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Abstract

A few years ago the possibility of coupling and inter-converting the spin and orbital angular
momentum (SAM and OAM) of paraxial light beams in inhomogeneous anisotropic media was
demonstrated. An important case is provided by waveplates having a singular transverse pattern
of the birefringent optical axis, with a topological singularity of charge ¢ at the plate center,
hence named ‘g-plates’. The introduction of g-plates has given rise in recent years to a number
of new results and to significant progress in the field of orbital angular momentum of light.
Particularly promising are the quantum photonic applications, because the polarization control
of OAM allows the transfer of quantum information from the SAM qubit space to an OAM
subspace of a photon and vice versa. In this paper, we review the development of the g-plate
idea and some of the most significant results that have originated from it, and we will briefly
touch on many other related findings concerning the interaction of the SAM and OAM of light.

Keywords: light orbital angular momentum, quantum optics, geometrical phases

(Some figures in this article are in colour only in the electronic version)

1. Introduction: spin-to-orbital angular momentum
conversion

The formal separation of the angular momentum of an optical
field into a spin part (SAM) and an orbital part (OAM) was
first proposed by Humblet in 1943 [1]. Although a number
of papers have been published on this topic since that first
work (see, e.g., [2] and references therein), the problem of
introducing a physically unambiguous separation of SAM and
OAM of arbitrary optical fields remains still controversial and

2040-8978/11/064001+13$33.00

debated (see, e.g., [3-8]). Nevertheless, such a separation
becomes clearly unambiguous and physically meaningful in
the paraxial limit [9]. A paraxial beam has a well defined SAM
that is associated with its circular polarization content. The
OAM, however, can be further split into two components [10]:
(i) an external one, that arises from the cross product of the
total momentum transported by the beam and the position of
its axis relative to the origin of coordinates; (ii) an internal
OAM component that is associated with the helical structure of
the optical wavefront around the beam axis and with an optical
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vortex located at the beam axis [9]. The internal OAM acts as a
sort of additional spin of the whole beam around its axis, as it is
always oriented parallel to the beam axis and it is independent
of the choice of the origin of coordinates. However, while the
SAM per photon can only take two values, namely S, = +#,
where £ is the reduced Planck constant and z is the beam axis,
the OAM per photon can be any positive or negative integer
multiple of %, i.e., L, = m#A with m any integer. The integer m
also defines the phase variation of the optical beam seen when
circling its axis, i.e., the wavefront phase factor exp(img),
where ¢ is the azimuthal angle around the optical axis z. The
spin and orbital angular momentum components can also be
distinguished according to their different mechanical actions
on small absorbing particles, with the SAM inducing spin of
the particle independent of its position, while the OAM induces
revolution of the particle around the beam axis [11, 12, 10].
The possibility of distinguishing between SAM and OAM
according to their coupling with different rotational degrees of
freedom of optical media has also been considered [13].

Since SAM is associated with optical polarization and
OAM with the optical wavefront, at first sight they appear
to be quite separate and non-interacting properties of light,
at least in the paraxial limit. For this reason, for about ten
years after the publication of the seminal paper by Allen et al,
which started the current field of research in the optical OAM,
the possibility of an interaction between SAM and internal
OAM taking place in a single paraxial optical beam was
not considered. The generation and control of optical OAM
has been based only on essentially polarization-independent
tools, such as cylindrical lenses [9], spiral phase plates [14],
holograms [15-17] (including reconfigurable ones made using
spatial light modulators), and Dove prisms, also in suitable
interferometric setups [18, 19].

In 2002, following an original idea by Bhandari [20], the
group of Hasman in Technion University reported the use of
patterned subwavelength diffraction gratings for reshaping the
wavefront of an electromagnetic wave, so as to obtain various
wavefronts, including helical beams [21, 22]. The underlying
concept was that of manipulating the beam polarization so as to
introduce a space-variant Pancharatnam-Berry phase. For this
reason, these phase devices were called Pancharatnam-Berry
optical elements (PBOE). Subwavelength grating PBOEs were
however experimentally demonstrated only for mid-infrared
electromagnetic waves, due to manufacturing limitations
(subwavelength grating PBOEs working in the near-infrared
have been reported only recently [23]). In 2006, Marrucci
et al (initially unaware of Hasman’s work) proposed that
anisotropic inhomogeneous media such as liquid crystals could
give rise to a previously unrecognized optical process in
which the variation of SAM occurring from the medium’s
birefringence gives rise to the appearance of OAM, arising
from the medium’s inhomogeneity [24]. In rotationally
symmetric geometries, this process involves no net transfer of
angular momentum to matter, so that the SAM variation in
the light is entirely converted into its OAM. For this reason,
the process was dubbed ‘spin-to-orbital conversion of angular
momentum’ (STOC). Marrucci et al also demonstrated this
process experimentally with visible light, by using patterned

liquid crystal cells that were called ‘g-plates’ [24, 25]. The
first demonstration of the STOC process for single photons and
photon pairs was reported a few years later by Sciarrino and
co-workers [26].

This advance did not arise out of the blue. The Naples
optics group had been working on the exchange of angular
momentum of light with anisotropic media such as liquid
crystals (including puzzling enhancement effects arising when
the liquid crystals are doped with certain dyes) since the mid
1980s (see, e.g., [27-32, 13]). The STOC process idea actually
sprung from the observation that radially oriented liquid crystal
droplets trapped into circularly polarized laser beams did not
rotate [33], and from the ensuing question, asked by Janossy,
about the fate of the spin optical angular momentum in such
a process. The conceptual answer provided by the STOC
idea has been subsequently directly demonstrated in a later
experiment performed just with liquid crystal droplets [34]. A
detailed analysis of the torques and forces arising in a liquid
crystal droplet by the effect of the interaction with light was
later reported by Janossy [35].

The g-plate was first conceived as a ‘simplified” (flattened)
liquid crystal droplet. In a more general definition, a g-plate is
a slab of a birefringent material, e.g., a liquid crystal, having
a uniform birefringent phase retardation § and a transverse
optical axis pattern with a nonzero topological charge. The
pattern is defined by the number ¢ of rotations that the optical
axis exhibits in a path circling once around the center of the
plate, where a topological defect must be present (g is negative
if the direction of the axis rotation is opposite to that of the
path). The number ¢ must clearly be integer or semi-integer,
since the optical axis has no polarity. ¢ is also the charge of
the topological singularity located at the center of the plate. A
secondary parameter defining the g-plate pattern is the initial
optical axis orientation, as for example specified by the angle
o it forms at a reference angular position in the transverse
plane (e.g., on the x axis in the plate). Some examples of g-
plate patterns are shown in figure 1.

For 6 = m, i.e. at so-called optimal tuning, a g-plate
modifies the OAM state m of a circularly polarized light beam
passing through it, imposing a variation Am = =£2g whose
sign depends on the input polarization, positive for left-circular
and negative for right-circular. The handedness of the output
circular polarization is also inverted, i.e. the SAM is flipped.
In other words, a g-plate gives rise to a polarization-controlled
variation of OAM. In particular, in the rotationally symmetric
case ¢ = 1, the OAM variation balances the SAM one, so that
the total angular momentum of the light beam is conserved,
and we have a pure STOC process. This behavior is pictorially
illustrated in figure 2. An untuned g-plate with § # 7 will
give rise to a superposition of a wave transformed just as
for the tuned case and an unmodified wave, with amplitudes
respectively given by sin(§/2) and cos(6/2). These optical
properties of the g-plate can be simply derived using the Jones
matrix calculus, valid in the limit of negligible transverse
diffraction inside the g-plate (i.e., very thin g-plates) [36].

A tuned g-plate allows one to generate a pure helical
beam carrying nonzero OAM (with m = +2¢q) starting with
a circularly polarized Gaussian input mode (having m = 0),
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Figure 1. Four examples of g-plate patterns. (a) (g, o) = (%, 0), (b) (g, @) = (1,0), (¢) (¢, 2p) = (1, &) and (d) (¢, ®p) = (2,0). The

segments indicate the optical axis orientation in the transverse plane.

Figure 2. Pictorial illustration of the optical action of a tuned g-plate
on an input circularly polarized plane-wave light, for the case ¢ = 1.
The output is a helical mode with OAM given by m = %2, with the
sign determined by the input polarization handedness.

with very high efficiency (ideally close to 100%), no deflection
of the propagation axis and with a polarization-controlled
handedness [37, 38]. g-plates can therefore provide a very
convenient approach to generating OAM beams, which can
compete with computer-generated holograms and spatial light
modulators. The polarization control of the OAM sign allows
high-speed switching with rates that in principle can reach
GHz values [25]. Even more interestingly, the polarization
control of the OAM sign allows the development of new
kinds of quantum manipulations of single photons, as has been
demonstrated in a series of experiments mainly performed by
Sciarrino and co-workers in Roma’s quantum optics group,
which will be reviewed below. In particular, as we will show,
the combined use of polarization and OAM for accessing a
high-dimensional quantum space attached to each photon is
progressively enabling the implementation of novel promising
quantum information protocols [39, 40].

Inhomogeneous birefringent media such as g-plates are
not the only systems in which STOC can take place. An
inhomogeneous dichroic medium, such as a space-variant
polarizer with a g-plate-like optical axis geometry, can give
rise to very similar phenomena (with the advantage of an
achromatic response and the disadvantage of significant optical
losses) [41]. An electro-optical device allowing a polarization-
controlled OAM manipulation quite similar to the g-plate
one, based on a pair of opposite spiral phase plates having
electrically controlled refractive index, has been theoretically
proposed recently [42]. A STOC phenomenon bearing many
similarities to that taking place in a g-plate with ¢ = 1

may also occur in a homogeneous uniaxial birefringent crystal,
when an optical beam propagates along the optical axis of
the crystal. This was first proved theoretically by Ciattoni
et al [43, 44] and experimentally by Brasselet er al [45-47].
A similar phenomenon has been shown to occur in a biaxial
crystal by internal conical diffraction [48, 49]. In contrast
to the case of g-plates, however, this approach is limited to
generating OAM m = =2, due to the rotational symmetry
of the medium. Moreover, the conversion efficiency in the
paraxial limit cannot be higher than 50%. Another interesting
situation in which a form of STOC takes place is when an
initially paraxial circularly polarized beam passes through a
short-focal-length lens. The resulting strongly-focused non-
paraxial beam exhibits an OAM content, as demonstrated
experimentally by particle manipulation experiments [50, 51].
In this case, however, the OAM per photon remains small and
its effects are clearly visible only close to the beam focus.
The possibility of an electro-optical modulation of this effect
has also been reported [52]. Another recent work showed that
optical beams having a radially varying SAM also acquire an
additional rather unexpected component of OAM-like angular
momentum, presumably arising as a consequence of departure
from the paraxial limit [53].

Moreover, the interaction of SAM and external OAM,
that is at the basis of the so-called optical spin Hall effect,
has also been recently conceived and experimentally demon-
strated [54, 55]. Related spin—orbit optical phenomena are the
polarization ‘geometrodynamics’ [56, 57] and the polarization-
based optical sensing of nano-particle displacements [58]. It
should be furthermore mentioned that several works in the field
of singular optics [59], that is strictly related with that of OAM,
have recently tackled issues concerning the interaction between
polarization and wavefront structures in the optical field (see,
e.g., [60-62]). Finally, an emerging field in which the spin—
orbit interaction of SAM and OAM may bear fruitful results
in the near future is that of optical polariton condensates in
semiconductor microcavities (see, e.g., [63, 64]).

In the rest of this paper, we discuss some of the main
developments that have arisen since the first introduction of the
g-plate and the observation of the STOC process. The paper is
organized as follows. In section 2 we survey the developments
in the technology for manufacturing and tuning the liquid
crystal g-plates and mention some nonlinear phenomena in
which a g-plate-like geometry takes place spontaneously.
Section 3 concerns the theory of optical propagation inside
a g-plate and the resulting optical modes at the g-plate
output. Section 4 is mainly about the optical setups for
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(a)

Figure 3. (a) A ¢ = 1 g-plate prepared by a photoalignment
technique, as seen between crossed polarizers. (b), (c) Interference
patterns of the outgoing beam from the g-plate with (b) planar and
(c) spherical reference waves, for a left-circular input polarization.

OAM manipulation that can be obtained by combining one
or more ¢g-plates in suitable optical schemes, but it includes
a brief survey of related results of polarization-based OAM
manipulation. Quantum applications of g-plates and of SAM—
OAM photon interactions are finally discussed in section 5.

2. g-plate manufacture and tuning

The main issue to be addressed in the manufacture of g-
plates is the patterning of the optical axis. Liquid crystals
(LCs) are soft birefringent materials allowing flexible spatial
patterning of the average molecular orientation that defines the
optical axis. LCs can be aligned by several methods. For
static alignment, the simplest choice is to use the so-called
‘surface anchoring’, i.e., a treatment of the bounding substrates
that generates a preferential molecular alignment of the LC in
contact with the surface. For dynamical alignment one can
use external fields, such as magnetic, electric or even optical
fields. LC g-plates can be then manufactured as thin (order of
5-10 um) LC films, sandwiched between two glass substrates
which have been previously coated with a suitable alignment
layer, typically made of polymer, such as polyimide or other
materials. These materials are suitable for aligning the LC
optical axis parallel (or slightly tilted) to the bounding surfaces,
i.e. the so-called ‘planar anchoring’. To single out a specific
direction in the plane one can then use a mechanical rubbing
procedure (using velvet or other fabrics) of the polymer-coated
substrate. It is, however, hard to introduce an arbitrary pattern
by mechanical rubbing, and this approach is convenient only
in the case of the simplest geometry, corresponding to ¢ = 1,
which is rotationally symmetric. For this practical reason all
the early experimental works with g-plates used g-plates with
q=1.

A more versatile and cleaner approach to patterning
LC cells is to use a photoinduced alignment method of the
polymer coating of the LC-bounding substrates, as proposed
n [25]. In this approach, the anisotropy of the polymer
is controlled by the linear polarization of the writing light,
which defines the material optical axis (either parallel or
perpendicular to the writing field polarization). There are
different permanent orienting effects of light on the polymer
coatings which can be used. The most common ones are either
photochemical, i.e. based on selectively destroying or creating
chemical links by preferential absorption, or photophysical,
i.e. based on the photoinduced selective reorientation of dye
molecules dispersed in the polymer. One can use this
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Figure 4. Setup used to measure the STOC efficiency and the state
purity. Legend: QWP—quarter wave plate, PBS—polarizing
beam-splitter. The fork hologram was inserted on the converted beam
arm to verity the degree of purity of the OAM m = 2 mode
generated on the output. STOC power fraction (blue ®) and no
STOC power fraction (red 0O) as functions of the g-plate temperature.
The curves are theoretical best fits [38].

approach to directly write an anisotropic pattern in a thin
polymer film that becomes itself a g-plate, as for example
recently reported in [65]. However, polymer g-plates are
not dynamically tunable, as their birefringent retardation §
is fixed by the film thickness and by the polymer degree
of alignment and corresponding birefringence. We instead
recently demonstrated the photoinduced alignment approach
to prepare patterned polymer-coated substrates with which
we could assemble tunable patterned LC g-plates with
arbitrary topological charge g [66]. In figure 3 an LC g-
plate manufactured by the photoalignment method is shown,
together with the interference patterns demonstrating the
helical structure of the outgoing wavefront.

The tuning of an LC g-plate, that is controlling the
birefringence phase retardation §, useful for optimizing the
STOC process or to adjust it for different wavelengths, can be
achieved by different methods, including mechanical pressure,
thermal methods, and external-field induced LC reorientation.
So far, a thermal approach exploiting the strong dependence
of the LC birefringence on temperature [38] and an electric
one, exploiting the electric-field induced reorientation of the
LC molecular alignment [67] have been demonstrated. The
latter of course allows for a relatively fast dynamical control of
tuning, while the former is more suitable for static tuning.

Since the STOC process is accompanied by polarization
helicity inversion, in the case of a pure circularly polarized
input beam the STOC and non-STOC components of the output
light can be simply separated by a polarizing beam-splitter
(PBS), because the converted and non-converted light will
have orthogonal polarization states. This allows for a very
simple measurement of the STOC efficiency and of the phase
retardation § that controls it, as shown for example in figure 4.
In this experiment, the optimal STOC efficiency exceeded
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Figure 5. Intensity profile at the exit face of the ¢ = 1 g-plate. (a) No SAM-to-OAM conversion; (b) full SAM-to-OAM conversion. Intensity
profile in the far-field beyond the g-plate. (c) No SAM-to-OAM conversion; (d) full SAM-to-OAM conversion [37]. A circularly polarized

TEMy input beam has been assumed.

99%, neglecting reflection and diffraction losses (85% taking
into account losses, which, however, were not minimized with
anti-reflection coatings).

Before concluding this section, we should mention that
certain light-induced modifications of materials, for example
associated with thermal-induced stresses [68, 69], as well as
nonlinear optical phenomena, such as those taking place in LCs
themselves in suitable geometries [70, 71], have been shown to
be capable of spontaneously generating g-plate-like structured
media, thus giving rise to STOC phenomena, although usually
not with very high conversion efficiency. In such cases, the
STOC concept provides anyway a convenient framework for
revealing and analyzing the associated optical effects.

3. Optical propagation through g-plates and
outgoing modes

The simplest theory of optical propagation through the g-plate
is based on the assumption that at each transverse position x, y
the propagation is independent (as for a local plane wave),
which corresponds to the geometrical optical approximation.
The only effect of the birefringence is then that of altering the
polarization and introducing a Pancharatnam—Berry phase, as
can be derived using a simple Jones matrix approach. This
simple theory, proposed in the early papers [24, 25, 72, 36],
neglects any transverse diffraction effects arising in the
propagation. This is certainly a very good approximation in
the limit of thin g-plates and wide beams, but not applicable
for points that are very close to the central singularity, where
the rapid transverse spatial variations associated with the

singularity are expected to give rise to significant diffraction
effects.

To go beyond the geometric-optical approximation, one
needs to model the diffraction of the helical waves traveling in
the g-plate and emerging from it. Being helical, such modes
are often simply referred to as Laguerre—Gauss (LG) modes.
However, while the azimuthal phase factor of the helical modes
is always just the same as for a pure LG mode, their radial
structure may be different, and in general one can only say that
helical modes can be written as superpositions of LG modes
having different radial index p and the same azimuthal index
m. It can be shown that for an ideally thin g-plate, as well
as for any spiral phase plate, the outgoing modes obtained
in the paraxial limit, when at input there is a pure TEMyg
Gaussian mode, form a subset of a general class of modes that
has been recently introduced, the ‘hypergeometric-Gaussian
modes’ [73].

These same modes are also useful for describing the
propagation inside the g-plate. An approximate analytical
solution of this problem, exploiting the g-plate symmetry in the
limit of high beam paraxiality, was proposed in [37]. The radial
profile of the optical beam at any transverse plane z inside the
q-plate (or at the output face) is found to be independent of the
cumulated birefringent optical retardation at z and can be given
in terms of superposition of two ordinary and extraordinary
hypergeometric-Gaussian modes. As a consequence, the
intensity patterns of the outgoing beams of a tuned or detuned
g-plate in the near-field are identical. Nevertheless, in the far-
field, the Gaussian or doughnut shapes of the intensity profile
will reemerge depending on the OAM, as is shown in figure 5.
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An z/A

Figure 6. OAM (blue solid line) and SAM (red dotted line) as a
function of the optical retardation Anz/A for a thin g = 1 g-plate.
The input beam is left-circularly polarized TEMg,. We have assumed
the following data: LC refractive ordinary and extraordinary indices
n, = 1.5 and n. = 1.7, respectively, and beam waist wy = S0A.

The cumulated optical retardation of the plate controls the
SAM-to-OAM conversion, or STOC, as shown in figure 6.
Compared with the geometric-optical approximation, this more
exact theory predicts a very slow decrease of the optimal
efficiency with increasing g-plate thickness, due to internal
diffraction.

An exact vectorial theory of rotationally symmetric Bessel
beams propagating in g-plates with ¢ = 1 and of the
associated STOC phenomenon has also been reported [74].
An interesting analogy with the Aharonov—Bohm effect for
the propagation of light in a nematic liquid crystal with a
disclination, corresponding to a g-plate geometry, has been
proposed by Carvalho et al [75].

4. Manipulation of azimuthal modes via polarization

The g-plate and the resulting SAM—OAM coupling and STOC
process have provided the basis for several novel optical
devices and setups for manipulating the OAM of light. Many
of these devices, although they are essentially classical, find
a natural important application in the quantum information
setting, so we will come back to them in the following section.

An important concept is the one-to-one mapping that can
be established between the space m of all possible (generally
elliptical) polarization states and an arbitrary two-dimensional
subspace of the OAM degree of freedom, spanned by two
opposite OAM values m = +/, hereafter denoted as o,. This
subspace is defined independently of the radial mode (this is
for example appropriate if the radial mode is separable and
can be factorized). Both 7w and o, spaces are two-dimensional
complex vector spaces having the same structure as the Hilbert
space of a quantum spin, or as the representations of the SU(2)
group. Neglecting a global phase, any point in such a space
can be represented as a point on a three-dimensional sphere,
the Poincaré sphere in the case of polarization, or an analogous
sphere in the OAM case [76] (both being analogous to Bloch’s
sphere used for quantum spins). An arbitrary state in an OAM
0, subspace is generally not a pure helical beam, but it can
always be written as the superposition of the two opposite
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Figure 7. Scheme of an experimental setup based on a g-plate and a
Dove prism in a polarizing Sagnac interferometer, that allows for
100%-efficient transfer of an arbitrary SAM-encoded input state into
an OAM bi-dimensional state, or vice versa. Legend: QHQH—set of
waveplates to generate an arbitrary polarization state;
PR—polarization rotator; PBS—polarizing beam-splitter; DP—Dove
prism; M—mirror [78].

OAM basis states. This is just the same as for the polarizations,
which in general are not associated with well defined values
of the photon SAM, but can always be decomposed into
a superposition of the two circularly polarized waves with
opposite handedness.

Now, a g-plate in combination with other optical devices
allows one to physically implement just this mapping. There
are both unitary and non-unitary schemes. The non-unitary
schemes waste a fraction of the input optical energy (i.e., they
are ‘probabilistic’, in the language of quantum information,
because a fraction of the photons are lost). However they
can be very simple. For example, a single g-plate followed
by a linear polarizer allows one to transfer the polarization
input state into the corresponding OAM subspace o, with
£ = 2q [77]. This scheme, however, has a 50% efficiency
(or success probability). The opposite transfer, from OAM to
SAM, can be obtained by combining a g-plate with a single-
mode fiber, used for filtering m = 0 states [77]. This is again a
scheme with 50% efficiency.

A 100% efficient mapping, that is a unitary scheme, can be
obtained by combining a g-plate and one or two Dove prisms
inserted into an interferometer, such as a Mach—Zehnder
or (more conveniently) a Sagnac [77, 78]. This scheme,
illustrated in figure 7, is fully reciprocal and can therefore
work in both directions (see also [79] for another proposed
optical scheme, not based on the g-plate, in which the OAM
state is controlled by polarization via a Sagnac interferometer).
This scheme was demonstrated experimentally in the classical
regime [78]. An additional feature of this setup is that also
the geometrical Pancharatnam-Berry phase arising from the
polarization manipulations is transferred to the OAM output
beam. Examples of the resulting modes on the OAM-Poincaré
sphere for ¢ = 2 are given in figure 8. The interference fringes
with a reference beam, also shown, were used to analyze the
output mode phase structure and to measure the geometric
phase.

It must be emphasized that this setup can generate a class
of azimuthal transverse modes, including all modes that have
the same azimuthal structure as the Hermite—Gaussian modes,
with a theoretical efficiency of 100%. The choice of the
generated mode is entirely controlled by the input polarization,
which can be manipulated at very fast rates. This should be
contrasted with the more limited efficiency of the spatial light
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Figure 8. A possible closed path over the OAM-Poincaré sphere.
The path starts and ends at the pole. (a) Intensity profiles of the
generated beam at different points of the path. (b) Corresponding
interference patterns with a TEMy linearly polarized reference
beam [78].

modulators (typically below 70%) and slow response (less than
1 kHz). The possibility of controlling even a four-dimensional
OAM subspace, including both m = +2 and 44 states, by a
single g-plate inserted in an optical loop scheme has also been
reported very recently [80].

A different optical scheme, still based on the g-plate,
can be used as a spin—orbit SAM-OAM four-dimensional
mode sorter and detector [38]. The four-dimensional space is
the tensor product of the polarization space m and an OAM
subspace oy. In other words, arbitrary optical states are defined
as linear combinations of four basis states |L, ¢), |L, —£),
IR, ) and |R, —{), where L, R denote the left- and right-
circular polarizations. The sorting is based on two steps.
First, there is a g-plate-induced shifting of the OAM value
of the beam. Assuming that the input beam has an OAM
given by the number m = £ (in units of %), the g-plate will
convert it into either m = 0 or 2¢, depending on the input
polarization handedness. This requires using a g-plate with
q = £/2 (in the reported experiment, ¢ = 1 and £ = 2
were used). Next, the beam is split according to the outgoing
circular polarization and further separated by radial sectioning,
e.g. by using a mirror with a hole to reflect only the external
doughnut component and let the central spot pass. This radial
sectioning exploits the coupling between the OAM and the
radial profile that emerges during free propagation. The small
residual overlap of the two radial modes, however, gives rise to
anon-perfect contrast ratio. The contrast ratio can be improved
without limitations at the expense of detection efficiency by
blocking the annular region where mode overlap occurs.

The last device that we mention in this section was
proposed to perform arbitrary unitary transformations in the
spin—orbit four-dimensional space m ® oy, keeping always
the single-beam structure (i.e., without splitting the beam into
an interferometer scheme) [81]. It is based on a complex
combination of g-plates, birefringent waveplates and lenses,
and it again exploits the coupling between the radial mode
and the OAM arising in the free propagation. This setup
was proposed mainly with quantum applications in mind, as
it provides a universal quantum gate for the spin—orbit Hilbert
space of a single photon. But being a single photon device it
can be also discussed as a classical optics device, so we discuss
it here.

&

¢ :f'Semibireffngent J A\ \;/ i f—
L plate
L q-

Figure 9. A scheme of a g-box. A SAM (polarization) unitary gate is
shown in the inset [81]. Legend: QWP—quarter wave plate,
HWP—half wave plate, L—Ilens, RP—retardation plate.

The working principle of this device is similar to that of
the spin—orbit mode sorter just described, as it exploits the
spatial separation of the m = 0 and 2¢ modes occurring in
the radial coordinate in the free propagation. An important
element is the so-called ‘q-box’ (QB), which is made of two
g-plates and a unitary polarization gate sandwiched between
them (which is essentially a combination of suitable waveplates
and isotropic phase retardation plates). The radius of the
waveplates of the spin gate is selected so to act only on the m =
0 mode, leaving the m = 2¢ one unchanged. The propagation-
induced coupling between the OAM and the radial coordinate
is controlled by suitable lenses to switch between near-field and
far-field and back. A schematic illustration of the g-box device
is given in figure 9. A sequence of four g-boxes separated by
quarter and half waveplates (QWP and HWP) in the following
order: QB - QWP — QB — HWP — QB - QWP — QB
will make a 16-parameter unitary gate that will correspond to
a 4 x 4 unitary matrix which is universal, meaning that by
adjusting the parameters one can realize any unitary operation
on the spin—orbit optical state. Such a highly complex setup,
however, is not always necessary. Many important gates can be
realized with many fewer elements. For example, the CNOT
gate can be realized with a single g-box having a single half
wave plate inside.

Because of the presence of residual overlaps of m = 0 and
2¢ modes in the radial coordinate, the fidelity of the g-box is
not 100%. An optimal selection of the radius of the waveplates
in the g-box can provide a minimum fidelity of about 83% for
£ = 2 (but the fidelity increases if higher order OAM modes
are considered and it can become close to 100% for specific
input—output states). As for the mode sorter, the fidelity can
be increased at the expense of efficiency (success probability
in the quantum applications) by stopping the annular regions
where the overlap takes place.

5. Quantum information applications: qubits and
qudits in spin—orbit states

The interest of the OAM degree of freedom of light in
the quantum information field [82] mainly arises from the
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possibility of using its high-dimensionality for encoding a
large amount of information in single photons and from the
robustness of such encoded information due to the angular
momentum conservation law [2, 83]. The standard unit of
quantum information is the qubit, a two-dimensional quantum
state. OAM allows the encoding of qubits by exploiting any
two-dimensional subspace, such as the o, ones or others.
However, many quantum information protocols benefit from
the use of so-called ‘qudits’, that are higher-dimensional
quantum states, for encoding the information. OAM provides
an obvious possibility for qudit optical implementation, by
exploiting a larger subspace. Moreover, OAM can be readily
combined with other degrees of freedom of the photon in
order to further expand the Hilbert space or to realize the so-
called hyper-entanglement, where different degrees of freedom
of two particles are simultaneously entangled [84, 85]. In
particular, the combination of OAM with SAM is of special
interest here, given the similar nature of the two degrees of
freedom and given the possibility, offered by devices such as
the g-plate, of coupling and manipulating the two degrees of
freedom together. Another interesting potential application
of combining SAM and OAM is to create a frame-invariant
encoding of quantum information [86, 87].

The action of a g-plate on a single photon quantum state is
essentially the same as for the fields of classical coherent light.
Let us introduce the ket notation | P, m) = |P),|m), for the
single photon states, where P stands for the polarization state
(e.g., P = L,R, H, V for left- and right-circular polarizations
and horizontal and vertical linear polarizations) and m is the
OAM value in units of /. The radial state is omitted for brevity
(this is possible when the radial state can be factorized out).
The g-plate action (here, and in the following, optimal tuning
is assumed), which can be associated to a quantum evolution
operator QT’ is then described by the following rules:

QP|L)x|m)o = [R)xlm +2q)o

_ )]
QP|R)x|m)o = |L)x|m —2q)o.

When applied to an input linearly polarized light (e.g.,
horizontal) having m = 0, we obtain the following output state:

1
7

The right-hand-side expression can be interpreted as an
entangled state of the SAM (or polarization) and OAM degrees
of freedom of the same photon (of course this kind of single-
particle entanglement does not involve non-locality effects).
These predictions have been tested experimentally on heralded
single photon states obtained by spontaneous parametric down-
conversion (SPDC) [26].

An interesting application of the g-plate is for realizing
optical devices that can transfer the quantum information
initially stored in the polarization degree of freedom of the
photon into the OAM degree of freedom, or vice versa.
In other words, these devices may implement the following
transformations (in both directions):

QP|H)z[0)0 = —= (IL)x| — 29)0 + |R)x12)0) . (2)

[¥)x10)o = [H)x|¥)o 3

V,0
VO L gotate

~ Hologram

S (%R“\um\gb AT
e ' Df/ Zhg

Figure 10. The schematic of the biphoton OAM coalescence setup.
The SPDC source generates pairs of correlated photons having H
and V polarizations. The g-plate converts this correlation in the
OAM space. The correlations can then be tested by the vanishing
coincidence measurements on opposite OAM states, as filtered using
a fork hologram. A quartz plate can be used to introduce a delay
between the two input photons, thus destroying the quantum
correlations [26].

where |Y) here stands for an arbitrary qubit state and we have
chosen to use |H), as the ‘blank’ state of polarization and
|0), as the blank state of OAM (other choices are obviously
possible). These quantum information transfer devices can be
implemented either probabilistically or deterministically, by
adopting the optical schemes presented in [26, 77, 88] and
experimentally verified in the simpler probabilistic schemes
within the heralded single photon regime. These experiments
showed a quantum fidelity of 97% or higher. Multiple SAM —
OAM — SAM and cascaded SAM — OAM m = |2| —
OAM m = |4| transfers were also demonstrated [77].

The single photon manipulations discussed above,
although performed in the heralded mode ensuring the
presence of one and only one photon at a time, are not
truly different from classical optics experiments (such as those
discussed in section 4). Uniquely quantum effects that cannot
be explained with classical theories only arise when dealing
with more than one particle. The generation of a biphoton state
with nontrivial OAM quantum correlations was demonstrated
in [26], again using a g-plate. The experiment is illustrated
in figure 10. A biphoton state is a single optical mode
having exactly two photons. In the reported experiment, a
biphoton state having polarization correlations was initially
generated by SPDC, and the SAM—OAM transfer device was
then used to generate the final state with OAM correlations.
It must be noted that the g-plate acted on the two photons
simultaneously in this experiment. Such action cannot be
described in classical terms. After erasing the polarization
degree of freedom, the biphoton state finally generated can be
described as follows [26]:

iz(|+2>o|+2>o+|—2>o|—2>o) 4)

V2
where the OAM values were in the subspace with ¢ =
2 because the employed g-plate had ¢ = 1. The
successful generation of this state can be verified by testing
for OAM correlations occurring when detecting two-photon
coincidences. In particular, a vanishing number of counts
is expected when testing for coincidences between opposite
values of the OAM. The coincidence counts are instead
restored if the two photons are delayed, e.g. by inserting a
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Coincidence Counts

Temporal Delay (fs)

Figure 11. Coincidence counts obtained in the measurement of
opposite OAM values for the biphoton generated by the g-plate, as
illustrated in figure 10.

suitable birefringent crystal such as a quartz plate, so as to
become distinguishable. A typical ‘coincidence dip’ behavior
is therefore observed, as shown in figure 11. Other tests on
the biphoton state, including a verification of the enhanced
coalescence probability in OAM and a test of coherence based
on analyzing the two photons in OAM-superposition states by
suitable holograms, have also been performed. We refer the
reader to [26] for further details.

Thanks to the SAM-OAM quantum transfer devices, an
arbitrary qubit photon state can be initially prepared in the
SAM space and then transferred into the OAM space. Any
OAM state can also be conveniently analyzed by simply
transferring it back to the SAM space. This makes the
OAM utilization in quantum photonic experiments much easier
than it was before. This technology step has, for example,
allowed the first experimental demonstration of Hong—Ou—
Mandel (HOM) coalescence [89] of OAM-carrying photons in
a beam-splitter [90]. This phenomenon results from the two-
photon interference between the photons impinging on a beam-
splitter from two different input ports. Such interference, due
to the bosonic nature of photons, leads to a doubled probability
for the two photons to emerge together from the same output
port of the beam-splitter and a vanishing probability for the
two photons to emerge from the two separate output ports.
This works only when the two photons are indistinguishable,
i.e. the impinging wavepackets are synchronous and the SAM
and OAM states of the two photons are the same (after taking
into account the reflection inside the beam-splitter). This
behavior was well demonstrated in the experiment [90]. The
importance of this proof-of-principle demonstration is that the
HOM coalescence effect is an enabling process, on which
many other quantum information protocols are based (such as
quantum teleportation, quantum cloning, etc). And, indeed, in
the same paper the implementation of optimal quantum cloning
of OAM-encoded photonic qubits was also demonstrated [90].

Transfer devices have also recently enabled the prepara-
tion of spin—orbit hybrid-entangled photons [91, 92]. Two
opposite approaches have been demonstrated. By starting

with a polarization (SAM) entangled pair generated by SPDC,
one can transfer the quantum information of only a single
photon of the pair from SAM to OAM to obtain the hybrid
entanglement [91]. Conversely, by starting with an OAM
entangled pair (also generated by SPDC, as first demonstrated
in [93]), it is possible to reach the hybrid entanglement by
an OAM-to-SAM quantum transfer [92]. In these works, the
entanglement has been confirmed by testing the violation of a
Bell’s inequality [91, 92, 94]. The non-separability (or single-
particle entanglement) of SAM and OAM degrees of freedom
has also been investigated, using g-plates or interferometric
layouts, both in a classical intense beam regime [95, 92] and
in a heralded single photon one [26, 96, 94, 92]. The remote
preparation of single-particle hybrid-entangled states has also
recently been demonstrated (not using g-plates), by exploiting
an SAM-OAM hyper-entangled photon pair source [97]. A
proposal for hybrid entanglement multi-photon manipulations
exploiting the g-plate has also recently been put forward [98].

Finally, the most recent progress in the use of SAM-—
OAM coupling for quantum information has been based on
combining both degrees of freedom for encoding qudits.
Even though some implementations of quantum states with
dimension higher than two have already been carried out
with biphoton states [100-103], an appealing goal is that of
encoding as much information (i.e. as many qubits) as possible
in a single photon by exploiting different degrees of freedom,
so as to exceed the limitations due to noise interactions. In
particular, by encoding a qubit in SAM and another qubit
in an OAM subspace one obtains a single photon ‘ququart’,
i.e. a quantum state with dimension d = 4 defined in the
Hilbert space # ® 0;. The preparation and measurement of
single photon ququarts by using a g-plate based apparatus was
demonstrated in [104]. Interestingly, in this work all states
belonging to the five mutually unbiased bases that span the
four-dimensional Hilbert space were generated and measured,
including those characterized by an entanglement between
OAM and polarization. The next step was then to demonstrate
a first quantum protocol on such ququarts, that is, the optimal
quantum cloning 1 — 2 of ququarts achieved by exploiting the
four-dimensional HOM effect [99], as illustrated in figure 12.

The ability to clone a ququart codified in the OAM-
polarization space in all the mutually unbiased bases has also
been experimentally verified by reconstructing their density
matrices through quantum state tomography. The overlap
between clones and original quantum state experimentally
observed is in good accordance with theoretical predictions
involving the increasing dimensionality of the quantum
system [105, 90].

An interesting result obtained by working within the
SAM-0OAM 4D space has been the experimental investigation
(not based on the g-plate device) of the topological phase
arising in transformations taking place in the space of
maximally entangled SAM-OAM states, that provides a
representation of the SO(3) group [106]. The SAM-
OAM continuous-variable hyper-entanglement has been also
demonstrated recently by the same group [107].

In addition to the experimental works discussed above,
a number of theoretical works have explored many other
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Figure 12. Experimental apparatus for implementing the 1 — 2 optimal quantum cloning of polarization—-OAM photon ququarts [99].

possible applications of the g-plate, or more generally of
employing an SAM-OAM combination, in the quantum
information field. For example, the possibility of using a
g-plate for increasing the effective Shannon dimensionality
of an entangled pair of photons generated by SPDC, as
a consequence of spin—orbit hyper-entanglement, has been
proposed [108]. Related works exploiting the combination of
SAM and transverse-mode degrees-of-freedom entanglement
in SPDC have also been reported, showing also a link with
the field of quantum imaging [109]. A three-degrees-of-
freedom single photon entanglement, involving SAM, OAM,
and optical frequency, can be generated by means of rotating
q-plates, thanks to a rotational Doppler shift effect [110]. The
implementation of so-called quantum walks in OAM space, or
in hybrid SAM—-OAM space, has also been investigated very
recently [111, 112].

We notice that several single photon quantum information
protocols involving SAM—OAM combined manipulations can
also be implemented without making recourse to g-plates,
by using suitable interferometric layouts in combination with
OAM manipulating devices such as spiral phase plates, Dove
prisms, cylindrical lenses, etc (see, e.g., [113, 95, 114]). In all
these setups, the main working principle is the conversion of
the polarization qubit into a path (or ‘dual rail’) qubit, and vice
versa, by means of polarizing beam splitters. Although these
approaches are fully appropriate for demonstration purposes,
an obvious practical advantage of the g-plate-based setups is
that they do not require interferometric stability and may often
carry out the entire desired quantum manipulation remaining
within a single-beam geometry.

6. Conclusions

In summary, we have surveyed recent progress in the field
of the orbital angular momentum of light, with specific
attention given to its interaction with the optical spin angular
momentum, i.e. the light polarization. The first reported

10

experimental demonstrations of the possibility of inter-
converting the SAM and OAM of a paraxial light beam and
of single photons have stimulated an intense research effort in
the last few years. In particular, new methods of generation,
control, and manipulation of the optical OAM, both in the
classical and quantum regimes, have been demonstrated using
the recently introduced device named the g-plate. Such a
device is relatively easy to manufacture, and it is tunable
and highly efficient.  Its action introduces a controlled
coupling between polarization (SAM) and OAM that can
be conveniently exploited in many different ways. The
combination of one or more g-plates and more standard
polarization or OAM devices (such as the Dove prism)
in suitable schemes allows the achievement of many new
optical functionalities. In addition, a number of schemes
and experiments not using the g-plate, but still exploiting the
SAM and OAM of light and their reciprocal interaction, have
recently been reported.

Perhaps the most interesting potential of the combined
use of polarization and OAM of light lies in the quantum
information field, since the multi-dimensionality of the OAM
space provides a natural possibility for implementing qudits
within single photons. The hunt for a higher quantum
dimensionality of the photon is hence open!
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Note added in proof. Another interesting case of optical spin—orbit coupling
occurs in the curved spacetime geometry surrounding a rotating black hole, as
demonstrated very recently in [115].
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