, regediv ely, the
product of sets of states initi al states, Pnal states and stadk symbols of M; and
M,. The automaton M simulateson its brst (resp., seoond) stadk the prst (resp.,
second) stacks of both A3 and M,. Each transition of M is the synchronization
(with resped to a common input symbol) of a transition of M; and a transition
of M. Formally, let M; = (Q*,Q%},, I't, 6%, QL) and My = (Q%,Q2,, 2, 6%,Q%).
Wedebre M = (Q'* Q?,Q% * Q2,,I''* I'?,6,Q%* Q%) where, foreath a' X,
1" {0,1}, ¢ is debned as follows:

Push:a' X, and there are (¢}, a,pt,71) ' 6t and (¢2,a,p?,7?) ' &2, then
(" 6%, a, (0 P, (71 7%) 65

2Push:a' X, and there are (ql,a,plgyl,vl!) ' ¢t and (qz,a,pz,’yz,fyzl) "2,
then ((¢*, %), a, (p*,12), (11, 7%), (', 42) ' &,

Pop: a ' X, , and there are (¢*,a,7,p') ' 6 and (¢%,a,7%,p?) ' &2, then
(g% ¢%)sa,(¥4,72), (0% p%) 65

2Pop: a' X,, and there are (¢*, a, 'yl,'yl!,pl) * 6 and (qz,a,’yz,'yzl,pz) . C
then ((¢*,4), a, (+%,72), (/' ,42), (0*,02) ' 6,

Local: o' X, and thereare (¢%, a,p') ' 6% and (¢°,a,p?) ' &2, then

(¢*, %), a, (0" %) 6;

Synch: a' X, , and there are (¢}, a,~7%,p*,3%) ' 6 and (¢?,a,7%,p%,7%) ' &2,
then ((¢*,¢%),a, (4,72, (', %), (35, 7%) * 4.

The correctness of the constr uction can be proved in a standard way.

Union. Let L; and L, be two languages respectively accepted by the 2-VPA
(resp.,2-OVPA) M; and M,. The2-VPA (resp., 2-OVPA) M accepting L1( Ly is
debred in sudh a way that non-deterministically behavesas M or M, exploiting
an e-move.

Composition. Let L; and L, be two languages regpediv ely acceted by the
2-VPA M; and M,. The 2-VPA M accepting L; aL, acts in such a way that
on reading an input word w, nondeterministically splits w in two words w; and
wy, sothat M simulates M; on w1 and M> on w,. When M starts to simulate
M, it regards the current cortent of the stadks as they were empty. Formally,
M = (Q,Qin,I,6,Qr) with Q = Q7 Q? (we assime that Q*! Q2 = "), if
Q! QL = " then Q;, = Q},, otherwise Q;,, = QY (1 Q%, ' = I't ( I?,
Qr = Q%, and ¢ is debned as follows:

Push:if (¢,a,p,7) " &%, then (g,a,p,7)"' dand, if p' QL thenforall p'' Q?,

also(q,a,p',7)" 6,if (¢,a,p,7)" 62, then (¢,a,p,7) " 0;

2Push : if (¢,a,p,v,7') ' &%, then (¢,a,p,v,7") " d and, if p' Q3 then for all

P Q% also(q,a,p',7,v) " 6, if (¢.a,p,7,9) " 6% then (¢,a,p,v,7) " 0

Pop: If (¢,a,7v,p) ' &%, then(g,a,v,p) ' 6, and if p' QL, then for all p' "
2 also (q,a,v,p') ' §. For each (¢,a,%,p) ' &2, then for all v ' I'? also

(¢,a,7v,p) " 6, andif (¢,a,v,p)' 62, then it belongsalsoto §;
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2Pop: If (¢,a,7,7',p) ' &%, then (¢,a,7,7',p) ' &, and if p*' QL then for all

p'' QF, also(q,a,v,7',p") " 4. Foreach (q,a,%,%,p),(q,a,%,1,p), (¢ a0, %,p)

' 0%, then for all ,+' " I't also(q,a,7,7',p), (¢, a,7,71,p), (¢,a,7%0,7",p) ' 6,
respedively, and if (¢,a,7v,7',p) ' 62, then it belongsalsoto §;

Local: If (g,a,p) ' &' then it belongs also to §, and if p ' Q% then for all
P Q% also(gi,ai,q?%) " 6, if (g,a,p)' &2, then it belongsalsoto J;

Synch: If (¢,a,7,p,7) ' &%, then it belongsalsoto 4, and if p' Q3. then for
all p'' @2 also(q,a,v,p',7)" 0.1f (¢,a,7,p,7)" 62 then it belongsalso to 4,
and if v = %, then for all 41 ' I'! also(q,a,~*,p',7) " 6.

Kleene+*. Let M = (Q,Qin, I, d,QF) be a 2-VPA that accepts L. We build
the automaton M* asfollows. The main idea is similar to the VPA case, but we
have to apply a duplication of states. M* simulates M step by step, but when M
changesits state to a bnal state, M* can nondeterministically update its state
to an initial state, and thus, restart M. After this switch, M* must treat the
stack asif it isempty, and thisrequireslabeling its state so that in a taggedstate
the top can be assumedto be % ignoring the actual cortent of the stack. More
prECide, M* = ((Q7 QI) * (Q7 Q!)a (Qin7 Q'zn)* (an7 Qlln)7F7 F!a 6#7 (QF7
Q%) * (Qr 7 Q%), and §* is debned as follows:

Local: Let a ' X, and (¢,a,p) ' 6, then §* contains the transitions ((g, q), a,
(2, 0), (¢'),a, (0. 0), (a:4),a,(p,p)), ((d'.d),a, (P, p)), and if p ' Qp,
then 6* contains (¢, ), a, (',)), ((¢',¢),a, (', ), ((d's9),a, (7, )), (g, 4),
a,(r',r')), foreach r' Qin;

Push: Let a' X, and (q,a,p,7)" &, then §% contains the transiti ons
(:9),a,(0,p),7), (¢ ), a,(p,0),7), (¢ ), a,(p,p), V), (a:4), 0 (,P), ),
andif p' Qr, then * cortains (¢, ), a, (', 7'),7), (¢ ), a, (', 7"),7),
(g4, a,(",m),7), (¢34, a, (',71), ), for eah ' Qin;

2Push : this caseis similar to the previous with two symbols to push;

Pop: Let a' X,, and (g,a,7,p) " &, then §* contains the transiti ons
(¢,9),a,7, (0, ), (0,4, 0,7, (0,2, (¢:4),a,7',(p',p')), andif p* Qp, then
6" contains ((¢,q),a,7v, (r', ), ((¢,4'),a,~,(r',r") for ead r' Q.

If (q,a,%,p)" §, then 6* corntains the transitions ((¢', q), a, 7, (', p)),

(¢, ¢),a,v,(p',p)) foreah v' I'7 I'', andif p' Qp, then §* cortains also
thetransitions ((¢', ¢), a, v, (', ), (¢',¢'),a,v,(r', ")) foread~' I'7 I'* and
2P op: this caseis similar to the previous with two symbols to pop;

Synch: Let a ' Y, and (q,a,7v,p,7) ' 4, then ¢* contains the transiti ons
(4,9),a,7, (0, p), ), (4,4, 0,7, (2, 2), 7). (0:9), .7, (0", p),7), and if p* Qp,
then 6% contains ((q,q),a,7, (r',7),7), (¢.¢"),a,v, (", r'"),7) for each r ' Q.
If (¢,a,%,p,7)" &, 6% contains the transitions ((¢, q),a,~, (p',p),?),

(¢, d),a,v, (', p),~), foreach~' I'7I", andif p' Qp, then 6* contains also
thetransitions((¢,¢'),a,v, (v',m),7), (¢'.¢"),a,v, (', r'"),7) foreachv' I'7 I"
and r ' Qin;

and symmetrically for transitions of M operating on the second stadk. This
construction is easily provable to be correct by meansof standard mathematical
tools. 0]

Pro of of Theorem 6.
We now debre the transition relation of the automaton presented in the
sketch of the proof of Theorem 6. In order to simplify notation, we introduce
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extended states. Let ¢ be a state of a 2-VPA (resp., 2-OVPA) M, atriple g =
(g,70,71) is an extendel state of M, where ~p, v, are stack symbols of M. In the
following, every state we useto debne M' is an extended state in which the pair
of stack symbols corresponds to the top of stacks of M. In particular, when we
have to compute the updating se U, we obtain a pair of extended states (7, 7')
necessary to correctly update previous setsof path (R) and summary (S) edges.
In the following, we denote with ¢ an arbitr ary extended state of M and we
supposethat the transition relation § of M is changedaccordingly (as we have
shown in proof of Theorem 3). Moreover, for notati onal convenience, we present
only the topmog stack symbol ~ in § transition.

Proof. The transition relation ¢' is debned as follows, with i, ' {0,1},i & j:
Local: a' X and ((So, S1, R), a, (Sp, Si, R)) ' &' where

Si={(gd)12¢"" Q.(¢",a,¢")" 68 (¢, ¢")" Si} and

R'={¢|2¢" R.(g,a,¢)" 6};

Push: a ' X, and ((So,S1,R),a,(Sp, S1, R'),(Si,R,a)) ' &' where S} =
{(¢.d) 1 2¢" " Q. (¢,4") ' S;8(¢",a,¢',7) ' 8}, and S; = Idg and
R'={qd|2¢" R.(ga,4,7)" d};

2Push:a' Y., and ((So, S1, R),a, (S, Si, R, (S0, R,a),(S1,R,a)) ' & where
So=Si=1Idgand R'={¢' | 2¢" R .(g,a,q',7,7)" &}

Pop:a' X, and ((So,S1,R),a, (S R, a'),(Sy,S],R")) " & where

if o ' X, thesetU = {(¢,¢") | 2¢2,03" Q,v"' I'. (¢,0',42,7) "
58 (g2,93) " Si8(g3,0,7,¢)" 8}

el%a! ' ZsJ andthe setU = {(Q>q‘)| 2(12;(]3' Q7777! . (Qaa!”Y!a(Iz,’Y)'
58 (q2,93) " Si8 (g3, a,v,q¢")" 6} and, in both cases

St={(ed)12¢"" Q.(¢,4")" S'8(q".¢")" U},

Si={(¢d)] 2¢"" Q. (¢,4")" S;8(¢",¢)" U},

R'={q¢| 2¢" R . (¢,¢")" 0}, and

((So, S1, R),a,%,(Sp, 51, R)) & where,for every i ' {0,1}, S; = {(g,¢') |

2¢"" Q. (¢.4")" Si8(¢",a,%4q)" &} and

R'={qd| 2¢" R. (¢,0,%,¢)" };
2Pop: a' %, and ((So,S1,R),a,(Sy, Ry, a'), (S, Ry, a"),(Sy,S;,R")) " & is
obtained combining computation (as we have shavn in pop casg of updating
sdas U° and U? for the brst and the second stack, respedively. We debne for all
i' {0,1}

St={(ed)12¢"" Q. (¢,4")" 5i8(q",¢)" U} and R" = RO! R,
where R’ is the set of updated path edgesw.r.t. the stack i. Furth ermore, we
have to combine the other cases of bottom of stack reached on both stadks or
only for one of them, soin the former casewe debre

((SO,S]_,R),G,%, %a (S(IhS:IL?RI)) 6 where, for eVa’yZ ' {07 1}’ S’l = {(qaql) I

2q” I Q . (q7q!!) I Sz 8((]”,@,%, %7 q') I 5} and

R'={qd|2¢" R. (¢,0,%%,q")" 6},

and the other sub-cases are easily derivable from these;

Synch:a' X, and((So, S1,R),a, (S}, R',a"), (S5, St, R*),(S;, R,a)) ' &' where
S} = Idg and

ifa'' 2, thesa U= {(¢,¢') | 2q2,43" Q.v' I'.(g.a',q2,7)" 68(q2,43)"
Si 8 (g3,a,7,¢") " 0}

eled' ' X, andthesetU = {(¢,¢") | 2¢2.¢3" Q,7.7'" I'.(¢.a",7",q2,7)"
58 (q2,43) ' Si8 (g3,a,v,q")" ¢} and, in both cases
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S ={(¢,4)12¢"" Q. (¢,4")" S:8(q",¢")" U} and
R'={¢'| 2¢" R". (¢,¢")" U} and
((SO,SLR))G7%7(S(!)3SL!I.7R!)7(Si7Ra a)) g where,
foreveryi' {0,1}, S} = {(¢,4) | 2¢" " Q. (¢,¢") " S:8(¢",a,%¢',7)" &}
and
R={d¢| 2¢" R. (g,a,%,¢",7)" 6}. Q

Pro of of Theorem 8.

Proof. Now we prove that given an S-VPA My||xM: where My = (Q°,Q°

in’

I° 6% Q%) and M; = (QY,QL, I't, 61,QL) are debned over X° and X1,

respedively, we debnea 2-OVPA M = (Q%* Q*, Q% * @ ,Io( I'l, s, Q%* QL)

over ¥ = #5° ¥1$ such that L(M) = L(Mo|[xM1), and where the transition
function ¢ is debned as follows:

ifa' Yo (q,0,¢,7) " 6% and (p,a,p') " 6% then ((¢,p),a,(¢',p'),)" 6,

if a' X., wehavea symmetric case

ifa' Yy, (¢,0,7,¢)" 6° and (p,a,p') " 6% then ((p,q),a,7,(p',q")) " 6,

if ' X, wehaveasymmetric case

if o' X, (q,a,q',7) " 82, and (p,a,p'.y') " 6L, then((p,q).a,(p',¢"),7,7") "
5

ifa' Yo, (q,0,7,¢)" 8 (p,a,p',7") " 6 ((¢,0,7,4), (p.a,p', ")) ' Athen
(a,p); a7, (¢, p), 7)) " &

ifa' 2y, (¢g,0,7.¢)" 0 (p.a,p' 7)) 6% ((pa,p' 7). (¢.a,7,4)) " Athen
((¢,p),a,7,(d",p),7) " 6;

ifa' X, (¢.a,¢)" &, (p,a,p')" &, then ((¢,p),a, (¢',p")) ' 0.

We now prove the following assert:
For every word w = ay ...a, ' X%, Mo||xM; hasarun p = (m, 1) over w,
with 70 = (¢8,%) (4§, 09) ... (42, 02) for Mo and 7t = (g3,%) (a},03) .. (%, 0h)

for My, if and only if the 2-OVPA automaton M hasarun 7 = ((¢3, ¢3), %, %)

(8, q1),09,01) ... (42, qt),00,0L) over w.

We now prove the assrt by induction on the length of the input word w.

Base case:w = ¢, then by construction 7° = (¢§,%) and =t = (¢}, %) if and
only if == ((43,45) %, %).

Induction case: the asset holds for every word of length n, we now prove
for word of length n+ 1. Let w = a3 ...a,an+1, then, by inductive hypothess,
the asset holds for w' = as...a,, that is, on reading w', My and M; have
runs 7° = (¢3,%) (47,0?) - (qn,00) and 7' = (¢5,%) (qi,01) - (g3, 00),
respedively, if and only if M hasarun 7 = ((¢3,43),% %) ((¢9,q}),09,0}) ...
((¢°, %), 02, 52) on reading w. Then we prove that the assat also holds on w
by cassasfollows:

if a;s1 * X, then by construction (g,a,q¢") ' 6?2, (p,a,p') ' &}, and ((¢,p),a,
(¢',p)) ' 6. So,the next conbguations for Mg, My, and M are the following
(¢',09),(p',01), and ((¢',p"),0?,07}), respedively;

if as1 ' X, then by construction (g,a,q',7) ' &°, (p,a,p') ' 4f, and
(g,p),a, (¢',0),7) " d.- SO, the next conPguations for My, M1, and M are
the following (¢',v.09), (¢, o}), and ((¢',p'),~.0?, o), regpedively;

symmetrically for a;+1 ' X, ;
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a1 ' X, then by construction (q,a, v,¢') ' &%, (p,a,p') ' 4F, and
((q,p),a,7,(¢',p")) " 6r,- SoO,the next conPgurations for My, My, and M arethe
following (¢', 0%, ), (¢, o}), and ((¢',p'), 0%, ,c}), respectively, where if v & %
then v.0%; = 0% ele 0%, = 0% = %

symmetrically for a;+; ' ¥, but with the added restriction that o? = %;

a1 ' Y., then by construction (¢,a,q¢',7) ' 82, (p,a,p',7") ' &}, and
(g,p),a,(¢",p),7.7) " d.. So,the next conPgurations for Mg, My, and M are
the following (¢',v.079), (¢',7'0}), and ((¢',p'),7.0?, 7' .0}), respedively;

a1 ' X, then by construction (q,a,v,4') " 62, (p,a,p',7") " 6%, ((4,p),a,
7, (¢, p), )" b5, and ((g,a,7,4"),(p,a,p',7)) ' A. So, thenext conPgurations
for Mo, My, and M arethe following (¢, 0%, ), (', ok, ), and ((¢', p'), 0%, , L1 ),
regpedively, with o}, = +'.0}, and if v & % then 7.0%; = 0¥ ele 0¥, =

7

o? = 9
symmetrically for a;+1 ' X, , but with the added restriction that a? = %.
From the as®rt we deducethat w' L(Mp||xM1) i! w' L(M). (0]
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