ENERGY BANDS IN SOLIDS

In this chapter we begin with a review of the basic atomic properties of
matter leading to discrete electronic energy levels in atoms. We find
that these energy levels are spread into energy bands in a crystal.
This band structure allows us to distinguish between an insulator, a
semiconductor, and a metal.

1-1 CHARGED PARTICLES

The charge, or quantity, of negative electricity and the mass of the
electron have been found to be 1.60 X 10-'* C (coulomb) and
9.11 X 10— kg, respectively. The values of many important physical
constants are given in Appendix A, and a list of conversion factors and
prefixes is given in Appendix B. Some idea of the number of electrons
per second that represents current of the usual order of magnitude is
readily possible. For example, since the charge per electron is
1.60 X 10! C, the number of electrons per coulomb is the reciprocal
of this nutnber, or approximately, 6 X 10'®  Further, since a current
of 1 A (ampere) is the flow of 1 C/s, then a current of only 1 pA (1 pico-
ampere, or 10~12 A) represents the motion of approximately 6 million
electrons per second. Yet a current of 1 pA is so small that considerable
difficulty is experienced in attempting to measure it.

The charge of a positive ion is an integral multiple of the charge
of the electron, although it is of opposite sign. For the case of singly
ionized particles, the charge is equal to that of the electron. For the
case of doubly ionized particles, the ionic charge is twice that of the
electron.

The mass of an atom is expressed as a number that is based on the
choice of the atomic weight of oxygen equal to 16. The mass of a
hypothetical atom of atomic weight unity is, by this definition, one-
sixteenth that of the mass of monatomic oxygen and has been calcu-
lated to be 1.66 X 10~2" kg. Hence, to calculate the mass tn kilograms
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of any atom, it is necessary only to multiply the atomic weight of the atom by
1.66 X 10-27 kg. A table of atomic weights is given in Table 1-1 on p. 12.

The radius of the eleetron has been estimated as 10~'* m, and that of an
atom as 10~ m. These are so small that all charges are considered as mass
points in the following sections.

In a semiconductor crystal such as silicon, two electrons are shared by each
pair of ionic neighbors. Such a configuration is called a covalent bond. Under
certain circumstances an electron may be missing from this structure, leaving
a “hole” in the bond. These vacancies in the covalent bonds may move from
ion to ion in the erystal and constitute a current equivalent to that resulting
from the motion of free positive charges. The magnitude of the charge
associated with the hole is that of a free electron. This very brief introduction
to the concept of a hole as an effective charge carrier is elaborated upon in
Chap. 2.

1-2 FIELD INTENSITY, POTENTIAL, ENERGY

By definition, the force f (newtons) on a unit positive charge in an eleciric field
1s the electric field intensity & at that point. Newton’s second law determines
the motion of a particle of charge ¢ (coulombs), mass m (kilograms), moving
with a velocity v (meters per second) in a field & (volts per meter).

The mks (meter-kilogram-second) rationalized system of units is found to be
most convenient for subsequent studies. Unless otherwise stated, this system
of units is employed throughout this book.

Potential By definition, the potential V (volts) of point B with respect to
point A s the work done against the field in taking a unit positive charge from
A to B. This definition is valid for a three-dimensional field. For a one-
dimensional problem with A at z, and B at an arbitrary distance z, it follows
thatt

V:—:—f:gdx (1-2)

where & now represents the X component of the field. Differentiating Eq.
(1-2) gives

&= — d—x‘ (1'3)

The minus sign shows that the electric field is directed from the region of
higher potential to the region of lower potential. In three dimensions, the
electric field equals the negative gradient of the potential.

t The symbol = is used to designate ‘“equal to by definition.”
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By definition, the potential energy U (joules) equals the potential multiplied
by the charge q under consideration, or

U=4qV (1-4)

If an electron is being considered, ¢ is replaced by —¢q (where ¢ is the magnitude
of the electronic charge) and U has the same shape as V but is inverted.

The law of conservation of energy states that the total energy W, which
equals the sum of the potential energy U and the kinetic energy 3mv?, remains
constant. Thus, at any point in space, '

W = U + $mv® = constant (1-5)

As an illustration of this law, consider two parallel electrodes (4 and B of
Fig. 1-1a) separated a distance d, with B at a negative potential V4 with respect
to A. An electron leaves the surface of A with a velocity v, in the direction
toward B. How much speed v will it have if it reaches B?

From the definition, Eq. (1-2), it is clear that only differences of
potential have meaning, and hence let us arbitrarily ground 4, that is, consider
it to be at zero potential. Then the potential at B is V = —V,, and the
‘potential energy is U = —qV = ¢Vai. Equating the total energy at A to
that at B gives

W = jmo,? = $mv? + ¢V (1-6)
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Fig. 1-1 (a) An electron leaves electrode A with an initial speed v,
and moves in a retarding field toward plate B; (b) the potential;
(c) the potential-energy barrier between electrodes.
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This equation indicates that » must be less than v,, which is obviously correct
since the electron is moving in a repelling field. Note that the final speed v
attained by the electron in this conservative system is independent of the form
of the variation of the field distribution between the plates and depends only
upon the magnitude of the potential difference V4. Also, if the electron is to
reach electrode B, its initial speed must be large enough so that 4 mv,2 > V.
Otherwise, Eq. (1-6) leads to the impossible result that v is imaginary. We
wish to elaborate on these considerations now.

The Concept of a Potential-energy Barrier For the configuration of
Fig. 1-1a with electrodes which are large compared with the separation d, we
can draw (Fig. 1-1b) a linear plot of potential V versus distance z (in the inter-
electrode space). The corresponding potential energy U versus z is indicated
in Fig. 1-1c. Since potential is the potential energy per unit charge, curve ¢
is obtained from curve b by multiplying each ordinate by the charge on the
electron (a negative number). Since the total energy W of the electron remains
constant, it is represented as a horizontal line. The kinetic energy at any
distance z equals the difference between the total energy W and the potential
energy U at this point. This difference is greatest at O, indicating that the
kinetic energy is a maximum when the electron leaves the electrode A. At
the point P this difference is zero, which means that no kinetic energy exists,
so that the particle is at rest at this point. This distance z, is the maximum
that the electron can travel from A. At point P (where z = z,) it comes
momentarily to rest, and then reverses its motion and returns to A.

Consider a point such as S which is at a greater distance than z, from
electrode A. Here the total energy @S is less than the potential energy RS, so
that the difference, which represents the kinetic energy, is negative. This is
an impossible physical condition, however, since negative kinetic energy
(#mw? < 0) implies an imaginary velocity. We must conclude that the particle
can never advance a distance greater than z, from electrode A.

The foregoing analysis leads to the very important conclusion that the
shaded portion of Fig. 1-1¢ can never be penetrated by the electron. Thus, at
point P, the particle acts as #f it had collided with a solid wall, hill, or barrier
and the direction of its flight had been altered. Potential-energy barriers of
this sort play important role in the analyses of semiconductor devices.

It must be emphasized that the words ““collides with’’ or “rebounds from”
a potential “hill”’ are convenient descriptive phrases and that an actual
encounter between two material bodies is not implied.

1-3 THE eV UNIT OF ENERGY

The joule (J) is the unit of energy in the mks system. In some engineering
power problems this unit is very small, and a factor of 10° or 10° is introduced
to convert from watts (1 W = 1 J/s) to kilowatts or megawatts, respectively.
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" However, in other problems, the joule is too large a unit, and a factor of 10~7
is introduced to convert from joules to ergs. For a discussion of the energies
involved in electronic devices, even the erg is much too large a unit. This
statement is not to be construed to mean that only minute amounts of energy
can be obtained from electron devices. It is true that each electron possesses
a tiny amount of energy, but as previously pointed out (Sec. 1-1), an enormous
number of electrons are involved even in a small current, so that considerable
power may be represented.

A unit of work or energy, called the electron volt (eV), is defined as follows:

1eV =160 X 10-1*J

Of course, any type of energy, whether it be electric, mechanical, thermal, ete.,
may be expressed in electron volts.

The name electron volt arises from the fact that, if an electron falls through
a potential of one volt, its kinetic energy will increase by the decrease in
potential energy, or by

gV = (1.60 X 10~ C)(1 V) = 1.60 X 10-1*J = 1 ¢V

However, as mentioned above, the electron-volt unit may be used for any type
of energy, and is not restricted to problems involving electrons.

A potential-energy barrier of £ (electron volts) is equivalent to a potential
hill of V (volts) if these quantities are related by

qV =160 X 10-¥ E (1-7)

Note that V and E are numerically identical but dimensionally different.

1-4 THE NATURE OF THE ATOM

We wish to develop the band structure of a solid, which will allow us to
distinguish between an insulator, a semiconductor, and a metal. We begin
with a review of the basic properties of matter leading to discrete electronie
energy levels in atoms.

Rutherford, in 1911, found that the atom consists of a nucleus of positive
charge that contains nearly all the mass of the atom. Surrounding this central
positive core are negatively charged electrons. As a specific illustration of this
atomic model, consider the hydrogen atom. This atom consists of a positively
charged nucleus (a proton) and a single electron. The charge on the proton is
positive and is equal in magnitude to the charge on the electron. Therefore
the atom as a whole is electrically neutral. Because the proton carries practi-
cally all the mass of the atom, it will remain substantially immobile, whereas
the electron will move about it in a closed orbit. The force of attraction
between the electron and the proton follows Coulomb’s law. It can be shown
from classical mechanics that the resultant closed path will be a circle or an
ellipse under the action of such a force. This motion is exactly analogous to
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that of the planets about the sun, because in both cases the force varies inversely
as the square of the distance between the particles.
Assume, therefore, that the orbit of the electron in this planetary model
of the atom is a circle, the nucleus being supposed fixed in space. It is a
simple matter to calculate its radius in terms of the total energy W of the
electron. The force of attraction between the nucleus and the electron of the
hydrogen atom is ¢?/4wer?, where the electronic charge ¢ is in coulombs, the
separation r between the two particles is in meters, the force is in newtons, and
€, is the permittivity of free space.f By Newton’s second law of motion, this
must be set equal to the product of the electronic mass m in kilograms and the
acceleration »?/r toward the nucleus, where v is the speed of the electron in its
circular path, in meters per second. Then
2 2
¢ - (1-8)

4me,r? r

Furthermore, the potential energy of the electron at a distance r from the
nucleus is —¢?/4wer, and its kinetic energy is 4mv?. Then, according to
the conservation of energy,
q2

W = jmv? —
2 dre,r

(1-9)

where the energy is in joules. Combining this expression with (1-8) produces

¢ :

W=- 8meor (1-10)
which gives the desired relationship between the radius and the energy of the
electron. This equation shows that the total energy of the electron is always
negative. The negative sign arises because the potential energy has been
chosen to be zero when r is infinite. This expression also shows that the
energy of the electron becomes smaller (i.e., more negative) as it approaches
closer to the nucleus.

The foregoing discussion of the planetary atom has been considered only
from the point of view of classical mechanics. However, an accelerated charge
must radiate energy, in accordance with the classical laws of electromagnetism.
If the charge is performing oscillations of a frequency f, the radiated energy
will also be of this frequency. Hence, classically, it must be concluded that
the frequency of the emitted radiation equals the frequency with which the-
electron is rotating in its circular orbit.

There is one feature of this picture that cannot be reconciled with experi-
ment. If the electron is radiating energy, its total energy must decrease by
the amount of this emitted energy. As a result the radius r of the orbit must
decrease, in accordance with Eq. (1-10). Consequently, as the atom radiates
energy, the electron must move in smaller and smaller orbits, eventually fall-
ing into the nucleus. Since the frequency of oscillation depends upon the size

t The numerical value of ¢, is given in Appendix A.
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of the circular orbit, the energy radiated would be of a gradually changing fre-
quency. Such a conclusion, however, is incompatible with the sharply defined
frequencies of spectral lines.

The Bohr Atom The difficulty mentioned above was resolved by Bohr in
1913. He postulated the following three fundamental laws:

1. Not all energies as given by classical mechanics are possible, but the
atom can possess only certain discrete energies. While in states correspond-
ing to these discrete energies, the electron does not emit radiation, and the
electron is said to be in a stationary, or nonradiating, state.

2. In a transition from one stationary state corresponding to a definite
energy W, to another stationary state, with an associated energy W, radiation
will be emitted. The frequency of this radiant energy is given by

f=" - W, (1-11)

where h is Planck’s constant in joule-seconds, the W’s are expressed in joules,
and f is in cycles per second, or hertz.

3. A stationary state is determined by the condition that the angular
momentum of the electron in this state is quantized and must be an integral
multiple of A/2x. Thus

nh
mor = o (1-12)
where n is an integer.

Combining Egs. (1-8) and (1-12), we obtain the radii of the stationary
states (Prob. 1-13), and from Eq. (1-10) the energy level in joules of each state
is found to be

- m L ;
Wa = 8he,? n? (1-13)
Then, upon making use of Eq. (1-11), the exact frequencies found in the hydro-
gen spectrum are obtained—a remarkable achievement. The radius of the
lowest state is found to be 0.5 A. '

1-5 ATOMIC ENERGY LEVELS

For each integral value of n in Eq. (1-13) a horizontal line is drawn. These
lines are arranged vertically in accordance with the numerical values calculated
from Eq. (1-13). Such a convenient pictorial representation is called an
energy-level diagram and is indicated in Fig. 1-2 for hydrogen. The number to
the left of each line gives the energy of this level in electron volts. The
number immediately to the right of a line is the value of n. Theoretically, an
infinite number of levels exist for each atom, but only the first five and the
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level for n = « are indicated in Fig. 1-2. The horizontal axis has no signifi-
cance here, but in extending such energy-level diagrams to solids, the X axis
will be used to represent the separation of atoms within a crystal (Fig. 1-3) or
the distance within a solid. In such cases the energy levels are not constant,
but rather are funections of z.

It is customary to express the energy value of the stationary states in
electron volts E rather than in joules W. Also, it is more common to specify
the emitted radiation by its wavelength \ in angstroms rather than by its
frequency f in hertz. In these units, Eq. (1-11) may be rewritten in the form

12,400 (1-14)

" E,— E;

Since only differences of energy enter into this expression, the zero state
may be chosen at will. It is convenient and customary to choose the lowest
energy state as the zero level, Such a normalized scale is indicated to the
extreme right in Fig. 1-2. The lowest energy state is called the normal, or
ground, level, and the other stationary states of the atom are called excited,
radiating, crilical, or resonance, levels.

As the electron is given more and more energy, it moves into stationary
states which are farther and farther away from the nucleus. When its energy
is large enough to move it completely out of the field of influence of the ion, it
becomes ‘‘detached’’ from it. The energy required for this process to occur
is called the fonization potential and is represented as the highest state in the
energy-level diagram; 13.60 eV for hydrogen.
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Collisions of Electrons with Atoms The foregoing discussion shows that
energy must be supplied to an atom in order to excite or ionize the atom. One
of the most important ways to supply this energy is by electron impact.
Suppose that an electron is accelerated by the potential applied to a discharge .
tube. The energy gained from the field may then be transferred to an atom
when the electron collides with the atom. If the bombarding electron has
gained more than the requisite energy from the discharge to raise the atom
from its normal state to a particular resonance level, the amount of energy in
excess of that required for excitation will be retained by the incident electron
as kinetic energy after the collision.

If an impinging electron possesses an amount of energy at least equal to the
ionization potential of the gas, it may deliver this energy to an electron of the
atom and completely remove it from the parent atom. Three charged particles
result from such an ionizing collision: two electrons and a positive ion.

The Photon Nature of Light Assume that an atom has been raised from
the ground state to an excited level by electron bombardment. The mean
life of an excited state ranges from 10~7 to 101 s, the excited electron returning
to its previous state after the lapse of this time. In this transition, the atom
must lose an amount of energy equal to the difference in energy between the
two states that it has successively occupied, this energy appearing in the form
of radiation. According to the postulates of Bohr, this energy is emitted in
the form of a photon of light, the frequency of this radiation being given by
Eq. (1-11), or the wavelength by Eq. (1-14). The term photon denotes an
amount of radiant energy equal to the constant i times the frequency. This
quantized nature of an electromagnetic wave was first introduced by Planck,
in 1901, in order to verify theoretically the blackbody radiation formula
obtained experimentally.

The photon concept of radiation may be difficult to comprehend at first.
Classically, it was believed that the atoms were systems that emitted radiation
conttnuously in all directions. According to the foregoing theory, however,
~ this is not true, the emission of light by an atom being a discontinuous process.
That is, the atom radiates only when it makes a transition from one energy
level to a lower energy state. In this transition, it emits a definite amount
of energy of one particular frequency, namely, one photon Af of light. Of
course, when a luminous discharge is observed, this discontinuous nature of
radiation is not suspected because of the enormous number of atoms that are

" radiating energy and, correspondingly, because of the immense number of

photons that are emitted in unit time.

Spectral Lines The arrows in Fig. 1-2 represent six possible transitions
between stationary states. The attached number gives the wavelength of
the emitted radiation. For example, the ultraviolet line 1,216 A is radiated
when the hydrogen atom drops from its first excited state, n = 2, to its normal
state, n = 1.
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Another important method, called photoezcitation, by which an atom may
be elevated into an excited energy state, is to have radiation fall on the gas.
An atom may absorb a photon of frequency f and thereby move from the level
of energy W, to the high energy level W,, where W, = Wy + hf. Anextremely
important feature of excitation by photon capture is that the photon will not
be absorbed unless its energy corresponds exactly to the energy difference between
two stationary levels of the atom with which it collides. For example, if a normal
hydrogen atom is to be raised to its first excited state by means of radiation,
the wavelength of this light must be 1,216 A (which is in the ultraviolet region
of the spectrum).

When a photon is absorbed by an atom, the excited atom may return to
its normal state in one jump, or it may do so in several steps. If the atom
falls into one or more excitation levels before finally reaching the normal state,
it will emit several photons. These will correspond to energy differences
between the successive excited levels into which the atom falls. None of the
emitted photons will have the frequency of the absorbed radiation! This
Sfluorescence cannot be explained by classical theory, but is readily understood
once Bohr’s postulates are accepted.

Photoionization If the frequency of the impinging photon is sufficiently
high, it may have enough energy to ionize the atom. The photon vanishes
with the appearance of an electron and a positive ion. Unlike the case of
photoexeitation, the photon need not possess an energy corresponding exactly
to the ionization energy of the atom. It need merely possess at least this much
energy. If it possesses more than ionizing energy, the excess will appear as
the kinetic energy of the emitted electron and positive ion. It is found by
experiment, however, that the maximum probability of photoionization occurs
when the energy of the photon is equal to the ionization potential, the proba-
bility decreasing rapidly for higher photon energies.

Wave Mechanics Since a photon is absorbed by only one atom, the
photon acts as if it were concentrated in a very small volume of space, in
contradiction to the concept of a wave associated with radiation. De Broglie,
in 1924, postulated that the dual character of wave and particle is not limited
to radiation, but is also exhibited by particles such as electrons, atoms, or
macroscopic masses. He postulated that a particle of momentum p = mv
has a wavelength X\ associated with it given by

A= (1-15)

We can make use of the wave properties of a moving electron to establish
Bohr's postulate that a stationary state is determined by the condition that
the angular momentum must be an integral multiple of h/2r. It seems
reasonable to assume that an orbit of radius r will correspond to a stationary
state if it contains a standing-wave pattern. In other words, a stable orbit is
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one whose circumference is exactly equal to the electronic wavelength A, or to

t. m\, where n is an integer (but not zero). Thus

2rr = n\ = nh (1-16)
my

Clearly, Eq. (1-16) is identical with the Bohr condition [Eq. (1-12)].

Schrodinger carried the implication of the wave nature of matter further
and developed a wave equation to desecribe electron behavior in a potential
field U(x, y, 2). The solution of this differential equation is called the
wave function, and it determines the probability density at each point in
space of finding the electron with total energy W. If the potential energy,
U = —¢*/4wer, for the electron in the hydrogen atom is substituted into the
Schrodinger equation, it is found that a meaningful physical solution is possible
only if W is given by precisely the energy levels in Eq. (1-13), which were
obtained from the simpler Bohr picture of the atom.

1-6 ELECTRONIC STRUCTURE OF THE ELEMENTS

The solution of the Schrodinger equation for hydrogen or any multielectron
atom requires three quantum numbers. These are designated by n, [, and
m; and are restricted to the following integral values:

n=12223,...
1=0,1,2,...,n—-1)
m =0, £1, +2, . .., +1

To specify a wave function completely it is found necessary to introduce a
fourth quantum number. This spin quantum number m, may assume only
two values, +34 or —4 (corresponding to the same energy).

The Exclusion Principle The periodic table of the chemical elements
(given in Table 1-1) may be explained by invoking a law enunciated by Pauli
in 1925. He stated that no two electrons in an electronic system can have the
same set of four quantum numbers, n, I, m;, and m,. This statement that no two
electrons may occupy the same quantum state is known as the Pauli exclusion
principle.

Electronic Shells All the electrons in an atom which have the same value
of n are said to belong to the same electron shell. These shells are identified
by the letters K, L, M, N, . . ., corresponding to n =1, 2, 3, 4, . . .,
respectively. A shell is divided into subshells corresponding to different values
of [ and identified as s, p, d, f, . . . , corresponding to l = 0,1, 2,3, . . .,
respectively. Taking account of the exclusion principle, the distribution of



~ TABLE 1-1 Periodic table of the elementst
Group | Group | Group | Group | Group | Group | Group Group Group | Group | Group | Group | Group | Group | Group | Inert
Period IA IIA IIIB IVB VB VIB VIIB VIII IB IIB IITIA IVA VA VIA VIIA | gases

1 H1 He 2
1.01 4.00

2 Li3 Be 4 B5 Cceé N7 os F9 Ne 10
6.94 9.01 10.81 12.01 14.01 16.00 [19.00 |20.18

3 Na 11 | Mg 12 Al 13 Si 14 P15 S 16 Cl 17 Ar 18
22.99 |24.31 26.98 |28.09 |30.97 [32.06 |35.45 [39.95

4 K19 Ca 20 |Sc21 Ti 22 V23 Cr 24 Mn25|[Fe26 [Co27 |Ni28 [Cu29 |Zn30 |Ga3l [Ge32 |As33 |[Se 34 Br 35 Kr 36
39.10 |40.08 144.96 |47.90 |50.94 |52.00 |54.94 |55.85 |58.93 |58.71 |63.54 |65.37 |69.72 [|72.59 |74.92 |78.96 |79.91 83.80

5 Rb 37 | Sr38 Y 39 Zr 40 Nb4l | Mo42 | Tc43 |[|Ru44 [Rh45 [Pd46 | Ag47 {Cd 48 |In 49 Sn 50 |[8b 51 Te 52 |I 53 Xe 54
85.47 | 87.62 |[88.90 {91.22 (92.91 ]95.94 | (99) 101.07 [ 102.90 | 106.4 | 107.87 | 112.40]114.82 (118.69 |121.75 [ 127.60 | 126.90 | 131.30

6 Cs 55 | Ba 56 | La 57 Hi72 {Ta73 | W 74 Re 75 | Os 76 Ir 77 Pt 78 Au79 | Hg80 | Tl81 Pb 82 |Bi 83 Po 84 At 85 Rn 86
132.90 | 137.34 | 138.91 | 178.49 | 180.95 | 183.85 [ 186.2 | 190.2 | 192.2 195.09 | 196.97 | 200.59 | 204.37 | 207.19 | 208.98 | (210) (210) (222)

7 Fr 87 Ra88 |Ac8 |Th90 [Pa91 |U92 Np93 [ Pu94 |Am 95 |Cm 96 { Bk 97 | Cf98 | Es 99 Fm 100} Nd 101{ No 102 | Lw 103
(223) (226) (227) 232.04 | (231) 238.04 | (237) (242) (243) (247) (247) (251) (254) (253) (256) (254) (257)

The Rare Earths
Ce 58 | Pr 59 Nd 60 |Pm6l |[Sm62 |Eu63 {Gd64 [Tb65 | Dy 66 | Ho67 |Er68 | Tm69 | Yb70 |Lu71
140.12 | 140.91 | 144 .24 | (147) 150.35 | 151.96 | 157.25 | 158.92 | 162.50 | 164.93 | 167.26 | 168.93 | 173.04 | 174.97

t The number to the right of the symbol for the element gives the atomic number.

The number below the symbol for the element gives the atomic weight.
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TABLE 1-2 Electron shells and subshells

Shell. ... .. K L M N

Moo .. 1 2 3 4

Lo........ 0 1 1 2 1 2 3
Subshell. . .| s s P s P d s P d f
My 0 0 |0, 1] 0 Jo, £1/0, £1, £2[ 0 [0, £1[0, +1, £2]0, , +3
Number 2 2 6 2 6 10 2 6 10 14

of
electrons 2 8 18 32

electrons in an atom among the shells and subshells is indicated in Table 1-2.
Actually, seven shells are required to account for all the chemical elements,
but only the first four are indicated in the table.

There are two states for n = 1 corresponding to I = 0, m; = 0, and
ms = +4. These are called the 1s states. There are two states correspond-
ington=2,1=0 m =90, and m, = +3. These constitute the 2s sub-
shell. There are, in addition, six energy levels corresponding to n = 2,1 = 1,
my = —1,0,0or +1, and m, = +3. These are designated as the 2p subshell.
Hence, as indicated in Table 1-2, the total number of electrons in the L shell is
24+ 6 = 8 In a similar manner we may verify that a d subshell contains a
maximum of 10 electrons, an f subshell a maximum of 14 electrons, etc.

The atomic number Z gives the number of electrons orbiting about the
nucleus. Let us use superseripts to designate the number of electrons in a
particular subshell. Then sodium, Na, for which Z = 11, has an electronic
configuration designated by 1s22s22p%3s!. Note that Na has a single electron
in the outermost unfilled subshell, and hence is said to be monovalent. This
same property is possessed by all the alkali metals (Li, Na, K, Rb, and Cs),
which accounts for the fact that these elements in the same group in the
periodic table (Table 1-1) have similar chemical properties.

The inner-shell electrons are very strongly bound to an atom, and eannot
be easily removed. That is, the electrons closest to the nucleus are the most
tightly bound, and so have the lowest energy. Also, atoms for which the
electrons exist in closed shells form very stable configurations. For example,
the inert gases He, Ne, A, Kr, and Xe, all have either completely filled shells
or, at least, completely filled subshells.

Carbon, silicon, germanium, and tin have the electronic configurations
indicated in Table 1-3. Note that each of these elements has completely filled
subshells except for the outermost p shell, which contains only two of the
six possible electrons. Despite this similarity, carbon in crystalline form
(diamond) is an insulator, silicon and germanium solids are semiconductors,
and tin is a metal. This apparent anomaly is explained in the next section.
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TABLE 1-3 Electronic configuration in Group IVA

Atomic
Element | number Configuration
C 6 1522522p?
Si 14 15%2522p%3s23p?
Ge 32 1822522p%3523p*3d' %4524 p?
Sn 50 15%2522p%3523p°3d %4524 ps4d! 055252

1.7 THE ENERGY-BAND THEORY OF CRYSTALS

X-ray and other studies reveal that most metals and semiconductors are
crystalline in structure. A crystal consists of a space array of atoms or
molecules (strictly speaking, ions) built up by regular repetition in three
dimensions of some fundamental structural unit. The electronic energy levels
discussed for a single free atom (as in a gas, where the atoms are sufficiently
far apart not to exert any influence on one another) do not apply to the same
atom in a crystal. . This is so because the potential characterizing the crystal-
line structure is now a periodic function in space whose value at any point is
the result of contributions from every atom. When atoms form crystals, it is
found that the energy levels of the inner-shell electrons are not affected
appreciably by the presence of the neighboring atoms. However, the levels
of the outer-shell electrons are changed considerably, since these electrons are
shared by more than one atom in the crystal. The new energy levels of the
outer electrons can be determined by means of quantum mechanics, and it is
found that coupling between the outer-shell electrons of the atoms results in a
band of closely spaced energy states, instead of the widely separated energy
levels of the isolated atom (Fig. 1-3). A qualitative discussion of this energy-
band structure follows.

Consider a crystal consisting of N atoms of one of the elements in Table
1-3. Imagine that it is possible to vary the spacing between atoms without
altering the type of fundamental crystal structure. If the atoms are so far
apart that the interaction between them is negligible, the energy levels will
coincide with those of the isolated atom. The outer two subshells for each
element in Table 1-3 contain two s electrons and two p electrons. Hence,
if we ignore the inner-shell levels, then, as indicated to the extreme right in
Fig. 1-3a, there are 2N electrons completely filling the 2N possible s levels,
all at the same energy. Since the p atomic subshell has six possible states,
our imaginary crystal of widely spaced atoms has 2N electrons, which fill only
one-third of the 6N possible p states, all at the same level.

If we now decrease the interatomic spacing of our imaginary crystal
(moving from right to left in Fig. 1-3a), an atom will exert an electric force
on its neighbors. Because of this coupling between atoms, the atomic-wave
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Fig. 1-3 lllustrating how the energy levels of isolated atoms are
split into energy bands when these atoms are brought into close
proximity to form a crystal.

functions overlap, and the crystal becomes an electronic system which must
obey the Pauli exclusion principle. Hence the 2N degenerate s states must
spread out in energy. The separation between levels is small, but since N is
very large (~10% cm~3), the total spread between the minimum and maximum
energy may be several electron volts if the interatomic distance is decreased
sufficiently. This large number of discrete but closely spaced energy levels
is called an energy band, and is indicated schematically by the lower shaded
region in Fig. 1-3a. The 2N states in this band are completely filled with
2N electrons. Similarly, the upper shaded region in Fig. 1-3a is a band of
6N states which has only 2N of its levels occupied by electrons.

Note that there is an energy gap (a forbidden band) between the two
bands discussed above and that this gap decreases as the atomic spacing
decreases. For small enough distances (not indicated in Fig. 1-3a but shown
in Fig. 1-3b) these bands will overlap. Under such circumstances the 6 N upper
states merge with the 2N lower states, giving a total of 8N levels, half of which
are occupied by the 2N + 2N = 4N available electrons. At this spacing each
atom has given up four electrons to the band; these electrons can no longer be
said to orbit in s or p subshells of an isolated atom, but rather they belong to
the crystal as a whole. In this sense the elements in Table 1-3 are tetravalent,
since they contribute four electrons each to the crystal. The band these
electrons occupy is called the valence band.

If the spacing between atoms is decreased below the distance at which
the bands overlap, the interaction between atoms is indeed large. The energy-
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band structure then depends upon the orientation of the atoms relative to one
another in space (the erystal structure) and upon the atomic number, which
determines the electrical constitution of each atom. Solutions of Schrodinger’s
equation are complicated and have been obtained approximately for only rela-
tively few crystals. These solutions lead us to expect an energy-band diagram
somewhat as pictured! in Fig. 1-3b. At the crystal-lattice spacing (the dashed
vertical line), we find the valence band filled with 4N electrons separated by a
forbidden band (no allowed energy states) of extent E¢g from an empty band
consisting of 4N additional states. This upper vacant band is called the con-
duction band, for reasons given in the next section.

1-8 INSULATORS, SEMICONDUCTORS, AND METALS

A very poor conductor of electricity is called an ¢nsulator; an excellent con-
ductor is a metal; and a substance whose conductivity lies between these
extremes is a semiconductor. A material may be placed in one of these three
classes, depending upon its energy-band structure.

Insulator The energy-band structure of Fig. 1-3b at the normal lattice
spacing is indicated schematically in Fig. 1-4a. For a diamond (carbon)
crystal the region containing no quantum states is several electron volts high
(E¢ = 6 e¢V). This large forbidden band separates the filled valence region
from the vacant conduction band. The energy which can be supplied to an
electron from an applied field is too small to carry the particle from the filled
into the vacant band. Since the electron cannot acquire sufficient applied
energy, conduction is impossible, and hence diamond is an insulator.

Semiconductor A substance for which the width of the forbidden energy
region is relatively small (~1 eV) is called a semiconductor. Graphite, a

Conduction
band

E;~6eV Forbidden

(b)

Fig. 1-4 Energy-band structure of (a) an insulator, (b) a semi-
conductor, and (¢) a metal.



. Sec. 1-8 ENERGY BANDS IN SOLIDS / 17

crystalline form of carbon but having a crystal symmetry which is different
“from diamond, has such a small value of Eg, and it is a semiconductor. The
most important practical semiconductor materials are germanium and silicon,
which have values of E¢ of 0.785 and 1.21 eV, respectively, at 0°K. Energies
of this magnitude normally cannot be acquired from an applied field. Hence
-the valence band remains full, the conduction band empty, and these materials
are insulators at low temperatures. However, the conductivity increases with
temperature, as we explain below. These substances are known as intrinsic
(pure) semiconductors.

As the temperature is increased, some of these valence electrons acquire
thermal energy greater than E¢, and hence move into the conduction band.
These are now free electrons in the sense that they can move about under
the influence of even a small applied field. These free, or conduction, elec-
trons are indicated schematically by dots in Fig. 1-4b. The insulator has now
become slightly conducting; it is a semiconductor. The absence of an electron
in the valence band is represented by a small circle in Fig. 1-4b, and is called a
hole. The phrase “holes in a semiconductor’”’ therefore refers to the empty
energy levels in an otherwise filled valence band.

The importance of the hole is that it may serve as a carrier of electricity,
comparable in effectiveness with the free electron. The mechanism by which
a hole contributes to conductivity is explained in Sec. 2-2. We also show in
Chap. 2 that if certain impurity atoms are introduced into the crystal, these
result in allowable energy states which lie in the forbidden energy gap. We
find that these impurity levels also contribute to the conduction. A semi-
conductor material where this conduction mechanism predominates is called
an extrinsic (tmpurity) semiconductor.

Since the band-gap energy of a crystal is a function of interatomic spacing
(Fig. 1-3), it is not surprising that E; depends somewhat on temperature.
It has been determined experimentally that Es decreases with temperature,
and this dependence is given in See. 2-5.

Metal A solid which contains a partly filled band structure is called a
metal. Under the influence of an applied electric field the electrons may acquire
additional energy and move into higher states. Since these mobile electrons
constitute a current, this substance is a conductor and the partly filled region
is the conduction band. One example of the band structure of a metal is
given in Fig. 1-4¢, which shows overlapping valence and conduction bands.
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REVIEW QUESTIONS

Define potential energy in words and as an equation.
Define an electron volt.
State Bohr’s three postulates for the atom.
Define a photon.
Define (a) photoexcitation; (b) photoionization.
State the Pauli exclusion principle.
Give the electronic configuration for an atom of a specified atomic number Z.
For example Z = 32 for germanium.
1-8 Explain why the energy levels of an atom become energy bands in a solid.
1-9 What is the difference between the band structure of an insulator and of a
semiconductor?
1-10 What is the difference between the band structure of a semiconductor and
of a metal?
1-11  Explain why a semiconductor acts as an insulator at 0°K and why its
conductivity increases with increasing temperature.
1-12 What is the distinction between an intrinsic and an extrinsic semiconductor?
1-13 Define a hole in a semiconductor.
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TRANSPORT PHENOMENA IN
SEMICONDUCTORS

The current in a metal is due to the flow of negative charges (electrons),
whereas the current in a semiconductor results from the movement of
both electrons and positive charges (holes). A semiconductor may be
doped with impurity atoms so that the current is due predominantly
either to electrons or to holes. The transport of the charges in a
crystal under the influence of an electric field (a drift current), and
also as a result of a nonuniform concentration gradient (a diffusion
current), is investigated.

2-1 MOBILITY AND CONDUCTIVITY

In the preceding chapter we presented an energy-band picture of
metals, semiconductors, and insulators. In a metal the outer, or
valence, electrons of an atom are as much associated with one ion
as with another, so that the electron attachment to any individual
atom is almost zero. In terms of our previous discussion this means
that the band occupied by the valence electrons may not be com-
pletely filled and that there are no forbidden levels at higher energies.
Depending upon the metal, at least one, and sometimes two or three,
electrons per atom are free to move throughout the interior of the
metal under the action of applied fields.

Figure 2-1 is a two-dimensional schematic picture of the charge
distribution within a metal. The shaded regions represent the net
positive charge of the nucleus and the tightly bound inner electrons.
The black dots represent the outer, or valence, electrons in the atom.
It is these electrons that cannot be said to belong to any particular
atom; instead, they have completely lost their individuality and can
wander freely about from atom to atom in the metal. Thus a metal is

19
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visualized as a region containing a periodic three-dimensional array of heavy,
tightly bound ions permeated with a swarm of electrons that may move about
quite freely. This picture is known as the electron-gas description of a metal.

According to the electron-gas theory of a metal, the electrons are in
continuous motion, the direction of flight being changed at each collision
with the heavy (almost stationary) ions. The average distance between col-
lisions is called the mean free path. Since the motion is random, then, on an
average, there will be as many electrons passing through unit area in the metal
in any direction as in the opposite direction in a given time. Hence the
average current is zero.

Let us now see how the situation is changed if a constant electric field
& (volts per meter) is applied to the metal. As a result of this electrostatic
force, the electrons would be accelerated and the velocity would increase
indefinitely with time, were it not for the collisions with the ions. However,
at each inelastic collision with an ion, an electron loses energy, and a steady-
state condition is reached where a finite value of drift speed v is attained.!
This drift velocity is in the direction opposite to that of the electric field.
The speed at a time ¢t between collision is at, where a = ¢&/m is the acceleration.
Hence the average speed v is proportional to 8. Thus

v = ub (2-1)

where u (square meters per volt-second) is called the mobility of the electrons.

According to the foregoing theory, a steady-state drift speed has been
superimposed upon the random thermal motion of the electrons. Such a
directed flow of electrons constitutes a current. We now calculate the magni-
tude of the current.

Current Density If N electrons are contained in a length L of conductor
(Fig. 2-2), and if it takes an electron a time T s to travel a distance of L m in
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: Fig. 2-2 Pertaining to the calculation of current N electrons

density. A;
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the conduétor the total number of electrons passing through any cross section
of wire in unit time is N/T. Thus the total charge per second passing any
area, which, by definition, is the current in amperes, is

1=24-22 | (2-2)

because L/ T is the average, or drift, speed v m/s of the electrons. By definition,
the current density, denoted by the symbol J, is the current per unit area of the
conducting medium. That is, assuming a uniform current distribution,

I
where J is in amperes per square meter, and A is the cross-sectional area (in

meters) of the conductor. This becomes, by Eq. (2-2),

Nqv

T =Tf

(2-4)
From Fig. 2-2 it is evident that LA is simply the volume containing the N
. electrons, and so N/LA is the electron concentration n (in electrons per cubic
meter). Thus

N
n = L_A (2'5)
and Eq. (2-4) reduces to
J =ng = pv (2-6)

where p = ngq is the charge density, in coulombs per cubic meter, and ¢ is in
meters per second.

This derivation is independent of the form of the conducting medium.
Consequently, Fig. 2-2 does not necessarily represent a wire conductor. It
may represent equally well a portion of a gaseous-discharge tube or a volume
element of a semiconductor. Furthermore, neither p nor v need be constant,
but may vary from point to point in space or may vary with time.

Conductivity From Egs. (2-6) and (2-1)

J = nqv = nqué = o8 2-7)
where
= ngu 2-8)

is the conductivity of the metal in (ohm-meter)~—1. Equation (2-7) is recog-
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nized as Ohm’s law, namely, the conduction current is proportional to the
applied voltage. As already mentioned, the energy which the electrons acquire
from the applied field is, as a result of collisions, given to the lattice ions.
Hence power is dissipated within the metal by the electrons, and the power
density (Joule heat) is given by J§ = 082 (watts per cubic meter).

2-2 ELECTRONS AND HOLES IN AN INTRINSIC SEMICONDUCTOR!

From Eq. (2-8) we see that the conductivity is proportional to the concentra-
tion n of free electrons. For a good conductor, n is very large (~102¢
electrons/m?); for an insulator, n is very small (~107); and for a semiconductor,
n lies between these two values. The valence electrons in a semiconductor
are not free to wander about as they are in a metal, but rather are trapped in a
bond between two adjacent ions, as explained below. ‘

The Covalent Bond Germanium and silicon are the two most important
semiconductors used in electronic devices. The crystal structure of these
materials consists of a regular repetition in three dimensions of a unit cell
having the form of a tetrahedron with an atom at each vertex. This structure
is illustrated symbolically in two dimensions in Fig. 2-3. Germanium has a
total of 32 electrons in its atomic structure, arranged in shells as indicated in
Table 1-3. As explained in Sec. 1-7, each atom in a germanium crystal
contributes four valence electrons, so that the atom is tetravalent. The inert
ionic core of the germanium atom carries a positive charge of 4+ 4 measured in
units of the electronic charge. The binding forces between neighboring atoms
result from the fact that each of the valence electrons of a germanium atom is
shared by one of its four nearest neighbors. This electron-pair, or covalent,
bond is represented in Fig. 2-3 by the two dashed lines which join each atom
to each of its neighbors. The fact that the valence electrons serve to bind one
atom to the next also results in the valence electron being tightly bound to the
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Fig. 2-4 Germanium crystal with a \@/ _Ge
broken covalent bond. Gee® 0 )

nucleus. Henece, in spite of the availability of four valence electrons, the
crystal has a low conduectivity.

The Hole At a very low temperature (say 0°K) the ideal structure of
Fig. 2-3 is approached, and the crystal behaves as an insulator, since no free
carriers of electricity are available. However, at room temperature, some of
the covalent bonds will be broken because of the thermal energy supplied to the
crystal, and conduction is made possible. This situation is illustrated in Fig.
2-4. Here an electron, which for the far greater period of time forms part of a
covalent bond, is pictured as being dislodged, and therefore free to wander in
a random fashion throughout the crystal. The energy Eg required to break
such a covalent bond is about 0.72 eV for germanium and 1.1 eV for silicon
at room temperature. The absence of the electron in the covalent bond is
represented by the small circle in Fig. 2-4, and such an incomplete covalent
bond is called a hole. The importance of the hole is that it may serve as a
carrier of electricity comparable in effectiveness with the free electron.

The mechanism by which a hole contributes to the conductivity is quali-
tatively as follows: When a bond is incomplete so that a hole exists, it is
relatively easy for a valence electron in a neighboring atom to leave its covalent
bond to fill this hole. An electron moving from a bond to fill a hole leaves a
hole in its initial position. Hence the hole effectively moves in the direction
opposite to that of the electron. This hole, in its new position, may now be
filled by an electron from another covalent bond, and the hole will correspond-
ingly move one more step in the direction opposite to the motion of the elec-
tron. Here we have a mechanism for the conduction of electricity which does
not involve free electrons. This phenomenon is illustrated schematically in
Fig. 2-5, where a circle with a dot in it represents a completed bond, and an
empty circle designates a hole. Figure 2-5a shows a row of 10 ions, with a
broken bond, or hole, at ion 6. Now imagine that an electron from ion 7
moves into the hole at ion 6, so that the configuration of Fig. 2-5b results.
If we compare this figure with Fig. 2-5a, it looks as if the hole in (a) has
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moved toward the right in (b) (from ion 6 to ion 7). This discussion indicates
that the motion of the hole in one direction actually means the transport of a
negative charge an equal distance in the opposite direction. So far as the flow
of electric current is concerned, the hole behaves like a positive charge equal in
magnitude to the electronic charge. We can consider that the holes are physi-
cal entities whose movement constitutes a flow of current. The heuristic
argument that a hole behaves as a free positive charge carrier may be justified
by quantum mechanics.! An experimental verification of this concept is
given in Sec. 2-6.

In a pure (intrinsic) semiconductor the number of holes is equal to the
number of free electrons. Thermal agitation continues to produce new hole-
electron pairs, whereas other hole-electron pairs disappear as a result of
recombination. The hole concentration p must equal the electron concentra-
tion 7, so that

Fig. 2-5 The mechanism

by which a hole contri-.
butes to the conductivity.

n=p=n; (2-9)

where n; is called the intrinsic concentration.

Effective Mass? We digress here briefly to discuss the concept of the
effective mass of the electron and hole. It is found that, when quantum
mechanies is used to specify the motion within the crystal of a free or conduc-
tion electron or hole on which an external field is applied, it is possible to treat
the hole and electron as imaginary classical particles with effective positive
masses m, and m,, respectively. This approximation is valid provided that
the externally applied fields are much weaker than the internal periodic fields
produced by the lattice structure. In a perfect crystal these imaginary
particles respond only to the external fields.

A wave-mechanical analysis' shows that a bound or valence electron
cannot be treated as a classical particle. This difficulty is bypassed by ignoring
the baund electrons and considering only the motion of the holes. Insummary,
the effective-mass approximation removes the quantum features of the problem
and allows us to use Newton’s laws to determine the effect of external forces
on the (free) electrons and holes within a crystal.

2-3 DONOR AND ACCEPTOR IMPURITIES

If, to intrinsic silicon or germanium, there is added a small percentage of
trivalent or pentavalent atoms, a doped, impure, or extrinsic, semiconductor
is formed.
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Fig. 2-6 Crystal lattice with a germanium
atom displaced by a pentavalent
impurity atom.

Donors If the dopant has five valence electrons, the crystal structure of
Fig. 2-6 is obtained. The impurity atoms will displace some of the germanium
atoms in the crystal lattice. Four of the five valence electrons will occupy
covalent bonds, and the fifth will be nominally unbound and will be available
as a carrier of current. The energy required to detach this fifth electron from
the atom is of the order of only 0.01 eV for Ge or 0.05 eV for Si. Suitable
pentavalent impurities are antimony, phosphorus, and arsenic. Such impu-
rities donate excess (negative) electron carriers, and are therefore referred to as
donor, or n-type, impurities.

When donor impurities are added to a semiconductor, allowable energy
levels are introduced a very small distance below the conduction band, as is
shown in Fig. 2-7. These new allowable levels are essentially a discrete level
because the added impurity atoms are far apart in the crystal structure, and
hence their interaction is small. In the case of germanium, the distance of
the new discrete allowable energy level is only 0.01 eV (0.05 eV in silicon)
below the conduction band, and therefore at room temperature almost all the
“fifth” electrons of the donor material are raised into the conduction band.

If intrinsic semiconductor material is “doped” with n-type impurities,
not only does the number of electrons increase, but the number of holes
decreases below that which would be available in the intrinsic semiconductor.
The reason for the decrease in the number of holes is that the larger number of
electrons present increases the rate of recombination of electrons with holes.

E; Donor energy level

Fig. 2-7 Energy-band diagram of

Energy

n-type semiconductor.
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Acceptors If a trivalent impurity (boron, gallium, or indium) is added
to an intrinsic semiconductor, only three of the covalent bonds can be filled,
and the vacancy that exists in the fourth bond constitutes a hole. This
situation is illustrated in Fig. 2-8. Such impurities make available positive
carriers because they create holes which can accept electrons. These impurities
are consequently known as acceptor, or p-type, impurities. The amount of
impurity which must be added to have an appreciable effect on the conductivity
is very small. For example, if a donor-type impurity is added to the extent
of 1 part in 10% the conductivity of germanium at 30°C is multiplied by a
factor of 12.

When acceptor, or p-type, impurities are added to the intrinsic semi-
conductor, they produce an allowable discrete energy level which is just above
the valence band, as shown in Fig. 2-9. Since a very small amount of energy
is required for an electron to leave the valence band and oceupy the acceptor
energy level, it follows that the holes generated in the valence band by these
electrons constitute the largest number of carriers in the semiconductor
material.

The Mass-action Law  We noted above that adding n-type impurities
decreases the number of holes. Similarly, doping with p-type impurities
decreases the concentration of free electrons below that in the intrinsic semi-
conductor. A theoretical analysis (Sec. 2-12) leads to the result that, under

Fig. 2-9 Energy-band diagram of
p-type semiconductor.
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thermal equilibrium, the product of the free negative and positive concentra-
tions is a constant independent of the amount of donor and acceptor impurity
doping. This relationship is called the mass-action law and is given by

np = n? (2-10)

The intrinsic concentration n; is a function of temperature (Sec. 2-5).

We have the important result that the doping of an intrinsic semiconductor
not only increases the conduectivity, but also serves to produce a conductor in
which the electric carriers are either predominantly holes or predominantly
electrons. In an n-type semiconductor, the electrons are called the majority
carriers, and the holes are called the minority carriers. In a p-type material,
the holes are the majority carriers, and the electrons are the minority carriers.

2-4 CHARGE DENSITIES IN A SEMICONDUCTOR

Equation (2-10), namely, np = n.2, gives one relationship between the electron
n and the hole p concentrations. These densities are further interrelated by
the law of electrical neutrality, which we shall now state in algebraic form:
Let Np equal the concentration of donor atoms. Since, as mentioned above,
these are practically all ionized, Np positive charges per cubic meter are
contributed by the donor ions. Hence the total positive-charge density is
Np + p. Similarly, if N4 is the concentration of acceptor ions, these contrib-
ute N4 negative charges per cubic meter. The total negative-charge density
is N4 + n. Since the semiconductor is electrically neutral, the magnitude of
the positive-charge density must equal that of the negative concentration, or

Np+p=Ni+n (2-11)

Consider an n-type material having N4 = 0. Since the number of elec-
trons is much greater than the number of holes in an n-type semiconductor
(n > p), then Eq. (2-11) reduces to

n =~ Np (2-12)

In an n-type material the free-electron concentration s approximately equal to
the density of donor atoms.

In later applications we study the characteristics of n- and p-type materials
connected together. Since some confusion may arise as to which type is under
consideration at a given moment, we add the subscript n or p for an n-type or a
p-type substance, respectively. Thus Eq. (2-12) is more clearly written

n, = Np (2-13)
The concentration p, of holes in the n-type semiconductor is obtained from
Eq. (2-10), which is now written n,p, = n;2. Thus

n,-’
pﬂ - ND

(2-14)
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Similarly, for a p-type semiconductor,

2
nppp = Nt P = Nu np = ]:;l (2-15)
. A

It is possible to add donors to a p-type crystal or, conversely, to add
acceptors to n-type material. If equal concentrations of donors and acceptors
permeate the semiconductor, it remains intrinsic. The hole of the acceptor
combines with the conduction electron of the donor to give no additional free
carriers. Thus, from Eq. (2-11) with Np = N4, we observe that p = n, and
from Eq. (2-10), n? = n% or n = n, = the intrinsic concentration.

An extension of the above argument indicates that if the concentration
of donor atoms added to a p-type semiconductor exceeds the acceptor concen-
tration (Np > N4), the specimen is changed from a p-type to an n-type semi-
conductor. [In Eqgs. (2-13) and (2-14) Np should be replaced by Np — Na4.]

2-5 ELECTRICAL PROPERTIES OF GE AND S|

A fundamental difference between a metal and a semiconductor is that the
former is unipolar [conducts current by means of charges (electrons) of one
sign only], whereas a semiconductor is bipolar (contains two charge-carrying
““particles” of opposite sign).

Conductivity One carrier is negative (the free electron), of mobility u.,
and the other is positive (the hole), of mobility u,. These particles move in
opposite directions in an electric field &, but since they are of opposite sign, the
current of each is in the same direction. Hence the current density J is
given by (Sec. 2-1)

J = (nun + puy)gé = o8& (2-16)

where n = magnitude of free-electron (negative) concentration
p = magnitude of hole (positive) concentration
o = conductivity

Hence o = (nu. + pup)q . (2-17)

For the pure semiconductor,n = p = n;, where n; is the intrinsic concentration.

Intrinsic Concentration With increasing temperature, the density of hole-
electron pairs increases and, correspondingly, the conductivity increases. In
Sec. 19-5 it is found that the intrinsic concentration n; varies with T' as

n? = A, T EcolkT (2-18)

where Ego is the energy gap at 0°K in electron volts, k is the Boltzman constant
in eV/°K (Appendix A),and 4,is a constant independent of 7. The constants
Ego, un, up, and many other important physical quantities for germanium and
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TABLE 2-1 Properties of germanium and silicon

Property Ge Si
Atomic number. ........... ... .. .. 32 14
Atomic weight. ..................... 72.6 28.1
Density, g/em3. ........ ... ... ..... 5.32 2.33
Dielectric constant (relative).......... 16 12
Atoms/em3. . ... ... ... .. 4.4 X 1022 5.0 X 1022
Ego,eV,at 0°K..................... 0.785 1.21
Ee eV, at 300°K. ................ ... 0.72 1.1
n;at 300°K, em=3. .. ... ... .. ... 2.5 X 1013 1.5 X 10
Intrinsic resistivity at 300°K, Q-cm....| 45 230,000
un, cm?/V-sat 300°K................ 3,800 1,300
ppy cm2/V-g at 300°K................ 1,800 500
Dy, em?/s = poVpooooooov L 99 34
Dyyem?/s = p,Vpo ool 47 13

t G. L. Pearson and W. H. Brattain, History of Semiconductor
Research, Proc. IRE, vol. 43, pp. 1794-1806, December, 1955. E. M.
Conwell, Properties of Silicon and Germanium, Part II, Proc. IRE, vol.
46, no. 6, pp. 1281-1299, June, 1958.

silicon are given in Table 2-1. Note that germanium has of the order of 1022
atoms/cm?, whereas at room temperature (300°K), n: = 10'3/cm?®. Hence
only 1 atom in about 10? contributes a free electron (and also a hole) to the
crystal because of broken covalent bonds. For silicon this ratio is even smaller,
about 1 atom in 10!?

The Energy Gap The forbidden region Eg in a semiconductor depends
upon temperature, as pointed out in Sec. 1-7. Experimentally it is found that,
for silicon,?

Eq(T) = 1.21 — 3.60 X 10~*T (2-19)
and at room temperature (300°K), E¢ = 1.1 ¢V. Similarly, for germanium,*
Eo(T) = 0.785 — 2.23 X 10—*T (2-20)

and at room temperature, Eg = 0.72 eV.

The Mobility This parameter u varies® as T~™ over a temperature range
of 100 to 400°K. For silicon, m = 2.5 (2.7) for electrons (holes), and for
germanium, m = 1.66 (2.33) for electrons (holes). The mobility is also found*
to be a function of electric field intensity and remains constant only if § < 10?
V/em in n-type silicon. For 10® < § < 10* V/cm, u, varies approximately as
&', For higher fields, u, is inversely proportional to & and the carrier speed
approaches the constant value of 107 cm/s.



30 / INTEGRATED ELECTRONICS Sec. 2-5

EXAMPLE (a) Using Avogadro’s number, verify the numerical value given in
Table 2-1 for the concentration of atoms in germanium. (b) Find the resistivity
of intrinsic germanium at 300°K. (c) If a donor-type impurity is added to the
extent of 1 part in 10® germanium atoms, find the resistivity. (d) If germanium
were a monovalent metal, find the ratio of its conductivity to that of the n-type
semiconductor in part c.

Solution a. A quantity of any substance equal to its molecular weight in grams
is a mole of that substance. Further, a mole of any substance contains the same
number of molecules as a mole of any other material. This number is called
Avogadro’s number and equals 6.02 X 10?® molecules per mole (Appendix A).
Thus, for monatomic germanium (using Table 2-1),

atoms 1 mole 532¢g — 441 X 107 aton:s

Concentration = 6.02 X 1028
mole 72.6¢g cm?® cm

b. From Eq. (2-17), withn = p = n;,,
2
o = niq(un + pg) = (2.5 X 1018 cm=%)(1.60 X 10~ C) (3,800 + 1,800) ;ﬂ
-8
= 0.0224 (Q-cm)~!

Resistivity = 1ot 44.6 Q-cm

in agreement with the value in Table 2-1.

c. If there is 1 donor atom per 108 germanium atoms, then Np = 4.41 X 104
atoms/em?.  From Eq. (2-12) n = N and from Eq. (2-14)

nd (2.5 X 1019)?
== =" """ 7 = 1.42 X 10 hol 3
P =N, T a4l X 10m oles/cm

Since n>> p, we can neglect p in calculating the conductivity. From Eq. (2-17)
g = nqu. = 4.41 X 104 X 1.60 X 1071® X 3,800 = 0.268 (Q-cm)~!

The resistivity = 1/0 = 1/0.268 = 3.72 Q-cm. :

Note: The addition of 1 donor atom in 10® germanium atoms has multiplied
the conductivity by a factor of 44.6/3.72 = 11.7.

d. If each atom contributed one free electron to the “metal,” then

n
and

4.41 X 10?22 electrons/cm?

= ngpa = 4.41 X 1022 X 1.60 X 10~ X 3,800
= 2.58 X 107 (R-cm)™!

Q
I

Hence the conductivity of the “metal” is higher than that of the n-type semi-
conductor by a factor of
2.58 X 107 _
0.268

108
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C 26 THE HALL EFFECT

" If a specimen (metal or semiconductor) carrying a current | is placed in a

transverse magnetic field B, an electric field & is induced in the direction per-
pendicular to both | and B. This phenomenon, known as the Hall effect, is
used to determine whether a semiconductor is n- or p-type and to find the
carrier concentration. Also, by simultaneously measuring the conductivity o,
the mobility x can be calculated.

The physical origin of the Hall effect is not difficult to find. If in Fig.
2-10 1 is in the positive X direction and B is in the positive Z direction, a force

~ will be exerted in the negative Y direction on the current carriers. The

current | may be due to holes moving from left to right or to free electrons

~ traveling from right to left in the semiconductor specimen. Hence, inde-

pendently of whether the carriers are holes or electrons, they will be forced
downward toward side 1 in Fig. 2-10. If the semiconductor is n-type material,
g0 that the current is carried by electrons, these electrons will accumulate on
side 1, and this surface becomes negatively charged with respect to side 2.
Hence a potential, called the Hall voltage, appears between surfaces 1 and 2.
If the polarity of Vi is positive at terminal 2, then, as explained above, the
carriers must be electrons. If, on the other hand, terminal 1 becomes charged
positively with respect to terminal 2, the semiconductor must be p-type.

_ These results have been verified experimentally, thus justifying the bipolar

(two-carrier) nature of the current in a semiconductor.

If I is the current in a p-type semiconductor, the carriers might be con-
sidered to be the bound electrons jumping from right to left. Then side 1
would become negatively charged. However, experimentally, side 1 is found
to become positive with respect to side 2 for a p-type specimen. This experi-
ment confirms the quantum-mechanical fact noted in Sec. 2-2 that the hole
acts like a classical free positive-charge carrier.

Experimental Determination of Mobility In the equilibrium state the
electric field intensity & due to the Hall effect must exert a force on the carrier
which just balances the magnetic force, or

¢¢ = Bgv (2-21)

where ¢ is the magnitude of the charge on the carrier, and v is the drift speed.
From Eq. (1-3), 8 = Vy/d, where d is the distance between surfaces 1 and 2.

Y 2
' .. i d
Fig. 2-10 Pertaining to the Hall effect. ! e P
The carriers (whether electrons or holes) i P
are subjected to a magnetic force in the /3 ( 1 X
negative Y direction. z Semiconductor bar
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Frox{Eq. (2-6), J = pv = I/wd, where J is the current density, p is the charge
density, and w is the width of the specimen in the direction of the magnetic
field. Combining these relationships, we find

Vu = &d = Bvd = BJd _ BI (2-22)

p pw
If Vg, B, I, and w are measured, the charge density p can be determined from
Eq. (2-22).
It is customary to introduce the Hall coefficient Ry defined by

Ru = % (2-23)
14
Hence Ry = BLIw (2-24)

If conduction is due primarily to charges of one sign, the conductivity o
is related to the mobility u by Eq. (2-8), or

o = pu (2-25)

If the conductivity is measured together with the Hall coefficient, the mobility
can be determined from

p = oRy (2-26)

We have assumed in the foregoing discussion that all particles travel with
the mean drift speed v. Actually, the current carriers have a random thermal
distribution in speed. If this distribution is taken into account, it is found
that Eq. (2-24) remains valid provided that Ry is defined by 3w/8p. Also,
Eq. (2-26) must be modified to p = (8¢/37)Rx.

Applications Since Vy is proportional to B (for a given current I), then
the Hall effect has been incorporated into a magnetic field meter. Another
instrument, called a Hall-effect multiplier, is available to give an output
proportional to the product of two signals. If I is made proportional to one
of the inputs and if B is linearly related to the second signal, then, from Eq.
(2-22), Vy is proportional to the product of the two inputs.

27 CONDUCTIVITY MODULATION

Since the conductivity ¢ of a semiconductor is proportional to the concentration
of free carriers [Eq. (2-17)], ¢ may be increased by increasing n or p. The two
most important methods for varying n and p are to change the temperature
or to illuminate the semiconductor and thereby generate new hole-electron
pairs.
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Thermistors The cSnductivity of germanium (silicon) is found from Eq.
(2-18) to increase approximately 6 (8) percent per degree increase in tempera-
ture. Such a large change in conduectivity with temperature places a limitation
upon the use of semiconductor devices in some circuits. On the other hand, .
for some applications it is exactly this property of semiconductors that is used
to advantage. A semiconductor used in this manner is called a thermistor.
Such a device finds extensive application in thermometry, in the measurement
of microwave-frequency power, as a thermal relay, and in control devices
actuated by changes in temperature. Silicon and germanium are not used as
thermistors because their properties are too sensitive to impurities. Com-
mercial thermistors consist of sintered mixtures of such oxides as NiO, Mn,0;,
and 00203.

The exponential decrease in resistivity (reciprocal of conductivity) of a

. semiconductor should be contrasted with the small and almost linear increase
in resistivity of a metal. An increase in the temperature of a metal results in
greater thermal motion of the ions, and hence decreases slightly the mean free
path of the free electrons. The result is a decrease in the mobility, and hence in
conductivity. I'or most metals the resistance increases about 0.4 percent/°C
increase in temperature. It should be noted that a thermistor has a negative
coeflicient of resistance, whereas that of a metal is positive and of much smaller
magnitude. By including a thermistor in a circuit it is possible to compen-
sate for temperature changes over a range as wide as 100°C.

A heavily doped semiconductor can exhibit a positive temperature coeffi-
cient of resistance, for under these circumstances the material acquires metallic
properties and the resistance increases because of the decrease in carrier
mobility with temperature. Such a device, called a senststor (manufactured by
Texas Instruments), has a temperature coefficient of resistance of —+0.7
percent/°C (over the range from —60 to +150°C).

Photoconductors If radiation falls upon a semiconductor, its conductivity
increases. This photoconductive effect is explained as follows: Radiant energy
supplied to the semiconductor ionizes covalent bonds; that is, these bonds are
broken, and hole-electron pairs in excess of those generated thermally are
created. These increased current carriers decrease the resistance of the
material, and hence such a device is called a photoresistor, or photoconductor.
Ior a light-intensity change of 100 fc,f the resistance of a commercial photo-
conductor may change by several kilohms.

In Fig. 2-11 we show the energy diagram of a semiconductor having both
acceptor and donor impurities. If photons of sufficient energies illuminate
this specimen, photogeneration takes place and the following transitions are
possible: An electron-hole pair can be created by a high-energy photon, in
what is called intrinsic excitation; a photon may excite a donor electron into the
conduction band; or a valence electron may go into an acceptor state. The

t fc is the standard abbreviation for foot-candle.
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Ep

Donor level Fig. 2-11 Photoexcitation in

semiconductors. (1) is intrinsic
whereas (2) and (3) are extrinsic
excitations.

E, Acceptor level

last two transitions are known as impurity excitaiions. Since the density of
states in the conduction and valence bands greatly exceeds the density of
impurity states, photoconductivity is due principally to intrinsic excitation.

Spectral Response The minimum energy of a photon required for
intrinsic excitation is the forbidden-gap energy E¢ (electron volts) of the semi-
conductor material. The wavelength A, of a photon whose energy corresponds
to Eg is given by Eq. (1-14), with E; — E; = Eg.  If A is expressed in micronst
and Eg in electron volts,

124

M= g (2-27)

If the wavelength ) of the radiation exceeds ., then the energy of the photon is
less than E¢ and such a photon cannot cause a valence electron to enter the
conduction band. Hence ), is called the critical, or cutoff, wavelength, or long-
wavelength threshold, of the material. For Si, Eq¢ = 1.1 eV and A\, = 1.13 um,
whereas for Ge, E¢ = 0.72 eV and \, = 1.73 ym at room temperature (Table
2-1).

The spectral-sensitivity curves for Si and Ge are plotted In Fig. 2-12,
indicating that a photoconductor is a frequency-selective device. This means

t 1 micron = 1 micrometer = 1 um = 10-¢ m.

-, -
* « N
-

o
“, - \
3 \
a \
s \c
" € .
o Si ‘\ Fig. 2-12 Relative spectral re-
4 .
> \ sponse of Si and Ge. (Courtes
5 \ Y
2 '\\ of Texas Instruments, Inc.)
© N\,
i e N 1 1 T
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Wavelength, um
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that a given intensity of light of one wavelength will not generate the same
number of free carriers as an equal intensity of light of another wavelength.
In other words, the photoelectric yield, or speciral response, depends upon the
frequency of the incident radiation. Note that the long-wavelength limit is
slightly greater than the values of A\, calculated above, because of the impurity
excitations. As the wavelength is decreased (A < A, or f > f.), the response
increases and reaches a maximum. The range of wavelengths of visible light
(0.38 to 0.76 um) is indicated by the shaded region in Fig. 2-12.

Commercial Photoconductive Cells There are three important types of
applications of such a device: It is used (1) to measure a fixed amount of illumi-
nation (as with light meter), (2) to record a modulating light intensity (as on a
sound track), and (3) as an oN—oFF light relay (asin a digital or control circuit).

The photoconducting device with the widest application is the cadmium
sulfide cell. The sensitive area of this device consists of a layer of chemically
deposited CdS, which may -contain a small amount of silver, antimony, or
indium impurities. In absolute darkness the resistance may be as high as 2 M,
and when stimulated with strong light, the resistance may be less than 10 Q.

The primary advantages of CdS photoconductors are their high dissipation
capability, their excellent sensitivity in the visible spectrum, and their low
resistance when stimulated by light. These photoconductors are designed to
dissipate safely 300 mW, and can be made to handle safely power levels of
several watts. Hence a CdS photoconductor can operate a relay directly, with-
out intermediate amplifier circuits.

Other types of photoconductive devices are available for specific applica-
tions. A lead sulfide, PbS, cell has a peak on the sensitivity curve at 2.9 um,
and hence is used for infrared-detection or infrared-absorption measurements.
A selenium cell is sensitive throughout the visible end, and particularly toward
the blue end of the spectrum.

2-8 GENERATION AND RECOMBINATION OF CHARGES

In Sec. 2-2 we see that in a pure semiconductor the number of holes is equal
to the number of free electrons. Thermal agitation, however, continues to
generate g new hole-electron pairs per unit volume per second, while other
hole-electron pairs disappear as a result of recombination; in other words,
free electrons fall into empty covalent bonds, resulting in the loss of a pair of
mobile carriers. On an average, a hole (an electron) will exist for ,(r,) s
before recombination. This time is called the mean lifetime of the hole and
electron, respectively. These parameters are very important in semiconductor
devices because they indicate the time required for electron and hole concen-
trations which have been caused to change to return to their equilibrium
concentrations. _
Consider a bar of n-type silicon containing the thermal-equilibrium con-
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, b
Fig. 2-13 The hole
(minority) concentration

P=p,+p € > inann-type semiconductor

bar as a function of time,

P, due to generation and

recombination.

t 0 t
Light Light
turned on turned off

centration p, and n,. Assume that at ¢ = t' the specimen is illuminated
(Fig. 2-13) and that additional hole-electron pairs are generated uniformly
throughout the crystal. An equilibrium situation is reached, and the new
concentrations are p and 7 under the influence of the radiation. The photo-
injected, or excess, concentration is § — p, for holes and # — n, for electrons.
Since the radiation causes hole-electron pairs to be created, then clearly,

P —pe=1— (2-28)

Although the increase in hole concentration p equals that for the electron
density n, the percentage increase for electrons in an n-type semiconductor
(where electrons are plentiful) is very small. On the other hand, the percent-
age increase in holes may be tremendous, because holes are scarce in an n-type
crystal. In summary, the radiation affects the majority concentration hardly
at'all, and therefore we shall limit the discussion to the behavior of the minority
carriers.

After a steady state is reached, at ¢ = 0 in Fig. 2-13, the radiation is
removed. We shall now demonstrate that the excess carrier density returns
to zero exponentially with time. To do so we must derive the differential
equation which governs the hole concentration as a function of time for ¢t > 0
(when there is no external excitation).

From the definition of mean lifetime 7, and assuming that r, is tndependent
of the magnitude of the hole concentration,

P _ decrease in hole concentration per second
"> due to recombination (2-29)

From the definition of the generation rate,

g = increase in hole concentration per second
due to thermal generation (2-30)

Since charge can neither be ereated nor destroyed, there must be an increase
in hole concentration per second of amount dp/dt. This rate must, at every
instant of time, equal the algebraic sum of the rates given in Eqgs. (2-29) and
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(2-31)

Under steady-state conditions, dp/dt = 0, and with no radiation falling on the
sample, the hole concentration p reaches its thermal-equilibrium value p,.
Hence ¢ = p,/7,, and the above equation becomes

L (2-32)

dt Tp

The excess, or injected, carrier density p’ is defined as the increase in minority
concentration above the equilibrium value. Since p’ is a function of time, then

pP=p—p=pQt (2-33)

It follows from Eq. (2-32) that the differential equation controlling p’ is
ap’ _ 7P
@
The rate of change of excess concentration is proportional to this concen-
tration—an intuitively correct result. The minus sign indicates that the
change is a decrease in the case of recombination and an increase when the
concentration is recovering from a temporary depletion.
Since the radiation results in an initial (at £ < 0) excess concentration
p’(0) = p — p, and then this excitation is removed, the solution of Eq. (2-34)
fort > 0is

p'(t) = p'(0)e> = (p — p)et™> =p —p, (2-35)

The excess concentration decreases exponentially to zero (p’ = 0 or p = p,)
with a time constant equal to the mean lifetime 7., as indicated in Fig. 2-13.
The pulsed-light method indicated in this figure is used to measure 7.

(2-34)

Recombination Centers Recombination is the process where an electron
moves from the conduction band into the valence band so that a mobile
electron-hole pair disappear. Classical mechanics requires that momentum
be conserved in an encounter of two particles. Since the momentum is zero
after recombination, this conservation law requires that the “colliding’ elec-
tron and hole must have equal magnitudes of momentum and they must be
traveling in opposite directions. This requirement is very stringent, and
hence the probability of recombination by such a direct encounter is very
small.

The most important mechanism in silicon or germanium through which
holes and electrons recombine is that involving iraps, or recombination centers,®
which contribute electronic states in the energy gap of the semiconductor.
Such a location acts effectively as a third body which can satisfy the conserva-
tion-of-momentum requirement. These new states are associated with imper-
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fections in the erystal. Specifically, metallic impurities in the semiconductor \
are capable of introducing energy states in the forbidden gap. Recombination
is affected not only by volume impurities but also by surface imperfections
in the crystal.

Gold is extensively used as a recombination agent by semiconductor-
device manufacturers. Thus the device designer can obtain desired carrier
lifetimes by introducing gold into silicon under controlled conditions.® Carrier
lifetimes range from nanoseconds (1 ns = 10~°s) to hundreds of microseconds

(us).

29 DIFFUSION

In addition to a conduction current, the transport of charges in a semiconductor
may be accounted for by a mechanism called diffusion, not ordinarily encoun-
tered in metals. The essential features of diffusion are now discussed.

It is possible to have a nonuniform concentration of particles in a semi-
conductor. As indicated in Fig. 2-14, the concentration p of holes varies with
distance z in the semiconductor, and there exists a concentration gradient,
dp/dz, in the density of carriers. The existence of a gradient implies that
if an imaginary surface (shown dashed) is drawn in the semiconductor, the
density of holes immediately on one side of the surface is larger than the
density on the other side. The holes are in a random motion as a result of
their thermal energy. Accordingly, holes will continue to move back and
forth across this surface. We may then expect that, in a given time interval,
more holes will cross the surface from the side of greater concentration to the
side of smaller concentration than in the reverse direction. This net transport
of holes across the surface constitutes a current in the positive X direction.
It should be noted that this net transport of charge is not the result of mutual
repulsion among charges of like sign, but is simply the result of a statistical
phenomenon. This diffusion is exactly analogous to that which occurs in a
neutral gas if a concentration gradient exists in the gaseous container. The
diffusion hole-current density J, (amperes per square meter) is proportional

P(0) @)

Jp
Fig. 2-14 A nonuniform concentration p(z) results in a
diffusion current J,.
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to the concentration gradient, and is given by

d N
Jp= —aD, 3 (2-36)

where D, (square meters per second) is called the diffusion constant for holes.
Since p in Fig. 2-14 decreases with increasing x, then dp/dzx is negative and
the minus sign in Eq. (2-36) is needed, so that J, will be positive in the positive
X direction. A similar equation exists for diffusion electron-current density
[p is replaced by n, and the minus sign is replaced by a plus sign in Eq. (2-36)].

Einstein Relationship Since both diffusion and mobility are statistical
thermodynamic phenomena, D and u are not independent. The relationship
between them is given by the Einstein equation (Eq. 19-59)

Dy _ D _ . (2-37)

P n
where Vr is the “volt-equivalent of temperature,” defined by
kT T
Vepe= — = ——— 2-38
T ¢ " 11,600 (2-38)

where k is the Boltz_mann constant in joules per degree Kelvin. Note the
distinetion between k£ and k; the latter is the Boltzmann constant in electron
volts per degree Kelvin. (Numerical values of k£ and k are given in Appen-
dix A. From Sec. 1-3 it follows that £ = 1.60 X 10-'%k.) At room tempera-
ture (300°K), Vr = 0.026 V, and p = 39D. Measured values of ¢ and com-
puted values of D for silicon and germanium are given in Table 2-1.

Total Current It is possible for both a potential gradient and a concentra-
tion gradient to exist simultaneously within a semiconductor. In such a
situation the total hole current is the sum of the drift current [Eq. (2-7), with
n replaced by p] and the diffusion current {Eq. (2-36)], or

; .
Jp = qusp& — qDy 3 (2-39)

Similarly, the net electron current is

dn
In = quan8& + qD» iz (2-40)

2-10 THE CONTINUITY EQUATION

In Sec. 2-8 it was seen that if we disturb the equilibrium concentrations of
carriers in a semiconductor material, the concentration of holes or electrons
(which is constant throughout the erystal) will vary with time. In the general
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P holes/m?

Fig. 2-15 Relating to the conservation of

I,—

I,+dI, charge.

X+ dx

case, however, the carrier concentration in the body of a semiconductor is a
function of both time and distance. We now derive the differential equation
which governs this functional relationship. This equation is based on the
fact that charge can be neither created nor destroyed, and hence is an extension
of Eq. (2-31).

Consider the infinitesimal element of volume of area A and length dx
(Fig. 2-15) within which the average hole concentration is p. Assume that
the problem is one-dimensional and that the hole current I, is a function of .
If, as indicated in Fig. 2-15, the current entering the volume at x is I, at time
t and leaving at  + dx is I, + dI, at the same time ¢, there must be dI,
more coulombs per second leaving the volume than entering it (for a positive
value of dI,). Hence the decrease in number of coulombs per second within
the volume is dI,. Since the magnitude of the carrier charge is ¢, then dI,/q
equals the decrease in the number of holes per second within the elemental
volume A dz. Remembering that the current density J, = I,/4, we have

L dly - LdJ, = decrease in hole concentration (holes per unit

volume) per second, due to current I, (2-41)

From Eq. (2-30) we know that there is an increase per second of ¢ = p,/r, holes
per unit volume due to thermal generation, and from Eq. (2-29) a decrease
per second of p/r, holes per unit volume because of recombination. Since
charge can neither be created nor destroyed, the ¢ncrease in holes per unit
volume per second, dp/dt, must equal the algebraic sum of all the increases
listed above, or

o _p.—p_13J, (2-42)

(Since both p and J, are functions of both ¢ and x, then partial derivatives
are used in this equation.)

The continuity equation is applied to a specific physical problem in the
following section and is discussed further in Sec. 19-9. Equation (2-42) is
called the law of conservation of charge, or the continuity equation for charge.
This law applies equally well for electrons, and the corresponding equation is
obtained by replacing p by n in Eq. (2-42).
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2-1 INJECTED MINORITY-CARRIER CHARGE

Consider the physical situation pictured? in Fig. 2-16a. A long semiconductor
bar is doped uniformly with donor atoms so that the concentration n = Np
is independent of position. Radiation falls upon the end of the bar at z = 0.
Some of the photons are captured by the bound electrons in the covalent bonds
near the illuminated surface. As a result of this energy transfer, these bonds
are broken and hole-electron pairs are generated. Let us investigate how the
steady-state minority-carrier concentration p varies with the distance z into
the specimen.

We shall make the reasonable assumption that the injected minority con-
centration is very small compared with the doping level; that is, p’ < n.
The statement that the minority concentration is much smaller than the
majority concentration is called the low-level injection condition. Since the
drift current is proportional to the concentration {Eq. (2-16)] and since
p = p’ 4+ p, < n, we shall neglect the hole drift current (but not the electron
drift current) and shall assume that I, is due entirely to diffusion. This
assumption is justified at the end of this section. The controlling differential
equation for p is

dp _p =P (2-43)

dx? Dyr,

This equation is obtained by substituting Eq. (2-36) for the diffusion current
into the equation of continuity [Eq. (2-42)] and setting dp/dt = 0 for steady-
state operation. Defining the diffusion length for holes L, by

Ly = (Dyrp)} (2-44)
n= N,
Fig. 2-16 (a) Light falls upon -
. —'Z7~
the end of a long semiconductor Radiation 11;! n type A
bar. This excitation causes = -
hole-electron pairs to be in- —

x=0 Distance, x —>
.

jected at z = 0. (b) The hole (@)
(minority) concentration p(z) in

the bar as a function of dis- plx) = p_ +p'(0)e=*/kp

tance z from the end of the

Injected or
excess hole
concentration

specimen. The injected concen- (|
tration is p’(z) = p(z) — p..
The radiation injects p’(0)
carriers/m? into the bar at B
z = 0. [Not drawn to scale 0 kex>] Distance }
since p’(0) > p,.] b)
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the differential equation for the injected hole concentration p’ = p — p,
becomes

’

ep _p

e~ (2-45)
The solution of this equation is
p'(x) = Kie#/ls + K2€+z/'1,, (2-46)

where K, and K, are constants of integration. Consider a very long piece of
semiconductor extending from z = 0 in the positive X direction. Since the
concentration cannot become infinite as * — o, then K, must be zero. We
shall assume that at x = 0 the injected concentration is p’(0). To satisfy
this boundary condition, K; = p’(0). Hence

p'(x) = p'(0)e't> = p(z) — po (2-47)

The hole concentration decreases exponentially with distance, as indicated
in Fig. 2-16b. We see that the diffusion length L, represents the distance
into the semiconductor at which the injected concentration falls to 1/¢ of
its value at z = 0. In Seec. 19-9 it is demonstrated that L, also represents
the average distance that an injected hole travels before recombining with an
electron. ,

Diffusion Currents The minority (hole) diffusion current is I, = AJ,,
where A is the cross section of the bar. From Egs. (2-36) and (2-47)

7
I(z) = _A_q_l_)li;:ﬂ /Ly = ‘%& [p(0) — poJe/Es (2-48)
P

This current falls exponentially with distance in the same manner that the
minority-carrier concentration decreases. This result is used to find the
current in a semiconductor diode (Sec. 3-3).

The majority (electron) diffusion current is A¢D, dn/dz. Assuming that
electrical neutrality is preserved under low-level injection, then »’ = p’, or

n— "N, =P — Po (2-49)

Since the thermal-equilibrium concentrations n, and p, are independent of the
position z, then

dn _ dp
= dr (2-50)
Hence the electron diffusion current is
dn dp _ D,
AqD, Frie AqD, &~ "D, I, (2-51)

where I, = —AgD, dp/dx = the hole diffusion current. The dependence of
the diffusion current upon z is given in Eq. (2-48). The magnitude of the
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ratio of majority to minority diffusion current is D,/D, ~ 2 for germanium
and ~ 3 for silicon (Table 2-1).

Drift Currents Since Fig. 2-16a represents an open-circuited bar, the
resultant current (the sum of hole and electron currents) must be zero every-
where. Hence a majority (electron) drift current 7,4 must exist such- that

I+ (1= ) -0 (2-52)
P
or
D,
Ind = (D—p - 1) I‘, (2‘53)

From Eq. (2-48) we see that the ekctron drift current also decreases expo-
nentially with distance.

It is important to point out that an eleciric field & must exist in the bar
in order for a drift current to exist. This field is created internally by the
injected carriers. From Eqgs. (2-7) and (2-53)

1 D,

The results obtained in this section are based on the assumption that the
hole drift current I, is zero. Using Eq. (2-7), with n replaced by p, the
next approximation for this current is

- Pk (Dn -
I = Agpuss = 222 (32 = 1)1, (2-55)
Since p < n, then I, << I,. The hole drift current is negligible compared
with the hole diffusion current, thus justifying the assumption that the injected
minority-carrier current, under low-level injection, is essentially a diffusion
current.

2-12 THE POTENTIAL VARIATION WITHIN
A GRADED SEMICONDUCTOR

Consider a semiconductor (Fig. 2-17a) where the hole concentration p is
a function of z; that is, the doping is nonuniform, or graded.” Assume a
steady-state situation and zero excitation; that is, no carriers are injected
into the specimen from any external source. With no excitation there can be
no steady movement of charge in the bar, although the carriers possess random
motion due to thermal agitation. Hence the total hole current must be zero.
(Also, the total electron current must be zero.) Since p is not constant, we
expect a nonzero hole diffusion current. In order for the total hole current to
vanish there must exist a hole drift current which is equal and opposite to the
diffusion current. However, a conduction current requires an electric field,
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Fig. 2-17 (a) A graded

semiconductor: p(z) is not
Junction constant. (b) One portion
is doped uniformly with
acceptor ions and the other
section is doped uniformly
with donor ions so that a

metallurgical junction is

] ]
1 v, [ %2 formed. A contact poten-
. .
(@ ®) tial V, appears across this
step-graded p-n junction.

and hence we conclude that, as a result of the nonuniform doping, an electric
field is generated within the semiconductor. We shall now find this field
and the corresponding potential variation throughout the bar.

Setting J, = 0in Eq. (2-39) and using the Einstein relationship D, = u, V7
[Eq. (2-37)], we obtain

_Vzdp
8= (2-56)

If the doping concentration p(z) is known, this equation allows the built-in
field &(x) to be calculated. From & = —dV /dx we can calculate the potential
variation. Thus

av = — VT%—’ (2-57)

If this equation is integrated between z;, where the concentration is p; and
the potential is V', (Fig. 2-17a), and z,, where p = pyand V = V), the result is

Va=V,— Vi=Vr 1n% (2-58)
2

Note that the potential difference between two points depends only upon the
concentrations at these two points and is independent of their separation
zs — 1. Equation (2-58) may be put in the form

P = pzéV“/VT (2-59)

This is the Boltzmann relationship of kinetic gas theory.

Mass-action Law Starting with J, = 0 and proceeding as dabove, the
Boltzmann equation for electrons is obtained.

ny = Nge VulVr (2-60)
Multiplying Eqgs. (2-59) and (2-60) gives
mp1 = NP2 (2-61)
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This equation states that the product np is a constant independent of z, and

hence of the amount of doping, under thermal equilibritan.  For an intrinsie
semiconductor, n = p = n;, and hence
np = ng? (2-10)

which is the law of mass action introduced in Sec. 2-3. An alternative proof
is given in Sec. 19-5.

An Open-circuited Step-graded Junction Consider the special case
indicated in Fig. 2-17b. The left half of the bar is p-type with a constant con-
centration N4, whereas the right-half is n-type with a uniform density Np.

‘The dashed plane is a metallurgical (p-n) junction separating the two sec-
- tions with different concentration. This type of doping, where the density

changes abruptly from p- to n-type, is called step grading. The step-graded
junction is located at the plane where the concentration is zero. The above
theory indicates that there is a built-in potential between these two sections
(called the contact difference of potential V,). Equation (2-58) allows us to
calculate V,. Thus

Ve ln B2 (2-62)

no

Vo=Va

because p; = pp = thermal-equilibrium hole concentration in p side and
P2 = Pno = thermal-equilibrium hole concentration in n side. From Eq.
(2-15) pno = N4, and from Eq. (2-14) p., = n:?/Np, so that

Nu4Np

n,-z

Vo= Vrln (2-63)

The same expression for V, is obtained from an analysis corresponding to
that given above and based upon equating the total electron current I, to
zero (Prob. 2-20). The p-n junction, both open-circuited and with an applied

voltage, is studied in detail in Chaps. 3 and 19.

2413 RECAPITULATION

The fundamental principles governing the electrical behavior of semi-condue-
tors, discussed in this chapter, are summarized as follows:

1. Two types of mobile charge carriers (positive holes and negative
electrons) are available. This bipolar nature of a semiconductor is to be
contrasted with the unipolar property of a metal, which possesses only free
electrons.

2. A semiconductor may be fabricated with donor (acceptor) impurities;
s0 it contains mobile charges which are primarily electrons (holes).

3. The intrinsic concentration of carriers is a function of temperature.
At room temperature, essentially all donors or acceptors are ionized.
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4. Current is due to two distinct phenomena:

a. Carriers drift in an electric field (this conduction current is also avail-
able in a metal).

b. Carriers diffuse if a concentration gradient exists (a phenomenon
which does not take place in a metal).

5. Carriers are continuously being generated (due to thermal creation of
-hole-electron pairs) and are simultaneously disappearing (due to recombination).

6. The fundamental law governing the flow of charge is called the con-
tinuity. equation. It is formulated by considering that charge can neither be
created nor destroyed if generation, recombination, drift, and diffusion are
all taken into account.

7. If minority carriers (say, holes) are injected into a region containing
majority carriers (say, an n-type bar), then usually the injected minority
concentration is very small compared with the density of the majority carriers.
For this low-level injection condition the minority current is predominantly
due to diffusion; in other words, the minority drift current may be neglected.

8. The total majority-carrier flow is the sum of a drift and a diffusion
current. The majority conduction current results from a small electric field
internally created within the semiconductor because of the injected carriers.

9. The minority-carrier concentration injected into one end of a semi-
conductor bar decreases exponentially with distance into the specimen (as a
result of diffusion and recombination).

10. Across an open-circuited p-n junction there exists a contact difference
of potential.

These basic concepts are apphed in the next chapter to the study of the
p-n junction diode.
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REVIEW QUESTIONS

2-1  Give the electron-gas description of a metal.

2-2 (a) Define mobtlity. (b) Give its dimensions.

2-3 (a) Define conductivity. (b) Give its dimensions.

2-4 Define a hole (in a semiconductor).

2-5 Indicate pictorially how a hole contributes to conduction.

2-6 (a) Define intrinsic concentration of holes. (b) What is the relationship
between this density and the intrinsic concentration for electrons? (c) What do these
equal at 0°K?

2-7 Show (in two dimensions) the erystal structure of silicon containing a donor
impurity atom.

2-8 Repeat Rev. 2-7 for an acceptor impurity atom.

2-9 Define (a) donor, (b) acceptor impurities.

2-10 A semiconductor is doped with both donors and acceptors of concentrations
Np and N4, respectively. Write the equation or equations from which to determine
the electron and hole concentrations (n and p).

2-11  Define the volt equivalent of temperature.

2-12 Describe the Hall effect.

2-13 What properties of a semiconductor are determined from a Hall effect
experiment?

2-14 Given an intrinsic semiconductor specimen, state two physical processes for
increasing its conductivity. Explain briefly.

2-15 Is the temperature coefficient of resistance of a semiconductor po%ltxve or
negative? Explain briefly. :

2-16 Answer Rev. 2-15 for a metal.

2-17 (a) Sketch the spectral response curve for silicon. (b) Explain its shape
qualitatively.

218 (a) Define long-wavelength, threshold, or critical wavelength for a semi-
conductor. (b) Explain why A, exists.

2-19 Define mean lifetime of a carrier.

2-20 Explain physically the meaning of the following statement: An electron and
a hole recombine and disappear.
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2-21 Radiation falls on a semiconductor specimen which is uniformly illuminated,
and a steady-state is reached. At ¢ = 0 the light is turned off. (@) Sketch the
minority-carrier concentration as a function of time for ¢ > 0. (b) Define all symbols
in the equation describing your sketch.

2-22 (a) Define diffusion constant for holes. (b) Give its dimensions.

2-23 Repeat Rev. 2-22 for electrons.

2-24 (a) Write the equation for the net electron current in a semiconductor.
What is the physical significance of each term? (b) How is this equation modified
for a metal?

2-25 (a) The equation of continuity is a mathematical statement of what physical
law? (b) The left-hand side of this equation for holes is dp/dt. The right-hand side
contains several terms. State in words (no mathematics) what each of these terms
represents physically.

2-26 Light falls upon the end of a long open-circuited semiconductor specimen.
(a) Sketch the steady-state minority-carrier concentration as a function of distance.
(b) Define all the symbols in the equation describing yvour sketch.

2-27 Light falls upon the end of a long open-circuited semiconductor bar. (a)
For low-level injection is the minority current due predominantly to drift, diffusion, or
both? (b) Is the majority current due predominantly to drift, diffusion, or both?

2-28 (a) Define a graded semiconductor. (b) Explain why an electric field must
exist in a graded semiconductor.

2-29 Consider a step-graded junction under open-circuited conditions. Upon
what four parameters does the contact difference of potential depend?

2-30 State the mass-action law as an equation and in words.

2-31 Explain why a contact difference of potential must develop across an open-
circuited p-n junction.



L TIRTRSENES

JUNCTION-DIODE CHARACTERISTICS

In this chapter we demonstrate that if a junction is formed between a
sample of p-type and one of n-type semiconductor, this combination
possesses the properties of a rectifier. The volt-ampere character-
istics of such a two-terminal device (called a junction diode) is studied.
The capacitance across the junction is calculated.

Although the transistor is a triode (three-terminal) semiconductor,
it may be considered as one diode biased by the current from a second
diode. Henee most of the theory developed here is utilized in Chap. 5
in connection with the study of the transistor.

3-i THE OPEN-CIRCUITED p-n JUNCTION

If donor impurities are introduced into one side and acceptors into the
other side of a single erystal of a semiconductor, a p-n junction is
formed, as in Fig. 2-17b. Such a system is illustrated in more sche-
matic detail in Fig. 3-la. The donor ion is represented by a plus
sign because, after this impurity atom ‘“‘donates” an electron, it
becomes a positive ion. The acceptor ion is indicated by a minus
sign because, after this atom ‘‘accepts” an electron, it becomes a
negative ion. Initially, there are nominally only p-type carriers to
the left of the junction and only n-type carriers to the right.

Space-charge Region Because there is a density gradient across
the junction, holes will initially diffuse to the right across the junction,
and electrons to the left. We see that the positive holes which neu-
tralized the acceptor ions near the junction in the p-type silicon have
disappeared as a result of combination with electrons which have
diffused across the junction. Sjmilarly, the neutralizing electrons in

49
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Fig. 3-1 A schematic diagram of a p-n junction, including the
charge density, electric field intensity, and potential-energy bar-
riers at the junction. Since potential energy = potential X
charge, the curve in (d) is proportional to the potential energy for
a hole (a positive charge) and the curve in (e) is proportionalto ¢
the negative of that in (d) (an electron is a negative charge).

(Not drawn to scale.)
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the n-type silicon have combined with holes which have crossed the junction
from the p material. The unneutralized ions in the neighborhood of the
junction are referred to as uncovered charges. The general shape of the charge
density p (Fig. 3-1b) depends upon how the diode is doped (a step-graded -
junction is considered in detail in Sec. 3-7). Since the region of the junction
is depleted of mobile charges, it is called the depletion region, the space-charge
region, or the transition region. The thickness of this region is of the order
of the wavelength of visible light (0.5 micron = 0.5 pm). Within this very
narrow space-charge layer there are no mobile carriers. To the left of this
region the carrier concentration is p = N4, and to its right it is n = Np.

Electric Field Intensity The space-charge density pis zero at the junction.
It is positive to the right and negative to the left of the junction. This dis-
tribution constitutes an electrical dipole layer, giving rise to electric lines of
flux from right to left, corresponding to negative field intensity & as depicted
in Fig. 3-1¢. Equilibrium is established when the field is strong enough to
restrain the process of diffusion. Stated alternatively, under steady-state
conditions the drift hole (electron) current must be equal and opposite to the
diffusion hole (electron) current so that the net hole (electron) current is
reduced to zero—as it must be for an open-circuited device. In other words,
there is no steady-state movement of charge across the junction.

The field intensity curve is proportional to the integral of the charge
density curve. This statement follows from Poisson’s equation

axv
e (3-1)
where ¢ is the permittivity. If ¢ is the (relative) dielectric constant and e,
is the permittivity of free space (Appendix A), then ¢ = ¢¢. Integrating
Eq. (3-1) and remembering that § = —dV /dx gives

g = /"de (3-2)

where § = 0at x = z,. Therefore the curve plotted in Fig. 3-1c is the integral
of the function drawn in Fig. 3-1b (divided by ).

Potential The electrostatic-potential variation in the depletion region is
shown in Fig. 3-1d, and is the negative integral of the function & of Fig. 3-1c.
This variation constitutes a potential-energy barrier (Sec. 1-2) against the
further diffusion of holes across the barrier. The form of the potential-energy
barrier against the flow of electrons from the n side across the junction is
shown in Fig. 3-le. It is similar to that shown in Fig. 3-1d, except that it is
inverted, since the charge on an electron is negative. Note the existence,
across. the depletion layer, of the contact potential V,, discussed in Sec. 2-12.
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Summary Under open-circuited conditions the net hole current must be
zero. If this statement were not true, the hole density at one end of the semi-
conductor would continue to increase indefinitely with time, a situation which
is obviously physically impossible. Since the concentration of holes in the
p side is much greater than that in the n side, a very large hole diffusion current
tends to flow across the junction from the p to the n material. Hence an
electric field must build up across the junction in such a direction that a hole
drift current will tend to flow across the junction from the n to the p side in
order to counterbalance the diffusion current. This equilibrium condition of
zero resultant hole current allows us to calculate the height of the potential
barrier V, [Eq. (2-63)] in terms of the donor and acceptor concentrations.
The numerical value for V, is of the order of magnitude of a few tenths of a
volt.

3-2 THE p-n JUNCTION AS A RECTIFIER!

The essential electrical characteristic of a p-n junction is that it constitutes a
rectifier which permits the easy flow of charge in one direction but restrains the
flow in the opposite direction. We consider now, qualitatively, how this diode
rectifier action comes about.

Reverse Bias In Fig. 3-2, a battery is shown connected across the
terminals of a p-n junction. The negative terminal of the battery is con-
nected to the p side of the junction, and the positive terminal to the n side.
The polarity of connection is such as to cause both the holes in the p type and
the electrons in the n type to move away from the junction. Consequently,
the region of negative-charge density is spread to the left of the junction (Fig.
3-1b), and the positive-charge-density region is spread to the right. However,
this process cannot continue indefinitely, because in order to have a steady
flow of holes to the left, these holes must be supplied across the junction from
the n-type silicon. And there are very few holes in the n-type side. Hence,
nominally, zero current results. Actually, a small current does flow because
a small number of hole-electron pairs are generated throughout the erystal
as a result of thermal energy. The holes so formed in the n-type silicon will
wander over to the junction. A similar remark applies to the electrons

Metal ohmic contacts

Fig. 3-2 (a) A p-n junction biased in the
reverse direction. (b) The rectifier symbol
is used for the p-n diode.
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Metal contacts

1
Fig. 3-3 (a) A p-n junction biased in the
forward direction. (b) The rectifier symbol +y -
is used for the p-n diode. v
®)

thermally generated in the p-type silicon. This small current is the diode
reverse saturation current, and its magnitude is designated by I,. This reverse
current will increase with increasing temperature [Eq. (3-11)], and hence the
back resistance of a crystal diode decreases with increasing temperature. From
the argument presented here, I, should be independent of the magnitude of the
reverse bias.

The mechanism of conduction in the reverse direction may be described
alternatively in the following way: When no voltage is applied to the p-n
diode, the potential barrier across the junction is as shown in Fig. 3-1d. When
a voltage V is applied to the diode in the direction shown in Fig. 3-2, the
height of the potential-energy barrier is increased by the amount ¢V. This
increase in the barrier height serves to reduce the flow of majority carriers
(i.e., holes in p type and electrons in n type). However, the minority carriers
(i.e., electrons in p type and holes in n type), since they fall down the potential-
energy hill, are uninfluenced by the increased height of the barrier. The
applied voltage in the direction indicated in Fig. 3-2 is called the reverse, or
blocking, bias.

Forward Bias An external voltage applied with the polarity shown in
Fig. 3-3 (opposite to that indicated in Fig. 3-2) is called a forward bias. An
ideal p-n diode has zero ohmic voltage drop across the body of the crystal.
For such a diode the height of the potential barrier at the junction will be
Jlowered by the applied forward voltage V. The equilibrium initially estab-
lished between the forces tending to produce diffusion of majority carriers
and the restraining influence of the potential-energy barrier at the junction
will be disturbed. Hence, for a forward bias, the holes cross the junction
from the p-type into the n-type region, where they constitute an injected
minority current. Similarly, the electrons cross the junction in the reverse
direction and become a minority current injected into the p side. Holes
traveling from left to right constitute a current in the same direction as elec-
trons moving from right to left. Hence the resultant current crossing the
junction is the sum of the hole and electron minority currents. A detailed
discussion of the several current components within the diode is given in the
next section.

Ohmic Contacts In Fig. 3-2 (3-3) we show an external reverse (forward)
birs applied to a p-n diode. We have assumed that the external bias voltage
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appears directly across the junction and has the effect of raising (lowering)
the electrostatic potential across the junction. To justify this assumption
we must specify how electric contact is made to the semiconductor from
the external bias circuit. In Figs. 3-2 and 3-3 we indicate metal contacts
with which the homogeneous p-type and n-type materials are provided. We
thus see that we have introduced two metal-semiconductor junctions, one at
each end of the diode. We naturally expect a contact potential to develop
across these additional junctions. However, we shall assume that the metal-
semiconductor contacts shown in Figs. 3-2 and 3-3 have been manufactured
in such a way that they are nonrectifying. In other words, the contact
potential across these junctions is constant, independent of the direction
and magnitude of the current. A contact of this type is referred to as an
ohmic contact.

We are now in a position to justify our assumption that the entire applied
voltage appears as a change in the height of the potential barrier. Inasmuch
as the voltage across the metal-semiconductor ohmic contacts remains con-
stant and the voltage drop across the bulk of the erystal is neglected, approxi-
mately the entire applied voltage will indeed appear as a change in the height
of the potential barrier at the p-n junction.

The Short-circuited and Open-circuited p-n Junction If the voltage V
in Fig. 3-2 or 3-3 were set equal to zero, the p-n junction would be short-
circuited. Under these conditions, as we show below, no current can flow
(I = 0) and the electrostatic potential ¥V, remains unchanged and equal to
the value under open-circuit conditions. If there were a current (I # 0), the
metal would become heated. Since there is no external source of energy avail-
able, the energy required to heat the metal wire would have to be supplied
by the p-n bar. The semiconductor bar, therefore, would have to cool off.
Clearly, under thermal equilibrium the simultaneous heating of the metal and
cooling of the bar is impossible, and we conclude that I = 0. Since under
short-circuit conditions the sum of the.voltages around the closed loop must
be zero, the junction potential V, must be exactly compensated by the
metal-to-semiconductor contact potentials at the ohmic contacts. Sinee the
current is zero, the wire can be cut without changing the situation, and the
voltage drop across the cut must remain zero. If in an attempt to measure V,
we connected a voltmeter across the cut, the voltmeter would read zero voltage.
In other words, it is not possible to measure contact difference of potential
directly with a voltmeter.

Large Forward Voltages Suppose that the forward voltage V in Fig.
3-3 is increased until V approaches V,. If V were equal to V,, the barrier
would disappear and the current could be arbitrarily large, exceeding the
rating of the diode. As a practical matter we can never reduce the barrier
to zero because, as the current increases without limit, the bulk resistance
of the crystal, as well as the resistance of the ohmic contacts, will limit #ae

L 4
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current. Therefore it is no longer possible to assume that all the voltage V
appears as a change across the p-n junction. We conclude that, as the for-
ward voltage V becomes comparable with V,, the current through a real p-n
diode will be governed by the ohmic-contact resistances and the crystal bulk
resistance. Thus the volt-ampere characteristic becomes approximately.a
straight line.

33 THE CURRENT COMPONENTS IN a p-n DIODE

In the preceding section it was indicated that when a forward bias is applied
to a diode, holes are injected into the n side and electrons into the p side.
In Sec. 2-11 it was emphasized that under low-level injection conditions such
minority currents are due almost entirely to diffusion, so that minority drift
currents may be neglected. From Eq. (2-48) the hole diffusion current in the
n-type materialt I,, decreases exponentially with distance z into the n-type
region and falls to 1/eth its peak value in a diffusion length L,. This current
is plotted in Fig. 3-4, as is also the corresponding electron diffusion current
I,, in the p-type side. The doping on the two sides of the junction need not
be identical, and it is assumed in this plot that the acceptor concentration is
much greater than the donor density, so that the hole current greatly exceeds

t Since we must consider both hole and electron currents in each side of the junction,
we add the second subscript n to I, in order to indicate that the hole current in the n-type
region is under consideration. In general, if the letters p and n both appear in a symbol,
the first letter refers to the type of carrier and the second to the type of material.

Fig. 3-4 The hole- and
electron-current diffu-
sion components vs. dis- (@)
tance in a p-n junction
diode. The p side is
much more heavily
doped than the n sec-

tion. The space-charge 1, (0) + 1, (0) 1., (x), hole
diffusion current

Current /Total diode current, I
I,,(0)

region at the junction is
assumed to be negligi-

I,p(x), electron-
bly small. diffusion current X—J
, L 1,0

x=0 Distance

(b)
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the electron current. Also, in Fig. 3-4, the space-charge region has been
assumed to be negligibly small, a restriction to be removed soon.

From Eq. (2-48) (with the subscript n added to I, and to p) the minority
(hole) diffusion current at the junction (x = 0) is given by

In(©) = 2222 [p,(0) — pu.] (3:3)

The Law of the Junction In the preceding section it was pointed out that
a forward bias V lowers the barrier height and allows more carriers to cross the
junction. Hence p,(0) must be a function of V. From the Boltzmann rela-
tionship, Eq. (2-59), it seems reasonable that p,(0) should depend expo-
nentially, upon V. Indeed, in Sec. 19-10, it is found that

Pa(0) = puoe”/7r (3-4)

This relationship, which gives the hole concentration at the edge of the n
region (at = 0, just outside of the transition region) in terms of the thermal-
equilibrium minority-carrier concentration p,, (far away from the junction)
and the applied potential V, is called the law of the junction. A similar equa-
tion with p and n interchanged gives the electron concentration at the edge
of the p region in terms of V.

The Total Diode Current Substituting Eq. (3-4) into Eq. (3-3) yields
In(0) = AgDypro (Vv — 1) (3-5)
L,

The expression for the eleetron current I,,(0) crossing the junction into the p
side is obtained from Eq. (3-5) by interchanging p and n.

Electrons erossing the junction at £ = 0 from right to left constitute a
current in the same direction as holes crossing the junction from left to right.
Hence the total diode current I at x = 0 is

I = 1,.00) + I.,(0) A (3-6)

Since the current is the same throughout a series circuit, I is independent of z
and is indicated as a horizontal line in Fig. 3-4b. The expression for the diode
current is

I = L("Vr — 1) (3-7)

where I, is given in Prob. 3-6 in terms of the physical parameters of the diode.

The Reverse Saturation Current In the foregoing discussion a positive
value of V indicates a forward bias. The derivation of Eq. (3-7) is equally
valid if V is negative, signifying an applied reverse-bias voltage. For a
reverse bias whose magnitude is large compared with V¢ (=26 mV at room
temperature), I — —1,. Hence I, is called the reverse saturation current.
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Fig. 3-5 The minority e o s b Kt gy
'
(solid) and the majority Ipp, hole current ,/"'~I,.,., electron
(dashed) currents vs. dis- /’ current
tance in a p-n diode. It is /I, hole diffusion
assumed that no recombina- / current
tion takes place in the very /I,
narrow depletion region. Inp, electron diffusion /
currenty—!

D regidn«———-{ |—> n region Distance

Since the thermal-equilibrium concentrations p,, and n, depend upon tem-
perature T, then I, is a function of 7. This temperature dependence is
derived in Sec. 19-10.

The Majority-carrier Current Components In the n-type region of Fig.
3-4b the total current I is constant and the minority (hole) current I,, varies
with z. Clearly, there must exist a majority (electron) current I.. which is a
function of x because the diode current I at any position is the sum of the hole
and electron currents at this distance. This majority current

Ln(@) = I — Iu(@) (3-8)

is plotted as the dashed curve in the n region of Fig. 3-5, where the narrow
depletion region is also indicated. The majority hole current I,, is similarly
shown dashed in the p region of this figure. As discussed in Sec. 2-11, these
majority currents are each composed of twe current components; one is a
" drift current and the second is a diffusion current. Recall from See. 2-11
that the diffusion electron current is — (D,/D,)I . in the = side.

Note that deep into the p side the current is a drift (conduction) current
I,, of holes sustained by the small electric field in the semiconductor (Prob.
3-4). As the holes approach the junction, some of them recombine with the
electrons, which are injected into the p side from the n side. The current
I, thus decreases toward the junction (at just the proper gradient to maintain
the total current constant, independent of distance). What remains of I,,
at the junction enters the n side and becomes the hole diffusion current I,n.
Similar remarks can be made with respect to current I,,.

We emphasize that the current in a p-n diode is bipolar in character since
it is made up of both positive and negative carriers of electricity. The total
current is constant throughout the device, but the proportion due to holes and
that due to electrons varies with distance, as indicated in Fig. 3-5.

The Transition Region Since this dépletion layer contains very few mobile
charges, it has been assumed (Fig. 3-5) that carrier generation and recombina-
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tion may be neglected within the bulk and on the surface of this region. Such
an assumption is valid for a germanium diode, but not for a silicon device.
For the latter it is found? that Eq. (3-5) must be modified by multiplying
Vr by a factor n, where n =~ 2 for small (rated) currents and » = 1 for large
currents.

3-4 THE VOLT-AMPERE CHARACTERISTIC

The discussion of the preceding section indicates that, for a p-n junction, the
current I is related to the voltage V by the equation

I = L(evvr — 1) (3-9)

A positive value of I means that current flows from the p to the n side. The
diode is forward-biased if V is pesitive, indicating that the p side of the junc-
tion is positive with respect to the n side. The symbol 5 is unity for ger-
manium and is approximately 2 for silicon at rated current.

The symbol V7 stands for the volt equivalent of temperature, and is given
by Eq. (2-38), repeated here for convenience:

I
= 11,600

At room temperature (T = 300°K), Vo = 0.026 V = 26 mV.
The form of the volt-ampere characteristic described by Eq. (3-9) is
shown in Fig. 3-6a. When the voltage V is positive and several times Vv,

Vr (3-10)

I I,mA
6
5
4
3+
2<
L
J. 5 .
0.1 0.1 ,02
v I, Lo.5 ) vy
- 1.0
1}
i rA
H
(a) Ly (b)

Fig. 3-6 (a) The volt-ampere characteristic of an ideal p-n diode. (b) The volt-
ampere characteristic for a germanium diode redrawn to show the order of
magnitude of currents. Note the expanded scale for reverse currents. The
dashed portion indicates breakdown at V7.
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the unity in the parentheses of Eq. (3-9) may be neglected. Accordingly,
except for a small range in the neighborhood of the origin, the current increases
exponentially with voltage. When the diode is reverse-biased and |Vj is
several times Vg, I = —1I,. The reverse current is therefore constant, inde-
pendent of the applied reverse bias. Consequently, I, is referred to as the
reverse saturation current.

For the sake of clarity, the current I, in Fig. 3-6 has been greatly exag-
gerated in magnitude. Ordinarily, the range of forward currents over which
a diode is operated is many orders of magnitude larger than the reverse satu-
ration current. To display forward and reverse characteristics conveniently,
it is necessary, as in Fig. 3-6b, to use two different currert scales. The volt-
ampere characteristic shown in that figure has a forward-current scale in
milliamperes and a reverse scale in microamperes.

The dashed portion of the curve of Fig. 3-6b indicates that, at a reverse-
biasing voltage Vz, the diode characteristic exhibits an abrupt and marked
departure from Eq. (3-9). At this critical voltage a large reverse current
flows, and the diode is said to be in the breakdown region, discussed in Sec. 3-11.

The Cutin Voltage V, Both silicon and germanium diodes are com-
mercially available. A number of differences between these two types are
relevant in circuit design. The difference in volt-ampere characteristics is
brought out in Fig. 3-7. Here are plotted the forward characteristics at room
temperature of a general-purpose germanium switching diode and a general-
purpose silicon diode, the 1N270 and 1N3605, respectively. The diodes have
comparable current ratings. A noteworthy feature in Fig. 3-7 is that there
exists a cutin, offset, break-point, or threshold, voltage V., below which the cur-
rent is very small (say, less than 1 percent of maximum rated value). Beyond

I,mA
100 /
80 ,
Fig. 3-7 The forward } /
volt-ampere character- 60
istics of a germanium G</ ,Si/
(IN270) and a silicon "
(1N3605) diode at 25°C. /
20 /
0
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V, the current rises very rapidly. From Fig. 3-7 we see that V, is approxi-
mately 0.2 V for germanium and 0.6 V for silicon.

Note that the break in the silicon-diode characteristic is offset about
0.4 V with respect to the break in the germanium-diode characteristic. The
reason for this difference is to be found, in part, in the fact that the reverse
saturation current in a germanium diode is normally larger by a factor of
about 1,000 than the reverse saturation current in a silicon diode of com-
parable ratings. I, is in the range of microamperes for a germanium diode
and nanoamperes for a silicon diode at room temperature.

Since 7 = 2 for small currents ix silicon, the current increases as ¢”/2Vr for
the first several tenths of a volt and increases as ¢V/Vr only at higher voltages.
This initial smaller dependence of the current on voltage accounts for the
further delay in the rise of the silicon characteristic.

Logarithmic Characteristic It is instructive to examine the family of
curves for the silicon diodes shown in Fig. 3-8. A family for a germanium
diode of comparable current rating is quite similar, with the exception that
corresponding currents are attained at lower voltage.

From Eq. (3-9), assuming that V is several times Vy, so that we may
drop the unity, we have log I = log I, + 0.434V /9Vr. We therefore expect
in Fig. 3-8, where log I is plotted against V, that the plots will be straight
lines. We do indeed find that at low currents the plots are linear and corre-
spond to n =~ 2. At large currents an increment of voltage does not yield as
large an increase of current as at low currents. The reason for this behavior
is to be found in the ohmic resistance of the diode. At low currents the
ohmie drop is negligible and the externally impressed voltage simply decreases
the potential barrier at the p-n junction. At high currents the externally
impressed voltage is called upon principally to establish an electric field to

I, mA
1,000 Fig. 3-8 Volt-ampere char-
acteristics at three different
500 ’/’/ temperatures for a silicon
100 7‘4{—/ /] . diode (p]onor épitaxial
50 YA 8y ann passivated types 1N3605,
1o // A 1N3606, 1N3608, and
D / 1N3609). The shaded area
® / y / indicates 25°C limits of con-
1 / / - trolled conductance. Note
0.5 / — that the vertical scale is
o1 / logarithmic and encom-
0.05 / / passes o current range of
' s0°c | fosoc| [Lssec 50,000. (Courtesy of Gen-
0.01 Ll ! - eral Electric Company.)
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overcome the ohmic resistance of the semiconductor material. Therefore, at
high currents, the diode behaves more like a resistor than a diode, and the
current increases linearly rather than exponentially with applied voltage.

Reverse Saturation Current Many commercially available diodes exhibit
an essentially constant value of I, for negative values of V, as indicated in
Fig. 3-6. On the other hand, some diodes show a very pronounced increase
in reverse current with increasing reverse voltage. This variation in I, results
from leakage across the surface of the diode, and also from the additional fact
that new charge carriers may be generated by collision in the transition region
at the junction.

3-5 THE TEMPERATURE DEPENDENCE OF THE V/I CHARACTERISTIC

The volt-ampere relationship (3-9) contains the temperature implicitly in the
two symbols Vz and I,. In Sec. 19-11 it is shown that the theoretical varia-
tion of I, with T is 8 percent/°C for silicon and 11 percent/°C for germanium.
The performance of commercial diodes is only approximately consistent with
these results. The reason for the discrepancy is that, in a physical diode,
there is a component of the reverse saturation current due to leakage over the
surface that is not taken into account in Sec. 19-11. Since this leakage com-
ponent is independent of temperature, we may expect to find a smaller rate
of change of I, with temperature than that predicted above. From experi-
mental data we observe that the reverse saturation current increases approxi-
mately 7 percent/°C for both silicon and germanium. Since (1.07)° = 2.0,
we conclude that the reverse saturation current approximately doubles for every
10°C rise in temperature. 1If I, = I,; at T = T,, then at a temperature 7T,
I, is given by

I(T) = Iy X 2-ToN0 (3-11)

If the temperature is increased at a fixed voltage, the current increases.
However, if we now reduce V, then I may be brought back to its previous
value. In Sec. 19-11 it is found that for either silicon or germanium (at room
temperature)

av

77 ~ —2:5mV/°C (3-12)

in order to maintain a constant value of I. It should also be noted that
|dV /dT| decreases with increasing T.

3-6 DIODE RESISTANCE

The static resistance R of a diode is defined as the ratio V/I of the voltage
to the current. At any point on the volt-ampere characteristic of the diode
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(Fig. 3-7), the resistance R is equal to the reciprocal of the slope of a line
joining the operating point to the origin. The static resistance varies widely
with ¥ and I and is not a useful parameter. The rectification property of a
diode is indicated on the manufacturer’s specification sheet by giving the
maximum forward voltage Vr required to attain a given forward current Ip -
and also the maximum reverse current /¢ at a given reverse voltage Ve. Typi-
cal values for a silicon planar epitaxial diode are Vr = 0.8 V at Ir = 10 mA
(corresponding to Rr = 80 @) and Ir = 0.1 gA at Vg = 50 V (corresponding
to Rr = 500 M).

For small-signal operation the dynamic, or incremental, resistance r is an
important parameter, and is defined as the reciprocal of the slope of the volt-
ampere characteristic, r = dV/dI. The dynamic resistance is not a constant,
but depends upon the operating voltage. For example, for a semiconductor
diode, we find from Eq. (3-9) that the dynamic conduetance g = 1/r is

_dl Ievr T+,
I=9v = "9z = V2 (3-13)
For a reverse bias greater than a few tenths of a volt (so that |V /qVr| > 1),
g is extremely small and r is very large. On the other hand, for a forward
bias greater than a few tenths of a volt, I >> I,, and r is given approximately by

~
re T (3-14)
The dynamic resistance varies inversely with current; at room temperature
and for y = 1, r = 26/I, where I is in milliamperes and r in ohms. For a
forward current of 26 mA, the dynamic resistance is 1 2. The ohmic body
resistance of the semiconductor may be of the same order of magnitude or
even much higher than this value. Although r varies with current, in a small-
signal model, it is reasonable to use the parameter r as a constant.

A Piecewise Linear Diode Characteristic A large-signal approximation
which often leads to a sufficiently accurate engineering solution is the piecewise
linear representation. For example, the piecewise linear approximation for a
semiconductor diode characteristic is indicated in Fig. 3-9. The break point
is not at the origin, and hence V, is also called the offset, or threshold, voltage.
The diode behaves like an open circuit if V < V,, and has a constant incre-
mental resistance r = dV/dI if V > V,. Note that the resistance r (also
designated as R; and called the forward resistance) takes on added physical
significance even for this large-signal model, whereas the static resistance
"Ry = V/I is not constant and is not useful.

The numerical values V, and R; to be used depend upon the type of
diode and the contemplated voltage and current swings. For example, from
Fig. 3-7 we find that, for a current swing from cutoff to 10 mA with a germanium
diode, reasonable values are V, = 0.2 V and R, = 20 ©, and for a silicon
diode, V, = 0.6 Vand R, = 15Q. On the other hand, a better approximation
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Fig. 3-9 The piecewise linear characteriza-
tion of a semiconductor diode.

0 v, %

for current swings up to 50 mA leads to the following values; germanium,
Vy, =03V, R, =6 Q;silicon, V, =0.65 V, B, = 5.5 Q. For an avalanche
diode, discussed in Sec. 3-11, V, = V7 and R; is the dynamic resistance in
the breakdown region.

37 SPACE-CHARGE, OR TRANSITION, CAPACITANCE Cr

As mentioned in Sec. 3-1, a reverse bias causes majority carriers to move away
from the junction, thereby uncovering more immobile charges. Hence the
thickness of the space-charge layer at the junction increases with reverse volt-
age. This increase in uncovered charge with applied voltage may be con-
sidered a capacitive effect. We may define an incremental capacitance Cr by

a9
av
where dQ is the increase in charge caused by a change dV in voltage. It

follows from this definition that a change in voltage dV in a time dt will result
in a current ¢ = dQ/dt, given by

Cr = (3-15)

i = Cp ildlt’ (3-16)

Therefore a knowledge of Cr is important in considering a diode (or a transis-
tor) as a circuit element. The quantity Cr is referred to as the {ransition-
region, space-charge, barrier, or depletion-region, capacitance. We now consider
Cr quantitatively. As it turns out, this capacitance is not a constant, but
depends upon the magnitude of the reverse voltage. It is for this reason that
Cr is defined by Eq. (3-16) rather than as the ratio @/V.

A Step-graded Junction Consider a junction in which there is an abrupt
change from acceptor ions on one side to donor ions on the other side. Such
a junction is formed experimentally, for example, by placing indium, which is
trivalent, against n-type germanium and heating the combination to a high
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(a)

)
Fig. 3-10 (a) A reverse-biased
p-n step-graded junction. (b)
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temperature for a short time. Some of the indium dissolves into the ger-
manium to change the germanium from n to p type at the junction. Such.
a step-graded junction is called an alloy, or fusion, junction. A step-graded
junction is also formed between emitter and base of an integrated transistor
(Fig. 7-11). It is not necessary that the concentration N4 of acceptor ions
equal the concentration Np of donor impurities. As a matter of fact, it is
often advantageous to have an unsymmetrical junction. Figure 3-10 shows
the charge density as a function of distance from an alloy junction in which the
acceptor impurity density is assumed to be much larger than the donor con-
centration. Since the net charge must be zero, then

NuW, = NpW, (3-17)

If Na> Np, then W, KW, = W. The relationship between potential and
charge density is given by Eq. (3-1):
dav _ —qND

pr ¢ (3-18)

The electric lines of flux start on the positive donor ions and terminate on the
negative acceptor ions. Hence there are no flux lines to the right of the
boundary z = W, in Fig. 3-10, and § = —dV/dz =0 at z = W, = W.
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Integrating Eq. (3-18) subject to this boundary condition yields

d_‘_’ _ —4qN»p
dr €

(z — W) = —¢& (3-19)

Neglecting the small potential drop across W, we may arbitrarily choose
V =0atz = 0. Integrating Eq. (3-19) subject to this condition gives

V= :—gi—v—” @ — 2Wz) (3-20)

The linear variation in field intensity and the quadratic dependence of poten-
tial upon distance are plotted in Fig. 3-10c and d. These graphs should be
compared with the corresponding curves of Fig. 3-1.

Atz = W, V = V; = junction, or barrier, potential. Thus

aNp W2

Vi= 2¢

(3-21)

In this section we have used the symbol V to represent the potential
at any distance r from the junction. Hence, let us introduce Vg as the exter-
nally applied diode voltage. Since the barrier potential represents a reverse
voltage, it is lowered by an applied forward voltage. Thus

Vi=Vo—Va

where V, is a negative number for an applied reverse bias and V, is the contact
potential (Iig. 3-1d). This equation confirms our qualitative conclusion that
the thickness of the depletion layer increases with applied reverse voltage.
We now see that W varies as V;} = (V, — Vo)

If A is the area of the junction, the charge in the distance W is

Q = gNpWA4
The transition capacitance Cr, given by Eq. (3-15), is
_1dQ ] _ aw
CT = m = qu)A d_V—, (3-22)
From Eq. (3-21), |dW/dV,| = ¢/qNpW, and hence
€A
Cr = % (3-23)

It is interesting to note that this formula is exactly the expression which is
obtained for a parallel-plate capacitor of area A (square meters) and plate
separation W (meters) containing a material of permittivity e. If the concen-
tration N, is not neglected, the above results are modified only slightly. In
Eq. (3-21) W represents the total space-charge width, and 1/Np is replaced
by 1/N4 + 1/Np. Equation (3-23) remains valid (Prob. 3-18).



66 / INTEGRATED ELECTRONICS Sec. 3-7

Charge density

Fig. 3-11 The charge-density variation vs. dis-
tance at a linearly graded p-n junction.

A Linearly Graded Junction A second form of junction is obtained by
drawing a single crystal from a melt of germanium whose type is changed
during the drawing process by adding first p-type and then n-type impurities.
A linearly graded junction is also formed between the collector and base of an
integrated transistor (Fig. 7-12). For such a junction the charge density
varies gradually (almost linearly), as indicated in Fig. 3-11. If an analysis
similar to that given above is carried out for such a junction, Eq. (3-23) is
found to be valid where W equals the total width of the space-charge layer.
However, it now turns out that W varies as V! instead of V2.

Varactor Diodes We observe from the above equations that the barrier
capacitance is not a constant but varies with applied voltage. The larger the
reverse voltage, the larger is the space-charge width W, and hence the smaller
the capacitance C7. The variation is illustrated for two typical diodes in Fig.
3-12. Similarly, for an increase in forward bias (V, positive), W decreases and
Cr increases.

The voltage-variable capacitance of a p-n junction biased in the reverse
direction is useful in a number of circuits. One of these applications is voltage
tuning of an LC resonant circuit. Other applications include self-balancing
bridge circuits and special types of amplifiers, called parametric amplifiers.
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§ I — tance variation, with reverse volt-
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(a)
Fig. 3-13 A varactor diode under reverse R,
bias. (a) Circuit symbol; (b) circuit r--’v‘."v"-u
model. i
]

(b)

Diodes made especially for the above applications which are based on
the voltage-variable capacitance are called varactors, varicaps, or voltacaps.
A circuit model for a varactor diode under reverse bias is shown in Fig. 3-13.
The resistance R, represents the body (ohmic) series resistance of the diode.
Typical values of Cr and R, are 20 pF and 8.5 Q, respectively, at a reverse bias
of 4 V. The reverse diode resistance R, shunting Cr is large (>1 M), and
hence is usually neglected.

In circuits intended for use with fast waveforms or at high frequencies,
it is required that the transition capacitance be as small as possible, for the
following reason: a diode is driven to the reverse-biased condition when it is
desired to prevent the transmission of a signal. However, if the barrier
capacitance Cr is large enough, the current which is to be restrained by the
low conductance of the reverse-biased diode will flow through the capacitor
(Fig. 3-13b).

3-8 CHARGE-CONTROL DESCRIPTION OF A DIODE

If the bias is in the forward direction, the potential barrier at the junction
is lowered and holes from the p side enter the n side. Similarly, electrons
from the n side move into the p side. This process of minority-carrier injection
is discussed in Sec. 2-11. The excess hole density falls off exponentially with
distance, as indicated in Fig. 3-14a. The shaded area under this curve is
proportional to the injected charge.

For simplicity of discussion we assume that one side of the diode, say,
the p material, is so heavily doped in comparison with the » side that the cur-
rent I is carried across the junction entirely by holes moving from the p to
the n side, or I = I,,(0). The excess minority charge @ will then exist only
on the n side, and is given by the shaded area in the n region of Fig. 3-14a
multiplied by the diode cross section A and the electronic charge ¢g. Hence,
from Eq. (2-47),

Q= ﬁ)” Aqp’ (0)*/Ls dz = AqL,p'(0) (3-24)
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Fig. 3-14 Minority-carrier density distribution as a function of the distance z
from a junction. (a) A forward-biased junction; (b) a reverse-biased junction.
The excess hole (electron) density p, = p, — P, (n), = np — ny,) is positive in (a)
and negative in (b). (The transition region is assumed to be so small relative to
the diffusion length that it is not indicated in this figure.)

The hole current I is given by I,(z) in Eq. (2-48), with ¢ = 0, or

’
I = AgDyp’(0) (3-25)
L,
Eliminating p’(0) from Eqgs. (3-24) and (3-25) yields
_Q
I = : (3'26)

where + = L,?/D, = r, = mean lifetime for holes [Eq. (2-44)].

Equation (3-26) is an important relationship, referred to as the charge-
control description of a diode. It states that the diode current (which consists
of holes crossing the junction from the p to the n side) is proportional to the
stored charge @ of excess minority carriers. The factor of proportionality is
the reciprocal of the decay time constant (the mean lifetime 7) of the minority
carriers. Thus, in the steady state, the current I supplies minority carriers at the
rate at which these carriers are disappearing because of the process of recombination.

Charge Storage under Reverse Bias When an external voltage reverse-
biases the junction, the steady-state density of minority carriers is as shown
in Fig. 3-14b. Far from the junction the minority carriers are equal to their
thermal-equilibrium values p., and 7n,, as is also the situation in Fig. 3-14a.
As the minority carriers approach the junction they are rapidly swept across,
and the density of minority carriers diminishes to zero at this junction. This
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result follows from the law of the junction, Eq. (3-4), since the concentration
pa(0) reduces to zero for a negative junction potential V.

The injected charge under reverse bias is given by the shaded area in
Fig. 3-14b. This charge is negative since it represents less charge than is
available under conditions of thermal equilibrium with no applied voltage.
From Eq. (3-26) with @ negative, the diode current I is negative and, of
course, equals the reverse saturation current I, in magnitude.

The charge-control characterization of a diode describes the device in
terms of the current I and the stored charge @, whereas the equivalent-circuit
characterization uses the current I and the junction voltage V. One immedi-
ately apparent advantage of this charge-control description is that the expo-
nential relationship between I and V is replaced by the linear dependence
of I on Q. The charge Q also makes a simple parameter, the sign of which
determines whether the diode is forward- or reverse-biased. The diode is
forward-biased if @ is positive and reverse-biased if Q is negative.

3-9 DIFFUSION CAPACITANCE

For a forward bias a capacitance which is much larger than the transition
capacitance Cr considered in See. 3-8 comes into play. The origin of this
larger capacitance lies in the injected charge stored near the junction outside
the transition region (Fig. 3-14a). It is convenient to introduce an incremental
capacitance, defined as the rate of change of injected charge with voltage,
called the diffusion, or storage, capacitance Cp.

Static Derivation of Cp We now make a quantitative study of Cp.
From Egs. (3-26) and (3-13)

d dl
CDEQ%=7W=W

where the diode incremental conductance ¢ = dI/dV. Substituting the
expression for the diode incremental resistance r = 1/¢g given in Eq. (3-14)
into Eq. (3-27) yields
rl
Cp = Ve (3-28)
We see that the diffusion capacitance is proportional to the current I. In the
derivation above we have assumed that the diode current I is due to holes
only. If this assumption is not satisfied, Eq. (3-27) gives the diffusion capaci-
tance Cp, due to holes only, and a similar expression can be obtained for the
diffusion capacitance Cp, due to electrons. The total diffusion capacitance
can then be obtained as the sum of Cp, and Cp, (Prob. 3-24).
For a reverse bias, g is very small and Cp may be neglected compared
with Cy. For a forward current, on the other hand, Cp is usually much larger

= (3-27)
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than Cr. For example, for germanium (y = 1) at I =26 mA, g =1 g,
and Cp = r. If, say, r = 20 us, then Cp = 20 uF, a value which is about
a million times larger than the transition capacitance.

Despite the large value of Cp, the time constant rCp (which is of impor-
tance in circuit applications) may not be excessive because the dynamie for-
ward resistance r = 1/g is small. From Eq. (3-27),

rCp =r (3-29)

Hence the diode time constant equals the mean lifetime of minority carriers,
which lies in range of nanoseconds to hundreds of microseconds. The impor-
tance of 7 in circuit applications is considered in the following section.

Diffusion Capacitance for an Arbitrary Input Consider the buildup of
injected charge across a junction as a function of time when the potential is
changed. In Fig. 3-15, the curve marked (1) is the steady-state value of p,
* for an applied voltage V. If the voltage at time ¢ is increased by dV in the
interval dt, then p, changes to that indicated by the curve marked (2) at
time ¢ + dt. The increase in charge dQ’ in the time dt is proportional to the
heavily shaded area in Fig. 3-15. Note that the concentration near the junec-
tion has increased markedly, whereas p, far away from the junction has changed
very little, because it takes time for the holes to diffuse into the n region. If
the applied voltage is maintained constant at V + dV, the stored charge will
continue to increase. Iinally, at ¢ = «, p, follows the curve marked (3)
[which is given by Eq. (3-4), with V replaced by V + dV]. The steady-state
injected charge d@, due to the increase in voltage by dV, is proportional to the
total shaded area in Fig. 3-15. Clearly, d@Q — dQ’ is represented by the
lightly shaded area, and hence d@ > dQ’.

Since d@’ is the charge injected across the junction in time dt, the current
is given by

aQ ., dv
== (3-30)

1:=

Fig. 3-15 The transient buildup of stored
excess charge. The curve marked (1) gives
the steady-state value of p,, at a time ¢ when
the voltage is V. If the voltage increases by
dV and held at V + dV, then pl, is given by
(2) attimet + dt and by (3) att = .
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where we define the small-signal diffusion capacitance C, by Cp = dQ'/dV.
Note that the diode current is not given by the steady-state charge Q or static
capacitance Cp.

i o ik (3-31)
Since dQ’ < dQ, then €}, < Cp.

From the above argument we conclude that the dynamic diffusion capaci-
tance C), depends upon how the input voltage varies with time. To find Cj,
the equation of continuity must be solved for the given voltage waveform.
This equation controls how p, varies both as a function of z and ¢, and from
Pa(z, t) we can obtain the current. If the input varies with time in an arbi-
trary way, it may not be possible to define the diffusion capacitance in a
unique manner.

Diffusion Capacitance for a Sinusoidal Input TFor the special case where
the excitation varies sinusoidally with time, C, may be obtained from a solu-
tion of the equation of continuity. This analysis is carried out in Sec. 19-12,
and C’, is found to be a function of frequency. At low frequencies

Cp = 3rg ifwr<<1 (3-32)

which is half the value found in Eq. (3-27), based upon static considerations.
For high frequencies, (', decreases with increasing frequency and is given by

3
c), = (Q’;) g ifer>1 : (3-33)

3-10 JUNCTION-DIODE SWITCHING TIMES

When a diode is driven from the reversed condition to the forward state or in
the opposite direction, the diode response is accompanied by a transient, and
an interval of time elapses before the diode recovers to its steady state. The
forward recovery time t;, is the time difference between the 10 percent point
of the diode voltage and the time when this voltage reaches and remains within
10 percent of its final value. It turns out that {;, does not usually constitute
a serious practical problem, and hence we here consider only the more impor-
tant situation of reverse recovery. '

Diode Reverse Recovery Time When an external voltage forward-biases
a p-n junction, the steady-state density of minority carriers is as shown in
Fig. 3-14a. The number of minority carriers is very large. These minority
carriers have, in each case, been supplied from the other side of the junction,
where, being majority carriers, they are in plentiful supply.

If the external voltage is suddenly reversed in a diode circuit which has
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Fig. 3-16 The waveformin (b) is applied to the diode circuit in (a); (¢) the excess
carrier density at the junction; (d) the diode current; (e) the diode voltage.

been carrying current in the forward direction, the diode current will not
immediately fall to its steady-state reverse-voltage value. For the current
cannot attain its steady-state value until the minority-carrier distribution,
which at the moment of voltage reversal had the form in Fig. 3-14a, reduces
to the distribution in Fig. 3-14b. Until such time as the injected, or excess,
manority-carrier density P, — Pno (Or Ny — Npe) has dropped nominally to zero,
the diode will continue to conduct easily, and the current will be determined
by the external resistance in the diode circuit.

Storage and Transition Times The sequence of events which accom-
panies the reverse biasing of a conducting diode is indicated in Fig. 3-16.
We consider that the voltage in Fig. 3-16b is applied to the diode-resistor
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circuit in Fig. 3-16a. For a long time, and up to the time {;, the voltage
v; = Vr has been in the direction to forward-bias the diode. The resistance
Ry is assumed large enough so that the drop across Ry is large in comparison
with the drop across the diode. Then the current is ¢ = Vy/R, = Ip. At

the time ¢ = ¢; the input voltage reverses abruptly to the value v = —Vp.
For the reasons described above, the current does not drop to zero, but instead
reverses and remains at the value ¢ = — Vg/RL = — I until the time ¢ = ¢,.

At ¢t = t,, as is seen in Fig. 3-16¢, the minority-carrier density p, at x = 0
has reached its equilibrium state p,.. If the diode ohmic resistance is R,
then at the time ¢; the diode voltage falls slightly [by (Ir + Iz)Ra4] but does
not reverse. At ¢ = {5, when the excess minority carriers in the immediate
neighborhood of the junction have been swept back across the junction, the
diode voltage begins to reverse and the magnitude of the diode current begins
to decrease. The interval ¢; to s, for the stored-minority charge to become
zero, is called the storage time t,.

The time which elapses between ¢, and the time when the diode has
nominally recovered is called the transition time t,. This recovery interval
will be completed when the minority carriers which are at some distance from
the junction have diffused to the junction and crossed it and when, in addition,
the junction transition capacitance across the reverse-biased junction has
charged through R; to the voltage — V.

Manufacturers normally specify the reverse recovery time of a diode ¢,,
in a typical operating condition in terms of the current waveform of Fig.
3-16d. The time ¢,, is the interval from the current reversal at ¢ = ¢; until
the diode has recovered to a specified extent in terms either of the diode cur-
rent or of the diode resistance. If the specified value of K. is larger than
several hundred ohms, ordinarily the manufacturers will specify the capaci-
tance Cr shunting R in the measuring circuit which is used to determine ¢,,.
Thus we find, for the Fairchild 1N3071, that with r = 30 mA and I = 30 mA,
the time required for the reverse current to fall to 1.0 mA is 50 nsec. Again
we find, for the same diode, that with Ir = 30 mA, —Vz = —35V, R, = 2 K,
and Cp = 10 pF (—Ip = —35/2 = —17.5 mA), the time required for the
diode to recover to the extent that its resistance becomes 400 K is ¢,, = 400 nsec.
Commercial switching-type diodes are available with times ¢, in the range from
less than a nanosecond up to as high as 1 ps in diodes intended for switching
large currents.

3-1 BREAKDOWN DIODES?

The reverse-voltage characteristic of a semiconductor diode, including the
breakdown region, is redrawn in Fig. 3-17a. Diodes which are designed with
adequate power-dissipation capabilities to operate in the breakdown region
may be employed as voltage-reference or constant-voltage devices. Such
diodes are known as avalanche, breakdown, or Zener diodes. They are used
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Fig. 3-17 (a) The volt-ampere characteristic of an avalanche, or Zener, diode.
(b) A circuit in which such a diode is used to regulate the voltage across R, against
changes due to variations in load current and supply voltage.

characteristically in the manner indicated in Fig. 3-17b. The source V and
resistor R are selected so that, initially, the diode is operating in the break-

"down region. Here the diode voltage, which is also the voltage across the
load R;, is V3, as in Fig. 3-17a, and the diode current is Iz. The diode will
now regulate the load voltage against variations in load current and against
variations in supply voltage V because, in the breakdown region, large changes
in diode current produce only small changes in diode voltage. Moreover, as
load current or supply voltage changes, the diode current will accommodate
itself to these changes to maintain a nearly constant load voltage. The diode
will eontinue to regulate until the circuit operation requires the diode current
to fall to Izx, in the neighborhood of the knee of the diode volt-ampere curve.
The upper limit on diode current is determined by the power-dissipation rating
of the diode.

Avalanche Multiplication Two mechanisms of diode breakdown for
increasing reverse voltage are recognized. Consider the following situation:
A thermally generated carrier (part of the reverse saturation current) falls
down the junction barrier and acquires energy from the applied potential.
This carrier collides with a crystal ion and imparts sufficient energy to disrupt
a covalent bond. In addition to the original carrier, a new electron-hole pair
has now been generated. These carriers may also pick up sufficient energy
from the applied field, collide with another crystal ion, and create still another
electron-hole pair. Thus each new carrier may, in turn, produce additional
carriers through collision and the action of disrupting bonds. This cumulative
process is referred to as avalanche multiplication. It results in large reverse
currents, and the diode is said to be in the region of avalanche breakdown.

Zener Breakdown Even if the initially available carriers do not acquire
sufficient energy to disrupt bonds, it is possible to initiate breakdown through
a direct rupture of the bonds. Because of the existence of the electric field
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at the junction, a sufficiently strong force may be exerted on a bound electron
by the field to tear it out of its covalent bond. The new hole-electron pair
which is created increases the reverse current. Note that this process, called
Zener breakdown, does not involve collisions of carriers with the crystal ions
(as does avalanche multiplication).

The field intensity & increases as the impurity concentration increases,
for a fixed applied voltage (Prob. 3-25). It is found that Zener breakdown
occurs at a field of approximately 2 X 10 V/m. This value is reached at
voltages below about 6 V for heavily doped diodes. For lightly doped diodes
the breakdown voltage is higher, and avalanche multiplication is the pre-
dominant effect. Nevertheless, the term Zener is commonly used for the
avalanche, or breakdown, diode even at higher voltages. Silicon diodes oper-
ated in avalanche breakdown are available with maintaining voltages from
several volts to several hundred volts and with power ratings up to 50 W.

Temperature Characteristics A matter of interest in connection with
Zener diodes, as with semiconductor devices generally, is their temperature
sensitivity. The temperature coefficient is given as the percentage change
in reference voltage per centigrade degree change in diode temperature.
These data are supplied by the manufacturer. The coefficient may be either
positive or negative and will normally be in the range +0.1 percent/°C. If
the reference voltage is above 6 V, where the physical mechanism involved is
avalanche multiplication, the temperature coefficient is positive. However,
below 6 V, where true Zener breakdown is involved, the temperature coeflicient
is negative.

A qualitative explanation of the sign (positive or negative) of the tem-
perature coefficient of Vz is now given. A junction having a narrow deple-
tion-layer width, and hence high field intensity, will break down by the Zener
mechanism. An increase in temperature increases the energies of the valence
electrons, and hence makes it easier for these electrons to escape from the
covalent bonds. Less applied voltage is therefore required to pull these elec-
trons from their positions in the crystal lattice and convert them into conduc-
tion electrons. Thus the Zener breakdown voltage decreases with temperature.

A junction with a broad depletion layer, and therefore a low field intensity,
will break down by the avalanche mechanism. In this case we rely on intrinsic
carriers to collide with valence electrons and create avalanche multiplication.
As the temperature increases, the vibrational displacement qf atoms in the
crystal grows. This vibration increases the probability of collisions with the
lattice atoms of the intrinsic particles as they cross the depletion width. The
intrinsic holes and electrons thus have less of an opportunity to gain sufficient
energy between collisions to start the avalanche process. Therefore the value
of the avalanche voltage must increase with increased temperature.

Dynamic Resistance and Capacitance A matter of importance in con-
nection with Zener diodes is the slope of the diode volt-ampere curve in the
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operating range. If the reciprocal slope AVz/Alz, called the dynamic resis-
tance, is r, then a change Alz in the operating current of the diode produces a
change AVz = r AIz in the operating voltage. Ideally, r = 0, corresponding
to a volt-ampere curve which, in the breakdown region, is precisely vertical.
The variation of r at various currents for a series of avalanche diodes of fixed
power-dissipation rating and various voltages show a rather broad minimum
in the range 6 to 10 V. This minimum value of r is of the order of magnitude
of a few ohms. However, for values of Vz below 6 V or above 10 V, and
particularly for small currents (~1 mA), r may be of the order of hundreds
of ohms.

Some manufacturers specify the minimum current Izx (Fig. 3-17a) below
which the diode should not be used. Since this current is on the knee of the
above curve, where the dynamic resistance is large, then for currents lower than
Izk the regulation will be poor. Some diodes exhibit a very sharp knee even
down into the microampere region.

The capacitance across a breakdown diode is the transition capacitance,
and hence varies inversely as some power of the voltage. Since Cr is propor-
tional to the cross-sectional area of the diode, high-power avalanche diodes
have very large capacitances. Values of Cr from 10 to 10,000 pF are common.

Additional Reference Diodes Zener diodes are available with voltages
as low as about 2 V. Below this voltage it is customary, for reference and
regulating purposes, to use diodes in the forward direction. As appears in
Fig. 3-7, the volt-ampere characteristic of a forward-biased diode (sometimes
called a stabistor) is not unlike the reverse characteristic, with the exception
that, in the forward direction, the knee of the characteristic occurs at lower

“voltage. A number of forward-biased diodes may be operated in series to
reach higher voltages. Such series combinations, packaged as single units,
are available with voltages up to about 5 V, and may be preferred to reverse-
biased Zener diodes, which at low voltages have very large values of dynamic
resistance.

When it is important that a Zener diode operate with a low temperature
coefficient, it may be feasible to operate an appropriate diode at a current
where the temperature coefficient is at or near zero. Quite frequently, such
operation is not convenient, particularly at higher voltages and when the
diode must operate over a range of currents. Under these circumstances
temperature-compensated avalanche diodes find application. Such diodes
consist of a reverse-biased Zener diode with a positive temperature coefficient,
combined in a single package with a forward-biased diode whose temperature
coefficient is negative. As an example, the Transitron SV3176 silicon 8-V
reference diode has a temperature coefficient of +0.001 percent/°C at 10 mA
over the range —55 to +100°C. The dynamic resistance is only 1.5 Q. The
temperature coefficient remains below 0.002 percent/°C for currents in the
range 8 to 12 mA. The voltage stability with time of some of these reference
diodes is comparable with that of conventional standard cells.
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When a high-voltage reference is required, it is usually advantageous
(except of course with respect to economy) to use two or more diodes in
series rather than a single diode. This combination will allow higher volt-
age, higher dissipation, lower temperature coefficient, and lower dynamic
resistance.

3-12 THE TUNNEL DIODE

A p-n junction diode of the type discussed in Sec. 3-1 has an impurity concen-
tration of about 1 part in 105, With this amount of doping, the width of the
depletion layer, which constitutes a potential barrier at the junection, is of the
order of a micron. This potential barrier restrains the flow of carriers from
the side of the junction where they constitute majority carriers to the side
where they constitute minority carriers. If the concentration of impurity
atoms is greatly increased, say, to 1 part in 10° (corresponding to a density
in excess of 10'® em—3), the device characteristics are completely changed.
This new diode was announced in 1958 by Esaki,* who also gave the correct
theoretical explanation for its volt-ampere characteristic.

The Tunneling Phenomenon The width of the junction barrier varies
inversely as the square root of imgurity concentration [Eq. (3-21)] and there-
fore is reduced to less than 100 A (10~% em). This thickness is only about
one-fiftieth the wavelength of visible light. Classically, a particle must have
an energy at least equal to the height of a potential-energy barrier if it is to
move from one side of the barrier to the other. However, for barriers as thin
as those estimated above in the Esaki diode, the Schrodinger equation indicates
that there is a large probability that an electron will penetrate through the
barrier. This quantum-mechanical behavior is referred to as tunneling, and
hence these high-impurity-density p-n junction devices are called tunnel
diodes. The volt-ampere relationship is explained in Sec. 19-8 and is depicted
in Fig. 3-18.

Characteristics of a Tunnel Diode’ From Fig. 3-18 we see that the
tunnel diode is an excellent conductor in the reverse direction (the p side of
the junction negative with respect to the n side). Also, for small forward
voltages (up to 50 mV for Ge), the resistance remains small (of the order of
5%). At the peak current Ip corresponding to the voltage Vp, the slope dI/dV
of the characteristicis zero. If Visincreased beyond Vp, the current decreases.
As a consequence, the dynamic conductance ¢ = dI/dV is negative. The
tunnel diode exhipits a negative-resistance characteristic between the peak
current Ip and the minimum value Iy, called the valley current. At theé valley
voltage Vy at which I = Iy, the conductance is again zero, and beyond this
point the resistance becomes and remains positive. At the so-called peak
forward voltage V r the current again reaches the value Ip. For larger voltages
the current increases beyond this value. .
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Fig. 3-18 Volt-ampere characteristic of a tunnel diode.

For currents whose values are between Iy and Ip, the curve is triple-
valued, because each current can be obtained at three different applied volt-
ages. It is this multivalued feature which makes the tunnel diode useful in
pulse and digital circuitry.®

The standard circuit symbol for a tunnel diode is given in Fig. 3-19a.
The small-signal model for operation in the negative-resistance region is indi-
cated in Fig. 3-19b. The negative resistance —R, has a minimum at the
point of inflection between Ip and Iy. The series resistance R, is ohmic
resistance. The series inductance L, depends upon the lead length and the
geometry of the dipole package. The junction capacitance C depends upon
the bias and is usually measured at the valley point. Typical values for
these parameters for a tunnel diode of peak current value Ip = 10 mA are
—R,=—-30Q,R,=1Q,L, =5nH, and C = 20 pF.

One interest in the tunnel diode is its application as a very high-speed
switch. Since tunneling takes place at the speed of light, the transient
response is limited only by total shunt capacitance (junction plus stray wiring
capacitance) and peak driving current. Switching times of the order of a
nanosecond are reasonable, and times as low as 50 ps have been obtained.
A second application® of the tunnel diode is as a high-frequency (microwave)
oscillator.

The most common commercially available tunnel diodes are made from
germanium or gallium arsenide. It is difficult to manufacture a silicon tunnel

Fig. 3-19 (a) Symbol for a tunnel
diode; (b) small-signal model in

the negative-resistance region.
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TABLE 3-1 Typical tunnel-diode parameters

Ge GaAs Si
I1p/Iv ... 8 15 3.5
Ve, Voo 0.055 0.15 0.065
Ve, Voo 0.35 0.50 | 0.42
Ve, Voo 0.50 1.10 0.70

diode with a high ratio of peak-to-valley current Ip/Iy. Table 3-1 summarizes
the important static characteristics of these devices. The voltage values in
this table are determined principally by the particular semiconductor used
and are almost independent of the current rating. Note that gallium arsenide
has the highest ratio I»/Iv and the largest voltage swing Vp — Vp = 1.0V, as
against 0.45 V for germanium. The peak current Ip is determined by the
impurity concentration (the resistivity) and the junction area. For computer
applications, devices with Ip in the range of 1 to 100 mA are most common.
The peak point (Vp, Ip), which is in the tunneling region, is not a very sensitive
function of temperature. However, the valley point (Vy, Iy), which is
affected by the injection current, is quite temperature-sensitive.’

The advantages of the tunnel diode are low cost, low noise, simplicity,
high speed, environmental immunity, and low power. The disadvantages of
the diode are its low output-voltage swing and the fact that it is a two-terminal
device. Because of the latter feature, there is no isolation between input and
output, and this leads to serious circuit-design difficulties.

3-13 THE SEMICONDUCTOR PHOTODIODE

If a reverse-biased p-n junction is illuminated, the current varies almost
linearly with the light flux. This effect is exploited in the semiconductor
photodiode. 'This device consists of a p-n junction embedded in a clear plastic,
as indicated in Fig. 3-20. Radiation is allowed to fall upon one surface
across the junction. The remaining sides of the plastic are either painted
black or enclosed in a metallic case. The entire unit is extremely small
and has dimensions of the order of tenths of an inch.

s Clear plastic
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Volt-Ampere Characteristics If reverse voltages in excess of a few tenths
of a volt are applied, an almost constant current (independent of the magnitude
of the reverse bias) is obtained. The dark current corresponds to the reverse
saturation current due to the thermally generated minority carriers. As
explained in Sec. 3-2, these minority carriers “fall down” the potential hill
at the junction, whereas this barrier does not allow majority carriers to cross
the junction. Now if light falls upon the surface, additional electron-hole
pairs are formed. In Sec. 2-8 we note that it is justifiable to consider the
radiation solely as a minority-carrier injector. These injected minority carriers
(for example, electrons in the p side) diffuse to the junction, cross it, and
contribute to the current.

The reverse saturation current I, in a p-n diode is proportional to the
concentrations p,, and n,, of minority carriers in the » and p region, respec-
tively. If we illuminate a reverse-biased p-n junction, the number of new
hole-electron pairs is proportional to the number of incident photons. Hence
the current under large reverse bias is I = I, 4+ I,, where I,, the short-circuit
current, is proportional to the light intensity. Hence the volt-ampere char-
acteristic is given by

I =1,+ I(1 — &) (3-34)

where I, I,, and I, represent the magnitude of the reverse current, and V is
positive for a forward voltage and negative for a reverse bias. The parameter
7 is unity for germanium and 2 for silicon, and Vr is the volt equivalent of
temperature defined by Eq. (3-10).

Typical photodiode volt-ampere characteristies are indicated in I'ig. 3-21.
The curves (with the exception of the dark-current curve) do not pass through
the origin. The characteristies in the millivolt range and for positive bias
are discussed in the following section, where we find that the photodiode may
be used under either short-circuit or open-circuit econditions. It should be
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Fig. 3-22 Sensitivity of a semi-
conductor photodiode as a function
of the distance of the light spot
from the junction.
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noted that the characteristics drift somewhat with age. The barrier capaci-

tance Cr = 10 pI’, the dynamic resistance R =~ 50 M, and the ohmic resistance
r =~ 100 Q.

Sensitivity with Position of |Hlumination The current in a reverse-biased
semiconductor photodiode depends upon the diffusion of minority carriers to
the junction. If the radiation is focused into a small spot far away from the
junction, the injected minority carriers can recombine before diffusing to the
junction. Hence a much smaller current will result than if the minority
carriers were injected near the junction. The photocurrent as a funetion of
the distance from the junction at which the light spot is focused is indicated
in Fig. 3-22. The curve is somewhat asymmetrical because of the differences
in the diffusion lengths of minority carriers in the p and n sides. Incidentally,
the spectral response of the semiconductor photodiode is the same as that for a
photoconductive cell, and is indicated in Fig. 2-12.

The p-n photodiode and, particularly, the 1mpr0ved n-p-n_version
described in See. 5-14 find extensive application in high-speed reading of
computer punched cards and tapes, light-detection systems, reading of film
sound track, light-operated switches, production-line counting of objects
which interrupt a light beam, ete.

3-14 THE PHOTOVOLTAIC EFFECT®

In Fig. 3-21 we see that an almost constant reverse current due to injected
minority carriers is collected in the p-n photodiode for large reverse voltages.
If the applied voltage is reduced in magnitude, the barrier at the junction is
reduced. This decrease in the potential hill does not affect the minority cur-
rent (since these particles fall down the barrier), but when the hill is reduced
sufficiently, some majority earriers can also cross the junetion. These carriers
correspond to a forward current, and hence such a flow will reduce the net
(reverse) current. It is this inerease in majority-carrier flow which accounts
for the drop in the reverse current near the zero-voltage axis in Fig. 3-21.



82 / INTEGRATED ELECTRONICS Sec. 3-14

An expanded view of the origin in this figure is indicated in Fig. 3-23. (Note
that the first quadrant of Fig. 3-21 corresponds to the third quadrant of
Fig. 3-23.)

The Photovoltaic Potential If a forward bias is applied, the potential
barrier is lowered, and the majority current increases rapidly. When this
majority current equals the minority current, the total current is reduced to
zero. The voltage at which zero resultant current is obtained is called the
photovoltaic potential. Since, certainly, no current flows under open-circuited
conditions, the photovoltaic emf is obtained across the open terminals of a
p-n junction.

An alternative (but of course equivalent) physical explanation of the
photovoltaic effect is the following: In Sec. 3-1 we see that the height of
the potential barrier at an open-circuited (nonilluminated) p-n junction adjusts
itself so that the resultant current is zero, the electric field at the junction
being in such a direction as to repel the majority carriers. If light falls on
the surface, minority carriers are injected, and since these fall down the barrier,
the minority current increases. Since under open-circuited conditions the
total current must remain zero, the majority current (for example, the hole
current in the p side) must increase the same amount as the minority current.
This rise in majority current is possible only if the retarding field at the junc-
tion is reduced. Hence the barrier height is automatically lowered as a result
of the radiation. Across the diode terminals there appears a voltage just equal
to the amount by which the barrier potential is decreased. This potential is
the photovoltaic emf and is of the order of magnitude of 0.5 V for a silicon
and 0.1 V for a germanium cell. '

The photovoltaic voltage V. corresponds to an open-circuited diode.
If I = 0 is substituted into Eq. (3-34), we obtain

Ve = 7Vr In (1 + f—) (3-35)

Since, except for very small light intensities, I,/I, >> 1, then V.. increases
logarithmically with 7,, and hence with illumination. Such a logarithmic
relationship is obtained experimentally.

Maximum Output Power If a resistor R; is placed directly across the
diode terminals, the resulting current can be found at the intersection of the
characteristic in Fig. 3-23 and the load line defined by V = —IR;. If R, = 0,
then the output voltage V is zero, and for R, = «, the output current [ is
zero. Hence, for these two extreme values of load, the output power is zero.
If for each assumed value of R, the values of V and I are read from Fig, 3-23
and P = VI is plotted versus R;, we can obtain the optimum load resistance
to give maximum output power. For the types L3222 and 1.8223 photovoltaic
light sensors, this optimum load is 3.4 K and Pn.x =~ 34 xkW. When the p-n
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Fig. 3-23 Volt-ampere characteristics for the LS222 and LS223 p-n
junction photodiodes at a light intensity of 500 fc. (Courtesy of Texas
Instruments, Inc.)

photodiode is used as an energy converter (to transform radiant energy into
electric energy), the optimum load resistance should be used.

The Short-circuit Current We see from Fig. 3-23 and Eq. (3-34) that a
-definite (nonzero) current is obtained for zero applied voltage. Hence a
junction photocell can be used under short-circuit conditions. As already
emphasized, this current I, is proportional to the light intensity. Such a
linear relationship is obtained experimentally.

Solar-energy Converters The current drain from a photovoltaic cell
may be used to power electronic equipment or, more commonly, to charge
auxiliary storage batteries. Such energy converters using sunlight as the pri-
mary energy are called solar batteries and are used in satellites like the Telstar.
A silicon photovoltaic cell of excellent stability and high (~14 percent) con-
version efficiency is made by diffusing a thin n-type impurity onto a p-type
base. In direct noonday sunlight such a cell generates an open-circuit voltage
of approximately 0.6 V.

3-15 LIGHT-EMITTING DIODES

Just as it takes energy to generate a hole-electron pair, so energy is released
when an electron recombines with a hole. In silicon and germanium this
recombination takes place through traps (Sec. 2-8) and the liberated energy
goes into the crystal as heat. However, it is found that in other semicon-
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ductors, such as gallium arsenide, there is a considerable amount of direct
recombination without the aid of traps. Under such circumstances the encrgy
released when an electron falls from the conduction into the valence band
appears in the form of radiation. Such a p-ndiode is called a light-emitting diode
(LED), although the radiation is principally in the infrared. The efficiency of
the process of light generation increases with the injected current and with
a decrease in temperature. The light is concentrated near the junction because
most of the carriers are to be found within a diffusion length of the junction.

Under certain conditions, the emitted light is coherent (essentially mono-
chromatic). Such a diode is called an injection junction laser.
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REVIEW QUESTIONS

3-1 Consider an open-circuited p-n junction. Sketch curves as a function of
distance across the junction of space charge, electric field, and potential.

3-2 (a) What is the order of magnitude of the space-charge width at a p-n junc-
tion? (b) What does this space charge consist of—electrons, holes, neutral donors,
neutral acceptors, ionized donors, ionized acceptors, ete.?

3-3 (a) For a reverse-biased diode, does the transition region increase or decrease
in width? (b) What happens to the junction potential?

3.4 Explain why the p-n junction contact potential cannot be measured by
placing a voltmeter across the diode terminals.

3-5 Explain physically why a p-n diode acts as a rectifier.

3-6 (a) Write the law of the junction. (b) Define all terms in this equation.
(c) What does this equation state for a large forward bias? (d) A large reverse bias?

3.7 Plot the minority-carrier current components and the total current in a p-n
diode as a function of the distance from the junction.

3-8 Plot the hole current, the electron current, and the total current as a function
of distance on both sides of a p-n junction. Indicate the transition region.

3-9 (a) Write the volt-ampere equation for a p-n diode. (b) Explain the meaning
of each symbol.

3-10 Plot the volt-ampere curves for germanium and silicon to the same scale,
showing the cutin value for each.

3-11 (a) How does the reverse saturation current of a p-n diode vary with
temperature? (b) How does the diode voltage (at constant current) vary with
temperature?

3-12 How does the dynamic resistance r of a diode vary with (a) current and
(b) temperature? (¢) What is the order of magnitude of r for silicon at room tempera-
ture and for a dc current of 1 mA?

3-13 (a) Sketch the piecewise linear characteristic of a diode. (b) What are the
approximate cutin voltages for silicon and germanium?

3-14 Consider a step-graded p-n junction with equal doping on both sides of the
junction (N4 = Np). Sketch the charge density, field intensity, and potential as a
function of distance from the junction for a reverse bias.

3-15 (a) How does the transition capacitance Cr vary with the depletion-layer
width? (b) With the applied reverse voltage? (c) What is the order of magnitude
Of CT?

3-16 What is a varactor diode?

3-17 Plot the minority-carrier concentration as a function of distance from a p-n
junction in the n side only for (a) a forward-biased junction, (b) a negatively biased
junction. Indicate the excess concentration and note where it is positive and where
negative. )
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3-18 Under steady-state conditions the diode current is proportional to a charge
Q. (a) What is the physical meaning of the factor of proportionality? (b) What
charge does Q represent—transition layer charge, injected minority-carrier charge,
majority-carrier charge, ete.?

3-19 (a) How does the diffusion capacitance Cp vary with dc diode current?
(b) What does the product of Cp and the dynamic resistance of a diode equal?

3-20 What is meant by the minority-carrier storage time of a diode?

3-21 A diode in series with a resistor R, is forward-biased by a voltage V.
After a steady state is reached, the input changes to —Vg. Sketch the current as a
function of time. Explain qualitatively the shape of this curve.

3-22 (a) Draw the volt-ampere characteristic of an avalanche diode. (b) What
is meant by the knee of the curve? (¢) By the dynamic resistance? (d) By the
temperature coefficient?

3-23 Describe the physical mechanism for avalanche breakdown.

3-24 Describe the physical mechanism for Zener breakdown.

3-25 Draw a circuit which uses a breakdown diode to regulate the voltage across
a load.

3-26 Sketch the volt-ampere characteristic of a tunnel diode. Indicate the
negative-resistance portion.

3-27 Draw the small-signal model of the tunnel diode operating in the negative-
resistance region. Define each circuit element.

3-28 (a) Draw the volt-ampere characteristics of a p-n photodiode. (b) Does the
current correspond to a forward- or reverse-biased diode? (c) Each curve is drawn for
a different value of what physical parameter?

3-29 (a) Write the equation for the volt-ampere characteristic of a photodiode.
(b) Define each symbol in the equation.

3-30 (a) Sketch the curve of photodiode current as a function of the position of a
narrow light source from the junction. (b) Explain the shape of the curve.

3-31 (a) Define photovoltaic potential. (b) What is its order of magnitude?
(¢) Does it correspond to a forward or a reverse voltage?

3-32 Explain how to obtain maximum power output from a photovoltaic cell.

3.33 What is a light-emitting diode?



DIODE CIRCUITS

The p-n junction diode is considered as a circuit element. The concept
of “load line” is introduced. The piecewise linear diode model is
exploited in the following applications: clippers (single-ended and
double-ended), comparators, diode gates, and rectifiers. Half-wave,
full-wave, bridge, and voltage-doubling rectification are considered.
Capacitor filters are discussed.

Throughout this chapter we shall assume that the input wave-
forms vary slowly enough so that the diode switching times (Sec. 3-10)
may be neglected.

4-1 THE DIODE AS A CIRCUIT ELEMENT

The basic diode circuit, indicated in Fig. 4-1, consists of the device in
series with a load resistance R and an input-signal source ;. This eir-
cuit is now analyzed to find the instantaneous current ¢ and the
instantaneous diode voltage », when the instantaneous input voltage
18 v;.

The Load Line From Kirchhoff’s voltage law (KVL),
v=uv — 1R, (4'1)

where R is the magnitude of the load resistance. This one equation
is not sufficient to determine the two unknowns » and < in this expres-
sion. However, a second relation between these two variables is given
by the static characteristic of the diode (Fig. 3-7). In Fig. 4-2a is
indicated the simultaneous solution of Eq. (4-1) and the diode char-
acteristic. The straight line, which is represented by Eq. (4-1), is
called the load line. The load line passes through the points 7 = 0,

87
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Fig. 4-1 The basic diode circuit. The anode (the p
side) of the diode is marked A, and the cathode (the n
side) is labeled K.

v =v;, and 1 = v;/Rz, v = 0. That is, the intercept with the voltage axis is
v;, and with the current axis is v;/R;. The slope of this line is determined,
therefore, by Ry ; the negative value of the slope is equal to 1/R;. The point
of intersection A of the load line and the static curve gives the current i,
that will flow under these conditions. This construction determines the cur-
rent in the circuit when the instantaneous input potential is v;.

A slight complication may arise in drawing the load line because ¢ = v;/R,.
is too large to appear on the printed volt-ampere curve supplied by the manu-
facturer. Under such circumstance choose an arbitrary value of current I’
which is on the vertical axis of the printed characteristic. Then the load line
is drawn through the point P (Fig. 4-2a), where ¢ = I’ v = v; — I'R;, and
through a second point ¢ = 0, v = v,.

The Dynamic Characteristic Consider now that the input voltage is
allowed to vary. Then the above procedure must be repeated for each volt-
age value. A plot of current vs. input voltage, called the dynamic charac-
teristic, may be obtained as follows: The current i4 is plotted vertically above
v; at point B in Fig. 4-2b. As v; changes, the slope of the load line does not

vl i
v i R,
FL‘ Load il
line Static R,
curve
I | — = P

U: -1 RL lA’
p—————— A iA

|

|

|

!

(@) ' )

Fig. 42 (a) The intersection A of the load line with the diode static characteristic
gives the current 74 corresponding to an instantaneous input voltage v,. (b) The
method of constructing the dynamic curve from the static curve and the load line.
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Fig. 4-3 The method of obtaining the output-voltage wave-
form from the transfer characteristic for a given input-signal-
voltage waveform.

vary since Ry is fixed. Thus, when the applied potential has the value v}, the
corresponding current is 74». This current is plotted vertically above v at B’.
The resulting curve OBB’ that is generated as v; varies is the dynamic
characteristic.

The Transfer Characteristic The curve which relates the output voltage
¥ to the input v; of any circuit is called the transfer, or transmission, character-
istic, Since in Fig. 4-1 v, = {R;, then for this particular circuit the transfer
curve has the same shape as the dynamiec characteristie.

It must be emphasized that, regardless of the shape of the static volt-
ampere characteristic or the waveform of the input signal, the resultant output
waveshape can always be found graphically (at low frequencies) from the
transfer curve. This construction is illustrated in Fig. 4-3. The input-signal
waveform (not necessarily triangular) is drawn with its time axis vertically
downward, so that the voltage axis is horizontal. Suppose that the input
voltage has the value v;4 indicated by the point 4 at an instant ¢’. The corre-
sponding output voltage is obtained by drawing a vertical line through- A
and noting the voltage v,4 where this line intersects the transfer curve. This
value of v, is then plotted (a) at an instant of time equal to#’. Similarly, points
b, ¢, d, . . .of the output waveform correspond to points B, C, D, . . . of the
input-voltage waveform. Note that v, = 0 for v; < V., so that the diode acts
as a clipper and a portion of the input signal does not appear at the output.
Also note the distortion (the deviation from linearity) introduced into the
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Fig. 4-4 The output circuit of most devices
consist of a supply voltage V in series with a load
resistance R..

output in the neighborhood of »; = V., because of the nonlinearity in the
transfer curve in this region.

4-2 THE LOAD-LINE CONCEPT

We now show that the use of the load-line construction allows the graphical
analysis of many circuits involving devices which are much more complicated
than the p-n diode. The external circuit at the output of almost all devices
consists of a dc (constant) supply voltage V in series with a load resistance
R;, as indicated in Fig. 4-4. Since KVL applied to this output circuit yields

v =V — iR, (4-2)

we once again have a straight-line relationship between output current ¢ and
output (device) voltage v. The load line passes through the point 7 = 0,
v = V and has a slope equal to —1/R tndependently of the device characteristics.
A p-n junction diode or an avalanche diode possesses a single volt-ampere
characteristic at a given temperature. However, most other devices must be
described by a family of curves. For example, refer to Fig. 3-21, which gives
the volt-ampere characteristics of a photodiode, where a separate curve is
drawn, for each fixed value of light intensity. The load line superimposed
upon these characteristics corresponds to a 40-V supply and a load resistance
of 40/800 M= 50 K. Note that, from the intersection of the load line with
the curve for an intensity L = 3,000 fc, we obtain a photodiode current of
530 pA and a device voltage of 13.5 V. For L = 2,000 fe, 7 = 320 uA, and
v =240V, ete.

The volt-ampere characteristics of a transistor (which is discussed in the
following chapter) are similar to those in Fig. 3-21 for the photodiode. How-
ever, the independent parameter, which is held constant for each curve, is the
input transistor current instead of light intensity. The output circuit is iden-
tical with that in Fig. 4-4, and the graphical analysis begins with the construc-
tion of the load line.

4-3 THE PIECEWISE LINEAR DIODE MODEL

If the reverse resistance R, is included in the diode characteristic of Fig. 3-9,
the piecewise linear and continuous volt-ampere characteristic of ¥ig. 4-5a is
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Fig. 4-5 (a) The piece-
wise linear volt-ampere
characteristic of a p-n A
diode. (b) The large- o+
signal model in the on, or R, -
forward, direction (anode R,
A more positive than V,
with respect to the cath-
ode). (c) The model in TR, oV
the orr, or reverse, direc-
tion (v < V).

LS

(a) (b) (c)

obtained. The diode is a binary device, in the sense that it can exist in only
one of two possible states; that is, the diode is either oN or oFF at a given time.
If the voltage applied across the diode exceeds the cutin potential V., with the
anode A (the p side) more positive than the cathode K (the n side), the diode
is forward-biased and is said to be in the o~ state. The large-signal model for
the oN state is indicated in Fig. 4-5b as a battery V, in series with the low
forward resistance R; (of the order of a few tens of ohms or less). For a reverse
bias (v < V,) the diode is said to be in its oFF state. The large-signal model
for the oFF state is indicated in Fig. 4-5¢ as a large reverse resistance R, (of
the order of several hundred kilohms or more). Usually R, is so much larger
than any other resistance in the diode circuit that this reverse resistance may
be considered to be infinite. We shall henceforth assume that R, = o,
unless otherwise stated.

A Simple Application Consider that in the basic diode circuit of Fig. 4-1
the input is sinusoidal, so that »; = V,, sin a, where @ = wt, v = 27, and f is
the frequency of the input excitation. Assume that the piecewise linear model
of Fig. 4-5 (with R, = ») is valid. The current in the forward direction
(v; > V,) may then be obtained from the equivalent circuit of Fig. 4-6a.
We have

. Vasina =V,

4-3
R, + Ry (4-3)

for v; = V. sin @ > Vyand ¢ = 0 for v; < V,. This waveform is plotted in
Fig. 4-6b, where the cutin angle ¢ is given by

¢ = arcsin Vy (4-4)

If, for example, V,, = 2V,, then ¢ = 30°. For silicon (germanium),

Vy=06YV(0.2YV),
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(@) )]

Fig. 4-6 (a) The equivalent circuit of a diode D (in the on state) in
series with a load resistance R, and a sinusoidal voltage v,. (b)
The input waveform v; and the rectified current 3.

and hence a cutin angle of 30° is obtained for very small peak sinusoidal
voltages; 1.2 V (0.4 V) for Si (Ge). On the other hand, if V,, > 10 V, then
¢ < 3.5° (1.2°) for Si (Ge) and the cutin angle may be neglected; the diode
conducts essentially for a full half eycle. Such a rectifier is considered in more
detail in Sec. 4-8.

Incidentally, the circuit of Fig. 4-6 may be used to charge a battery from
an ac supply line. The battery Vg is placed in series with the diode D, and
R; is adjusted to supply the desired de (average) charging current. The
instantaneous current is given by Eq. (4-3), with Vg added to V,.

The Break Region The piecewise linear approximation given in Fig. 4-5a
indicates an abrupt- discontinuity in slope at V,. Actually, the transition
of the diode from the oFF condition to the oN state is not abrupt. Therefore
the waveform transmitted through a clipper or a rectifier will not show an
abrupt change of attenuation at a break point, but instead there will exist a
break region, that is, a region over which the slope of the diode characteristic
changes gradually from a very small to a very large value. We shall now
estimate the range of voltage of this break region.

The break point is defined at the voltage V., where the diode resistance
changes discontinuously from the very large value R, to the very small value
R;. Hence, let us arbitrarily define the break region as the voltage change
over which the diode resistance is multiplied by some large factor, say 100.
The incremental resistance r = dV/dl = 1/y is, from Eq. (3-13),

r=n7 1—;1' eVinvr (4-5)

If V1(V.) is the potential at which r = r,(r,), then

™1

- = Va=V/nVr (4-6)
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For ri/rs = 100, AV =V, — Vi = V7 In 100 = 0.12 V for Ge ( = 1) and
0.24 V for Si (n = 2) at room temperature. Note that the break region AV is
only one- or two-tenths of a volt. If the input signal is large compared with
this small range, then the piecewise linear volt-ampere approximation and
models of Fig. 4-5 are valid.

Analysis of Diode Circuits Using the Piecewise Linear Model Consider
a circuit containing several diodes, resistors, supply voltages, and sources of
excitation. A general method of analysis of such a circuit consists in assuming
(guessing) the state of each diode. For the on state, replace the diode by a
battery V. in series with a forward resistance Ry, and for the oFF state replace
the diode by the reverse resistance R, (which can usually be taken as infinite),
as indicated in Fig. 4-5b and ¢. After the diodes have been replaced by these
piecewise linear models, the entire circuit is linear and the currents and voltages
everywhere can be calculated using Kirchhoff’s voltage and current laws.
The assumption that a diode is oN can then be verified by observing the sign
of the current through it. If the current is in the forward direction (from
anode to cathode), the diode is indeed onN and the initial guess is justified.
However, if the current is in the reverse direction (from cathode to anode),
the assumption that the diode is oN has been proved incorrect. Under this
circumstance the analysis must begin again with the diode assumed to be oFr.

Analogous to the above trial-and-error method, we test the assumption
that a diode is oFF by finding the voltage across it. If this voltage is either
in the reverse direction or in the forward direction but with a voltage less
than V., the diode is indeed orr. However, if the diode voltage is in the
forward direction and exceeds V,, the diode must be oN and the original
assumption is incorrect. In this case the analysis must begin again by assum-
ing the on state for this diode.

The above method of analysis will be employed in the study of the diode
circuits which follows.

4-4 CLIPPING (LIMITING) CIRCUITS

Clipping circuits are used to select for transmission that part of an arbitrary
waveform which lies above or below some reference level. Clipping circuits
are also referred to as voltage (or current) lLimiters, amplitude selectors, or
slicers.

In the above sense, Fig. 4-1 is a clipping circuit, and input voltages
below V., are not transmitted to the output, as is evident from the waveforms
of Figs. 4-3 and 4-6. Some of the more commonly employed clipping circuits
are now to be described.

Consider the circuit of Fig. 4-7a. Using the piecewise linear model, the
transfer characteristic of Fig. 4-7b is obtained, as may easily be verified.
For example, if D is orF, the diode voltage v < V,and v»; < V, 4 Vg How-
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Fig. 4-7 (a) A diode clipping circuit which transmits that part of the waveform
more negativethan Ve + V,. (b) The piecewise linear transmission characteristic
of the circuit. A sinusoidal input and the clipped output are shown.

ever, if D is oFF, there is no current in R and », = »;. This argument justifies
the linear portion (with slope unity) of the transmission characteristic extending
from arbitrary negative values tov; = Vg + V,. Foru, larger than Vi + V,,
the diode conducts, and it behaves as a battery V., in series with a resistance
R;, so that increments Av; in the input are attenuated and appear at the output
as increments Av, = Av;R;/(R; + R). This verifies the linear portion of
slope R;/(R; + R) for v; > Vg + V, in the transfer curve. Note that the
transmission characteristic is piecewise linear and continuous and has a break
point at Vp + V,.

Figure 4-7b shows a sinusoidal input signal of amplitude large enough
so that the signal makes excursions past the break point. The corresponding
output exhibits a suppression of the positive peak of the signal. If B; < R,
this suppression will be very pronounced, and the positive excursion of the
output will be sharply limited at the voltage Ve + V,. The output will
appear as though the positive peak had been “‘clipped off” or “sliced off.”
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Often it turns out that Vg > V,, in which case one may consider that Vg
itself is the limiting reference voltage.

In Fig. 4-8a the clipping circuit has been modified in that the diode in
Fig. 4-7a has been reversed. The corresponding piecewise linear representa-
tion of the transfer characteristic is shown in Fig. 4-8b. In this circuit, the
portion of the waveform more positive than Vg — V., is transmitted without
attenuation, but the less positive portion is greatly suppressed.

In Figs. 4-7b and 4-8b we have assumed R, arbitrarily large in comparison
with R. If this condition does not apply, the transmission characteristics
must be modified. The portions of these curves which are indicated as having
unity slope must instead be considered to have a slope R,/(R, + R).

In a transmission region of a diode clipping circuit we require that R, > R,
for example, that R, = kR, where k is a large number. In the attenuation
region, we require that B >> Ry, for example, that B = kR;. From these two

equations we deduce that R = \/R,R, and that ¥ = VR,/R;. On this

Don >4<— D oFF —>

2
(=]
3
i
-

Breakpoint

X
<
=

S WY A N I 2

() i (a)

Fig. 4-8 (a) A diode clipping circuit which transmits that part of the wave-
form more positive than Vg — V,. (b) The piecewise linear transmission
characteristic of the circuit. A sinusoidal input and the clipped output are
shown,
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Fig. 4-9 Four diode clipping circuits. In (a) and (c) the diode appears as a
shunt element. In (b) and (d) the diode appears as a series element. Under each
circuit appears the output waveform (solid) for a sinusoidal input. The clipped
portion of the input is shown dashed.

basis we conclude that it is reasonable to select R as the geometrical mean of
R, and R;. And we note that the ratio R,/R; may well serve as a figure of
merit for diodes used in the present application.

Additional Clipping Circuits  Figures 4-7 and 4-8 appear again in Vig. 4-9,
together with variations in which the diodes appear as series elements. If in
each case a sinusoid is applied at the input, the waveforms at the output will
appear as shown by the heavy lines. In these output waveforms we have
neglected V., in comparison with Vg and we have assumed that the break region
is negligible in comparison with the amplitude of the waveforms. We have
also assumed that I, >> R > R;. In two of these circuits the portion of the
waveform transmitted is that part which lies below Vpg; in the other two the
portion above Vp is transmitted. In two the diode appears s an element
in series with the signal lead; in two it appears as a shunt element.  The use
of the diode as a series element has the disadvantage that when the diode is
ofFF and it is intended that there be no transmission, fast signals or high-
frequency waveforms may be transmitted to the output through the diode
capacitance. The use of the diode as a shunt element has the disadvantage
that when the diode is open (back-biased) and it is intended that there be
transmission, the diode capacitance, together with all other capacitance in
shunt with the output terminals, will round sharp edges of input waveforms
and attenuate high-frequency signals. A second disadvantage of the use
of the diode as a shunt element is that in sueh circuits the impedance 2, of the
source which supplies Vg must be kept low. This requirement does not arise
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in circuits where Vg is in series with R, which is normally large compared with
R..

4-5 CLIPPING AT TWO INDEPENDENT LEVELS

Diode clippers may be used in pairs to perform double-ended limiting at
independent levels. A parallel, a series, or a series-parallel arrangement may
be used. A parallel arrangement is shown in Fig. 4-10a. Figure 4-10b shows
the piecewise linear and continuous input-output voltage curve for the circuit
in Fig. 4-10a. The transfer curve has two break points, one at v, = v; = Vg,
and a second at v, = v; = Vg, and has the following characteristics (assuming
Ve: > Ve> V,and R; K R):

Input v; Output v, Drode states
v; < Vi Vo= Vg D1 on, D2 oFr
Vel < v < Vi Vp = 0; D1 orF, D2 orF
v; > Vre Vo = Vge D1 oFr, D2 oN

Dlon :’/'Dl oFF ! D1 orr
D2 oFF 7 D2 orri D2 oN

(&) (a)

Fig. 4-10 (a) A double-diode clipper which limits at two independent levels.
(b) The piecewise linear transfer curve for the circuit in (@). The doubly clipped
output for a sinusoidal input is shown.
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(a) ®)

Fig. 4-11 (a) A double-ended clipper using avalanche dlodes,
(b) the transfer characteristic,

The circuit of Fig. 4-10a is referred to as a slicer because the output contains
a slice of the input between the two reference levels Vz; and Vig,.

The circuit is used as a means of converting a sinusoidal waveform into a
square wave. In this application, to generate a symmetrical square wave,
Vr1 and V. are adjusted to be numerically equal but of opposite sign. The
transfer characteristic passes through the origin under these conditions, and
the waveform is clipped symmetrically top and bottom. If the amplitude
of the sinusoidal waveform is very large in comparison with the difference
in the reference levels, the output waveform will have been squared.

Two avalanche diodes in series opposing, as indicated in FKig. 4-1la,
constitute another form of double-ended clipper. If the diodes have identical
characteristics, a symmetrical limiter is obtained. If the breakdown (Zener)
voltage is V7 and if the diode cutin voltage is V,, then the trdnsfer character-
istie of Fig. 4-11b is obtained.

Catching or Clamping Diodes Consider that »; and R in Fig. 4-10a
represent Thévenin’s equivalent circuit at the output of a device, such as an
amplifier. In other words, R is the output resistance and v; is the open-circuit
output signal. In such a situation D1 and D2 are called catching diodes.
The reason for this terminology should be clear from Fig. 4-12, where we see

D1 Vm Fig. 4-12 Catching diodes D1 and D2 limit the out-
put excursion of the device between Vg, and V..
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that D1 ‘“catches’ the output v, and does not allow it to fall below Vi1, whereas
D2 “catches” v, and does not permit it to rise above V..

Generally, whenever a node becomes connected through a low resistance
(as through a conducting diode) to some reference voltage Vg, we say that
the node has been clamped to Vg, since the voltage at that point in the circuit
is unable to depart appreciably from Vg. In this sense the diodes in Fig. 4-12
are called clamping diodes.

A circuit for clamping the extremity of a periodic waveform to a reference
voltage is considered in Sec. 4-11.

4-6 COMPARATORS

The nonlinear circuits which we have used to perform the operation of elipping
may also be used to perform the operation of comparison. In this case the
circuits become elements of a comparator system and are usually referred to
simply as comparators. A comparator eircuit is one which may be used to
mark the instant when an arbitrary waveform attains some reference level.
The distinction between comparator circuits and the clipping circuits con-
sidered earlier is that in a ecomparator there is no interest in reproducing any
part of the signal waveform. For example, the comparator output may consist
of an abrupt departure from some quiescent level which occurs at the time the
signal attains the reference level but is otherwise independent of the signal.
Or the comparator output may be a sharp pulse which occurs when signal and
reference are equal.

The diode circuit of Fig. 4-13a which we encountered earlier as a clipping
circuit is used here in a comparator operation. For the sake of illustration
the input signal is taken as a ramp. This input crosses the voltage level
v; = Vp + V,at time ¢ = t;. The output remains quiescent at v, = Vg until
t = t1, after which it rises with the input signal.

The device to which the comparator output is applied will respond when
the comparator voltage has risen to some level V, above Vz. However, the
precise voltage at which this device responds is subject to some variability
Av, because of gradual changes which result from aging of components, temper-
ature changes, etc. As a consequence (as shown in Fig. 4-13b) there will be a
variability At in the precise moment at which this device responds and an
uncertainty Aw; in the input voltage corresponding to Af{. Turthermore, if
the device responds in the range Av,, the device will respond not at ¢ = ¢,
but at some later time {,. The situation may be improved by increasing the
slope of the rising portion of the output waveform v,. If the diode were
indeed ideal, it would be advantageous to follow the comparator of Fig. 4-13a
by an amplifier. However, because of the exponential characteristic of a
physical diode, such an anticipated advantage is not realized.!

Although an amplifier which follows a diode-resistor comparator does not
improve the sharpness of the comparator break, an amplifier preceding the
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Fig. 413 (o) A diode comparator; (b) the comparison operation is
illustrated with a ramp input signal v;, and the corresponding output
waveform is indicated.

comparator will do so. Thus, suppose that the input signal to a diode com-
parator must go through a range Av; to carry the comparator through its
uncertainty region. Then, if the amplifier has a gain A, the input signal need
only go through the range Av;/A4 to carry the comparator output through the
same voltage range. The amplifier must be direct-coupled and must be
extremely stable against drift due to aging of components, temperature change,
etc. Such an amplifier is the difference or operational amplifier discussed
in Sec. 15-2. Comparators are treated in detail in Sec. 16-11.

4-7 SAMPLING GATE

An ideal sampling gate is a transmission eircuit in which the output is an
exact reproduction of an input waveform during a selected time interval and
is zero otherwise. The time interval for transmission is selected by an exter-
nally impressed signal, called the control, or gating, signal, and is usually rec-
tangular in shape. These sampling gates are also referred to as transmission
gates, or time-selection circuits.

A four-diode sampling gate is indicated in Ifig. 4-14a. This circuit has
the topology of a bridge with the external signal v, applied at node P, the
output v, taken across the load Ry at node P,, and symmetrical control voltages
+v. and —wv, applied to nodes P; and P, through the control resistors R..
The rectangularly shaped v, the sinusoidal v, (it could be of arbitrary wave-
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shape), and the sampled output v, are drawn in Vig. 4-14b. Note that the
period of v, need not be the same as that of v, although in most practical sys-
tems the period of v, would equal or be an integral multiple of that of v,.

If we assume ideal diodes with V, = 0, B, = 0, R, = =, the operation
of the circuit is easily understood. During the time interval T,, whenv, = V,,
all four diodes conduct and the voltage across each is zero. Hence nodes P,
and P, are at the same potential and v, = v,. The output is therefore an
exact replica of the input during the selection time T.. During the time T,,
when v, = —V,, all four diodes are nonconducting and the current in R is
zero, so that v, = 0. )

We must now justify the statements made in the preceding paragraph
that during 7, all diodes conduct and during 7, all diodes are nonconducting.
Consider the situation when v, = —V,, —v. = +V,, and v, = V, = the
(positive) peak signal voltage. Let us assume that all diodes are reverse-
biased, so that v, = 0, and then justify this assumption (Sec. 4-3). From
Fig. 4-14a we see that D1 and D2 are each reverse-biased by V,, that D3 is
reverse-biased by V, 4+ V,, and that the voltage across D4 (in the forward
direction) is ¥V, — V,. Hence diodes D1, D2, and D3 are o¥fF for any value
of V, or V, and D4 is oFF provided that V, > V,, or the minimum value of
V. is given by

(Vn)min = Va (4‘7)

In other words, there is a restriction on the control-gate amplitude during the
nonconducting interval T,; the minimum value of V, just equals the peak

|

-

|
X

>

<

N

(a) ()

Fig. 4-14 (a) A four-diode-bridge sampling gate. (b) The control v,, the signal
v,, and the output v, waveforms.
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Fig. 4-15 The diodes in Fig. 4-14 are replaced by short circuits. (a) The currents
due to V,; (b) the currents due to V.

signal voltage V, if we require that all four diodes be nonconducting during
this interval.

Consider now the situation during 7., when v, = +V,, —v, = —V,, and
v, = V,. We now assume that all four diodes are oN and then determine the
restriction required upon V, so that each diode current is indeed in the forward
direction. The current in each diode consists of two components, one due to
V. (as indicated in Fig. 14-15a) and the other due to V, (as indicated in Fig.
14-15b). The current due to V. is V./2R, and is in the forward direction in
each diode, but the current due to V, is in the reverse direction in D3 (between
P; and P;) and in D2 (between P, and P,). The larger reverse current is in
D3 and equals V,/R. + V,/2R., and hence this quantity must be less than
Ve/2R.. The minimum value of V. is therefore given by

Vhmin = V., (2 + RI%) (4-8)

Balance Conditions Assume that v, = 0 but that the four diodes are not
identical in the parameters V, and R; (which are now no longer taken to be
zero). Then the bridge will not be balanced and node P, is not at the same
potential (ground) as P;. Under these circumstances a portion of the rec-
tangular control waveform appears at the output. In other words, during
T, the output is v, = V., instead of zero. If now the restriction v, = 0 is
removed, the sampled portion of the output v, in Fig. 4-14b will be raised with
respect to ground by the voltage V., and v, is said to be ‘“‘sitting upon a ped-
estal.”” Fortunately, all four diodes can be fabricated simultaneously on a
tiny chip of silicon by integrated-circuit techniques (Chap. 7), and this ensures
matched diodes, so that the pedestal is minimized. It must be emphasized
that even with identical diodes a pedestal will exist in the output if the two
control waveforms are not balanced (one control signal must be the negative of
the other). Other sampling circuits which minimize control-signal imbalance
are possible.?
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4-8 RECTIFIERS

Almost all electronic circuits require a de source of power. For portable low-
power systems batteries may be used. More frequently, however, electronic
equipment is energized by a power supply, a piece of equipment which converts
the alternating waveform from the power lines into an essentially direct voltage.
The study of ac-to-dec conversion is initiated in this section.

A Half-wave Rectifier A device, such as the semiconductor diode, which
is capable of converting a sinusoidal input waveform (whose average value is
zero) into a unidirectional (though not constant) waveform, with a nonzero
average component, is called a rectifier. The basic circuit for half-wave rectifi-
cation is shown in Fig. 4-16. Since in a rectifier circuit the input v; = V,, sin wt
has a peak value V,, which is very large compared with the cutin voltage V,
of the diode, we assume in the following discussion that V., = 0. (The con-
dition V, £ 0 is treated in Sec. 4-3, and the current waveform is shown in
Fig. 4-6b.) With the diode idealized to be a resistance R, in the oN state and
an open circuit in the oFF state, the current ¢ in the diode or load Ry is given
by

1 = Insin a fo<a<nr

(4-9)
1=0 fr<a<2r
where « = wf and
Ven
= 4-1
=% Tk (4-10)

The transformer secondary voltage v; is shown in Fig. 4-16b, and the rectified
AV
" -
Ac .
input 4 D - 0 ™ 27 w=wt

X (b)

|||—~

A y

(c) 0 m 27 a

Fig. 4-16 (a) Basic circuit of half-wave rectifier. (b) Transformer sinusoidal
secondary voltage v;. (c) Diode and load current 7.
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current in Fig. 4-16c. Note that the output current is unidirectional. We
now calculate this nonzero value of the average current.

A dc ammeter is constructed so that the needle deflection indicales the average
value of the current passing through it. By definition, the average value of a
periodic function is given by the area of one cycle of the curve divided by the
base. Expressed mathematically,

Iy = 2 ﬁ”z’da (4-11)

~or
For the half-wave circuit under consideration, it follows from Eqgs. (4-9) that

l s . Im
Lo =5 fo Insinada = -2 (4-12)

Note that the upper limit of the integral has been changed from 27 to = since
the instantaneous current in the interval from = to 27 is zero and so con-
tributes nothing to the integral.

The Diode Voltage The de output voltage is clearly given as

Ve = Ly = 22

(4-13)

However, the reading of a de voltmeter placed across the diode is not given
by I4.R; because the diode cannot be modeled as a constant resistance, but
rather it has two values: R, in the oN state and « in the oFF state.

A dc voltmeter reads the average value of the voltage across its terminals.
Hence, to obtain V), across the diode, the instantaneous voltage must be
plotted as in Fig. 4-17 and the average value obtained by integration. Thus

v = i([ﬂ’ImR,sinadaJrﬁZ” Vo sin o der)

us
1 1
=~ InBy = Vi) = —[InR; — In(R; + R1)]

where use has been made of Eq. (4-10). Hence

yy = — I (4-14)
™
v
I,R; sin o
0
™ 2m ®  Fig. 4-17 The voltage across the diode in

Fig. 4-16.

V. sin a




Sec. 4-8 DIODE CIRCUITS / 105

This result is negative, which means that if the voltmeter is to read upscale,
its positive terminal must be connected to the cathode of the diode. From
Eq. (4-13) the de diode voltage is seen to be equal to the negative of the dc
voltage across the load resistor. This result is evidently correct because the
sum of the de voltages around the complete circuit must add up to zero.

The AC Current (Voltage) A root-mean-square ammeter (voltmeter) is
constructed so that the needle deflection indicates the effective, or rms, current
(voltage). Such a “square-law” instrument may be of the thermocouple type.
By definition, the effective or rms value squared of a periodic function of time
is given by the area of one cycle of the curve, which represents the square of
the function, divided by the base. Expressed mathematically,

(1 [, ! '
Lime = (Zr [o i da) (4-15)
By use of Egs. (4-9), it follows that
— 1 7 2 Gin? i_ Inm
Iims = (ﬂ [0 1,2 sin ada) =3 (4-16)

Applying Eq. (4-15) to the stnusoidal input voltage, we obtain

Vime = (4-17)

Va
V2
Most ac meters are of the rectifier type discussed in Sec. 4-9, instead of being
true rms reading instruments.

Regulation The variation of de output voltage as a function of de load|
current is called regulation. The percentage regulation is defined as

Vno load ™ Vload
Vload

where no load refers to zero current and load indicates the normal load current.
For an ideal power supply the output voltage is independent of the load (the
output current) and the percentage regulation is zero.

The variation of Vg4 -with I4. for the half-wave rectifier is obtained as
follows: From Egs. (4-12) and (4-10),

9% regulation = X 1009, i (4-18)

_ Im _ Vm/7r -
Ise = ‘7‘; = m (4: 19)
Solving Eq. (4-19) for V4. = I4.Rz, we obtain
Vee = 22 — LR, (4-20)

This result is consistent with the circuit model given in Fig. 4-18 for the
de voltage and current. Note that the rectifier circuit functions as if it were
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Fig. 4-18 The Thévenin’s model which
gives the dc voltage and current for a
power supply. For the haif-wave circuit
of Fig. 4-16, V = V,/m and R, = R,.

For the full-wave circuit of Fig. 4-19,

V =2V,/m and R, = R;. For the full-
wave rectifier with a capacitor filter (Sec.
4-10), V, = V, and R, = 1/4fC.

a constant (open-circuit) voltage source V = V,/r in series with an effective
internal resistance (the output resistance) R, = R;. This model shows that
Vae equals Vi, /7 at no load and that the de voltage decreases linearly with an
increase in de output current. In practice, the resistance R, of the transformer
secondary is in series with the diode, and in Eq. (4-20) R, should be added to
R;. The best method of estimating the diode resistance is to obtain a regula-
tion plot of Vg4, versus I4, in the laboratory. The negative slope of the result-
ing straight line gives R, + R,.

Thévenin's Theorem This theorem states that any two-terminal linear
network may be replaced by a generator equal to the open-circuit voltage between
the terminals tn series with the output impedance seen at this port. Clearly,
Fig. 4-18 represents a Thévenin’s model, and hence a rectifier behaves as a
linear circuit with respect to average current and voltage.

A Full-wave Rectifier The circuit of a full-wave rectifier is shown in
Fig. 4-19a. This circuit is seen to comprise two half-wave circuits so con-
nected that conduction takes place through one diode during one half of the
power cycle and through the other diode during the second half of the cycle.

The current to the load, which is the sum of these two currents, has the
form shown in Fig. 4-19b. The de¢ and rms values of the load current and
voltage in such a system are readily found to be

_ oI, I _2I.R,
= T Irms = \‘/—5 Vdc - =

where I, is given by Eq. (4-10) and V. is the peak transformer secondary volt-
age from one end to the center tap. Note by comparing Eq. (4-21) with
Eq. (4-13) that the de output voltage for the full-wave connection is twice
that for the half-wave circuit.

From Eqs. (4-10) and (4-21) we find that the de output voltage varies
with current in the following manner:

Idc

(4-21)

Vdc = g:’l:—m b Ichf (4—22)
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Fig. 4-19 (a) A full-wave rectifier circuit. (b) The individual diode currents and
the load current ©. The output voltage is v, = iR;.

This expression leads to Thévenin’s de model of I'ig. 4-18, except that the
internal (open-circuit) supply is V = 2V, /7 instead of V,./r.

Peak Inverse Voltage For each rectifier circuit there is a maximum
voltage to which the diode can be subjected. This potential is called the peak
inverse voltage because it occurs during that part of the cycle when the diode
is nonconduecting. From Fig. 4-16 it is clear that, for the half-wave rectifier,
the peak inverse voltage is V,,. We now show that, for a full-wave circuit,
twice this value is obtained. At the instant of time when the transformer
secondary voltage to midpoint is at its peak value V., diode D1 is conducting
and D2 is nonconducting. If we apply KVL around the outside loop and
neglect the small voltage drop across D1, we obtain 2V, for the peak inverse
voltage across D2. Note that this result is obtained without reference to
the nature of the load, which can be a pure resistance R; or a combination
of R and some reactive elements which may be introduced to “filter’”’ the
ripple. We conclude that, in a full-wave circuit, independently of the filter used,
the peak inverse voltage across each diode is twice the maximum transformer
voltage measured from midpoint to either end.

4-9 OTHER FULL-WAVE CIRCUITS

A variety of other rectifier circuits find extensive use. Among these are the
bridge circuit, several voltage-doubling circuits, and a number of voltage-
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Fig. 4-20 Full-wave bridge circuit.

multiplying circuits. The bridge circuit finds application not only for power
circuits, but also as a rectifying system in rectifier ac meters for use over a
fairly wide range of frequencies.

The Bridge Rectifier The essentials of the bridge circuit are shown in
Fig. 4-20. To understand the action of this circuit, it is necessary only to
note that two diodes conduet simultaneously. I'or example, during the por-
tion of the eycle when the transformer polarity is that indicated in I'ig. 4-20,
diodes 1 and 3 are conducting, and current passes from the positive to the
negative end of the load. The conduction path is shown in the figure. During
the next half cycle, the transformer voltage reverses its polarity, and diodes
2 and 4 send current through the load in the same direction as during the
previous half cycle.

The principal features of the bridge cireuit are the following: The cur-
rents drawn in both the primary and the secondary of the supply transformer
are sinusoidal, and therefore a smaller transformer may be used than for the
full-wave circuit of the same output; a transformer without a center tap is
used; and each diode has only transformer voltage across it on the inverse
cycle. The bridge circuit is thus suitable for high-voltage applications.

The Rectifier Meter This instrument, illustrated in I'ig. 4-21, is essen-
tially a bridge-rectifier system, except that no transformer is required. Instead,
the voltage to be measured is applied through a multiplier resistor B to two
corners of the bridge, a de milliammeter being used as an indicating instrument
across the other two corners. Since the de milliammeter reads average values
of current, the meter scale is calibrated to give rms values when a sinusoidal
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Fig. 4-21 The rectifier voltmeter. o o

voltage is applied to the input terminals. As a result, this instrument will not
read correctly when used with waveforms which contain appreciable harmonies.

Voltage Multipliers A common voltage-doubling circuit which delivers
a dc voltage approximately equal to twice the transformer maximum voltage
at no load is shown in Fig. 4-22. This circuit is operated by alternately
charging each of the two capacitors to the transformer peak voltage V.,
current being continually drained from the capacitors through the load. The
capacitors also act to smooth out the ripple in the output.

This circuit is characterized by poor regulation unless very large capacitors
are used. The inverse voltage across the diodes during the nonconducting
cycle is twice the transformer peak voltage. The action of this circuit will
be better understood after the capacitor filter is studied, in the following
section.

4-10 CAPACITOR FILTERS

Filtering is frequently effected by shunting the load with a capacitor. The
action of this system depends upon the fact that the capacitor stores energy
during the conduction period and delivers this energy to the load during the
inverse, or nonconducting, period. In this way, the time during which the.
current passes through the load is prolonged, and the ripple is considerably
decreased. The ripple voltage is defined as the deviation of the load voltage
from its average or dc value.

+ C *
Fig. 4-22 The bridge voltage-dou- C
bling circuit. This is the single-phase
. I . 09 R, U,
full-wave bridge circuit of Fig. 4-19
with two capacitors replacing two g Ac l N
diodes. -C
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*  Fig. 4-23 A half-wave
U, capacitor-filtered rectifier.
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Consider the half-wave capacitive rectifier of Fig. 4-23. Suppose, first,
that the load resistance B, = «. The capacitor will charge to the potential
Vm, the transformer maximum value. TIurther, the capacitor will maintain
this potential, for no path exists by which this charge is permitted to leak
off, since the diode will not pass a negative current. The diode resistance is
infinite in the inverse direction, and no charge can flow during this portion of
the cycle. Consequently, the filtering action is perfect, and the capacitor
voltage v, remains constant at its peak value, as is seen in Fig. 4-24.

The voltage v, across the capacitor is, of course, the same as the voltage
across the load resistor, since the two elements are in parallel. The diode
voltage v is given by

P (4-23)

We see from Fig. 4-24 that the diode voltage is always negative and that
the peak inverse voltage is twice the transformer maximum. Hence the
presence of the capacitor causes the peak inverse voltage to increase from a
value equal to the transformer maximum when no capacitor filter is used to
a value equal to twice the transformer maximum value when the filter is used.

Suppose, now, that the load resistor Ry is finite. Without the capacitor
input filter, the load current and the load voltage during the conduection period
will be sinusoidal functions of time. The inclusion of a capacitor in the
circuit results in the capacitor charging in step with the applied voltage. Also,
the capacitor must discharge through the load resistor, since the diode will pre-
vent a current in the negative direction. Clearly, the diode acts as a switch
which permits charge to flow into the capacitor when the transformer voltage
exceeds the capacitor voltage, and then acts to disconneet the power source
when the transformer voltage falls below that of the capacitor.

/r‘\v" T ViR Fig. 4-24 Voltages in a half-wave
/ \\ Vi VAZ capacitor-filtered rectifier at no
/ \ | / Zero axis load. The output voltage v, is a

¢ constant, indicating perfect filtering.

The diode voltage v is negative for
all values of time, and the peak in-
verse voltage is 2V ,,.
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The analysis now proceeds in two steps. Iirst, the conditions during
conduction are considered, and then the situation when the diode is non-
conducting is investigated.

Diode Conducting If the diode drop is neglected, the transformer volt-
age is impressed directly across the load. Hence the output voltage is
vo = Vam sin wt. The question immediately arises: Over what interval of
time is this equation applicable? In other words, over what portion of each
cycle does the diode remain conducting? The point at which the diode starts
to conduet is called the cutin point, and that at which it stops conducting is
called the cutout point. The cutout time ¢; and the cutin time ¢, are indicated
in Fig. 4-25, where we observe that the output waveform consists of portions
of sinusoids (when the diode is oN) joined to exponential segments (when the
diode is OFF).

We now calculate the cutout angle by finding the expression for the
diode current ¢ and then noting when 7 = 0. When the diode conduets,
vo = Vo sin wt and 7 is the sum of the load resistor current 7;, and the eapacitor
current ¢¢c. Hence

dv, _ Vs
dt  R.

This current is of the form ¢ = I, sin (wt 4+ ¢), where

In=Va, /RLZ + w?C? ¥ = arctan wCR, (4-25)
L

The cutout time ¢, is found by setting z = 0 at ¢ = ¢;, which leads to
wh =7 — ¢ (4-26)

i = Ili)f_o +C sin wt + wCV,, cos wt (4-24)
L

for the cutout angle wt; in the first eycle. The diode current is indicated in
Fig. 4-25.

Equation (4-25) shows that the use of a large capacitance to improve the
filtering at a given load R is accompanied by a high-peak diode current I,,.
For a specified average load current, ¢ becomes more peaked and the conduc-

Cutout point

Fig. 4-25 Theoretical sketch of
diode current ¢ and output voltage i A Cutin point
v, in a half-wave capacitor-filtered v
rectifier.
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tion period decreases as C is made larger. It is to be emphasized that the
use of a capacitor filter may impose serious restrictions on the diode, since
the average current may be well within the current rating of the diode, and
yet the peak current may be excessive.

Diode Nonconducting In the interval between the cutout time ¢, and
the cutin time ¢,, the diode is effectively out of the circuit, and the capacitor
discharges through the load resistor with a time constant CR;. Thus the
capacitor voltage (equal to the load voltage) is

v = AR (4-27)

To determine the value of the constant A4, note from Fig. 4-25 that at the
cutout time ¢ = {1, v, = v; = V, sin wf;. Equation (4-27) thus attains the
form

Vo = (Vo sin wty)e ¢H/CE, (4-28)

Since ¢; is known from Eq. (4-26), v, can be plotted as a function of time.
This exponential curve is indicated in Iig. 4-25, and where it intersects the
curve Vo, sin wt (in-the following eycle) is the cutin point .. The validity
of this statement follows from the fact that at an instant of time greater than ¢,,
the transformer voltage v; (the sine curve) is greater than the capacitor voltage
v, (the exponential curve). Since the diode voltage is v = v; — v,, then v will
be positive beyond ¢, and the diode will become conducting. Thus ¢, is the
cutin point. No analytic expression can be given for fy; it must be found
graphically by the method outlined above.

Full-wave Circuit Consider a full-wave rectifier with a capacitor filter
obtained by placing a capacitor C across Ry in Fig. 4-19. The analysis of this
circuit requires a simple extension of that just made for the half-wave circuit.
If in Fig. 4-25 a dashed half-sinusoid is added between = and 2, the result is
the dashed full-wave voltage in I'ig. 4-26. The cutin point now lies between
m and 27, where the exponential portion of v, intersects this sinusoid. The
cutout point is the same as that found for the half-wave rectifier.

wt

Fig. 4-26 The approximate load-voltage waveform v, in a full-
wayve capacitor-filtered rectifier.
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Approximate Analysis It is possible to obtain the de output voltage for
given values of the parameters w, Ry, C, and V. from the graphical construc-
tion indicated in Fig. 4-25. Such an analysis is involved and tedious. Hence
we now present an approximate solution which is simple and yet sufficiently
accurate for most engineering applications.

We assume that the output-voltage waveform of a full-wave circuit with a
capacitor filter may be represented by the approximately piecewise linear
curve shown in Fig. 4-26. For large values of C (so that wCR; > 1) we note
from Eqs. (4-25) and (4-26) that oty > 7/2 and v, > V., at t = t,. Also,
with C very large, the exponential decay in Eq. (4-28) can be replaced by a
linear fall. If the total capacitor discharge voltage (the ripple voltage) is
denoted by V,, then from Fig. 4-26, the average value of the voltage is
approximately

Vae = Vi = oL (4-29)

It is necessary, however, to express V, as a function of the load current
and the capacitance. If T, represents the total nonconducting time, the
capacitor, when discharging at the constant rate I, will lose an amount of
charge I3.T,.  Hence the change in capacitor voltage is I4.T»/C, or

. IdcT2
- C

The better the filtering action, the smaller will be the conduction time 7', and
the closer T, will approach the time of half a cycle. Hence we assume that
T, = T/2 = 1/2f, where f is the fundamental power-line frequency. Then

v, (4-30)

. Idc
V, = Zf-é ' ’ ' , (4'31)
and from Eq. (4-29),
1y,
Vae =V — 4/,—‘*0 (4-32)

This result is consistent with Thévenin’s model of IFig. 4-18, with the open-
circuit voltage V = V,, and the effective output resistance K, = 1/4fC.

The ripple is seen to vary directly with the load current /4. and also
inversely with the capacitance. Hence, to keep the ripple low and to ensure
good regulation, very large capacitances (of the order of tens of microfarads)
must be used. The most common type of capacitor for this rectifier applica-
tion is the electrolytic capacitor. These capacitors are polarized, and care
must be taken to insert them into the circuit with the terminal marked + to
the positive side of the output.

The desirable features of rectifiers employing capacitor input filters are
the small ripple and the high voltage at light load. The no-load voltage is
equal, theoretically, to the maximum transformer voltage. The disadvantages
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of this system are the relatively poor regulation, the high ripple at large loads,
and the peaked currents that the diodes must pass.

An approximate analysis similar to that given above applied to the half-
wave circuit shows that the ripple, and also the drop from no load to a given
load, are double the values calculated for the full-wave rectifier.

4-11 ADDITIONAL* DIODE CIRCUITS

Many applications depend upon the semiconductor diode besides those already
considered in this'chapter. We mention four others below.

Peak Detector The half-wave capacitor-filtered rectifier circuit of Fig.
4-23 may be used to measure the peak value of an input waveform. Thus,
for R, = «, the capacitor charges to the maximum value V.. of v;, the
diode becomes nonconducting, and v, remains at Ve (assuming an ideal
capacitor with no leakage resistance shunting C). Refer to Fig. 4-24, where
Vmax = Vn = the peak value of the input sinusoid. Improved peak detector
circuits are given in Seec. 16-13.

In an AM radio the amplitude of the high-frequency wave (called the
carrier) is varied in accordance with the audio information to be transmitted.
This process is called amplitude modulation, and such an AN waveform is
illustrated in Fig. 4-27. The audio information is contained in the envelope
(the locus, shown dashed, of the peak values) of the modulated waveform.
The process of extracting the audio signal is called detection, or demodulation.
If the input to Fig. 4-23 is the AM waveform shown in Fig. 4-27, the output
v, is the heavy-weight curve, provided that the time constant R.C is chosen
properly; that is, R;C must be small enough so that, when the envelope decreases
in magnitude, the voltage across C can fall fast enough to keep in step with
the envelope, -but B;,C must not be so small as to introduce excessive ripple.
The order of magnitude of the frequency of an AM radio carrier is 1,000 kHz,
and the audio spectrum extends from about 20 Hz to 20 kHz. Hence there
should be at least 50 cycles of the carrier waveform for each audio cycle. If
Fig. 4-27 were drawn more realistically (with a much higher ratio of carrier to
audio frequency), then clearly, the ripple amplitude of the demodulated signal

Detected audio signal

Fig. 4-27 An amplitude-modulated wave
and the detected audio signal. (For ease
of drawing, the carrier waveform is indi-
cated triangular instead of sinusoidal and
of much lower frequency than it really is,
relative to the audio frequency.)

N
High-frequency carrier

Envelope containing audio information
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A + e Ve __
+ R . m
T vt | e N3 :
. =Vg — V, "
(a) b)

Fig. 4-28 (a) A circuit which clamps to the voltage Vz. (b) The
output voltage v, for a sinusoidal input v,.

would be very much smaller. This low-amplitude high-frequency ripple in v,
is easily filtered so that the smoothed detected waveform is an excellent repro-
duction of the audio signal. The capacitor-rectifier circuit of Fig. 4-23 there-
fore also acts as an envelope demodulator.

A Clamping Circuit A function which must be frequently performed with
a periodic waveform is the establishment of the recurrent positive or negative
extremity at some constant reference level V. Such a clamping circuit is
indicated in Fig. 4-28a. Assuming an ideal diode, the drop across the device
is zero in the forward direction. Hence the output cannot rise above Vg
and is said to be clamped to this level. If the input is sinusoidal with a peak
value V, and an average value of zero, then, as indicated in Fig. 4-28b, the
output is sinusoidal, with an average value of Vg — V,. This waveform is
obtained subject to the following conditions: the diode parameters are Ry = 0,
R, = », and V, = 0; the source impedance R, = 0; and the time constant
RC is much larger than the period of the signal. In practice these restrictions
are not completely satisfied and the clamping is not perfeet; the output voltage
rises slightly above Vg, and the waveshape is a somewhat distorted version of
the input.? '

Digital-computer Circuits Since the diode is a binary device existing in
either the oN or oFF state for a given interval of time, it is a very usual com-
ponent in digital-computer applications. Such so-called ‘“logic” circuits are
discussed in Chap. 6 in conjunction with transistor binary applications.

Avalanche-diode Regulator The basic circuit used to decrease voltage
variations across a load due to variations in output current or supply voltage
is given in Fig. 3-17 and discussed in Sec. 3-11.
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REVIEW QUESTIONS

4.1 Explain how to obtain the dynamic characteristic from the static volt-
ampere curve of a diode.

4-2 You are given the V-I output characteristic in graphical form of a new
device. (a) Sketch the circuit using this device which will require a load-line construc-
tion to determine 7 and ». (b) Is the load line vertical, horizontal, at 135° or 45° for
infinite load resistance? (c) For zero load resistance?

4-3 (a) Draw the piecewise linear volt-ampere characteristic of a p-n diode.
(b) What is the circuit model for the o~ state? (c) The orr state?

4-4 Consider a circuit consisting of a diode D, a resistance R, and a signal source
v; in series. Define (a) static characteristic; (b) dynamic characteristic; (¢) transfer, or
transmission, characteristic. (d) What is the correlation between (b) and (¢)?

4.5 Consider the circuit of Rev. 4-4 using a silicon diode and a 100-Q resistance.
(a) Plot approximately the dynamic curve. (b) If the input is v; = —1 + A sin wt,
plot the current waveform for A = 1.5, 2.0, and 5.0 V.

4-6 TFor the circuit of Rev. 4-4, v; = V,, sin wt. If the diode is represented by its
piecewise linear model, find the current as a function of time and plot.

4-7 What is meant by break region of a diode?

4-8 1In analyzing a circuit containing several diodes by the piecewise linear
method, you assume (guess) that certain of the diodes are oN and others are OFF.
Explain carefully how you determine whether or not the assumed state of each diode is
correct.

4-9 Consider a series circuit consisting of a diode D, a resistance R, a reference
battery Vg, and an input signal »;,. The output is taken across R and Vi in series.
Draw the transfer characteristic if the anode of D is connected to the positive terminal
of the battery. Use the piecewise linear diode model.

4-10 Repeat Rev. 4-9 with the anode of D connected to the negative terminal of
the battery.

411 If v; is sinusoidal and D is ideal (with R, = 0, V, = 0, and R, = ), find
the output waveforms in (a) Rev. 4-9 and (b) Rev. 4-10.

4-12 Sketch the circuit of a double-ended clipper using ideal p-n diodes which
limit the output between +10 V.

4-13 Repeat Rev. 4-12 using avalanche diodes.

4-14 (a) What is a comparator ctrcuit? (b) How does such a circuit differ from a
clipping circurt?

4-15 (@) What is a sampling gate? (b) Sketch the circuit of a four-diode sampling
gate.

4-16 Define in words and as an equation (a) de current I4; (b) de voltage Vg
(c) ac current I,,,.

4-17 (a) Sketch the circuit for a full-wave rectifier. (b) Derive the expression
for (1) the de current; (2) the de load voltage; (3) the de diode voltage; (4) the rms
current.
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4-18 (a) Define regulation. (b) Derive the regulation equation for a full-wave
circuit.

4-19 Draw the Thévenin’s model for a full-wave rectifier.

4-20 (a) Define peak inverse voltage. (b) What is the peak inverse voltage for a
full-wave circuit using ideal diodes? (c) Repeat part b for a half-wave rectifier.

4-21 Sketch the circuit of a bridge rectifier and explain its operation.

4-22 Repeat Rev. 4-21 for a rectifier meter circuit.

4-23 Repeat Rev. 4-21 for a voltage multiplier.

4-24 (a) Draw the circuit of a half-wave capacitive rectifier. (b) At no load
draw the steady-state voltage across the capacitor and also across the diode.

4-25 (a) Draw the circuit of a full-wave capacitive rectifier. (b) Draw the output
voltage under load. Indicate over what period of time the diode conducts. Make no
calculations. (c¢) Indicate the diode current waveform superimposed upon the output
waveform.

4-26 For the circuit of Rev. 4-25, derive the expression for (a) the diode current;
(b) the cutout angle. (c) How is the cutin angle found?

4-27 (a) Consider a full-wave capacitor rectifier using a large capacitance C.
Sketch the approximate output waveform. (b) Derive the expression for the peak
ripple voltage. (c) Derive the Thévenin’s model for this rectifier.

4-28 For a full-wave capacitor rectifier circuit, list (@) two advantages; (b) three
disadvantages.

4-29 Describe (a) amplitude modulation and (b) delection.
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++ | TRANSISTOR CHARACTERISTICS

The physical behavior of a semiconductor triode, called a bipolar
Junction transistor (BJT), is given. The volt-ampere characteristics
of this device are studied. It is demonstrated that the transistor is
capable of producing amplification. Analytical expressions relating
the transistor currents with the junction voltages are indicated. Typi-
cal voltage values are given, for the several possible modes of operation.

5-1 THE JUNCTION TRANSISTOR!

A junction transistor consists of a silicon (or germanium) erystal in
which a layer of n-type silicon is sandwiched between two layers of
p-type silicon. Alternatively, a transistor may consist of a layer of
p-type between two layers of n-type material. In the former case
the transistor is referred to as a p-n-p transistor, and in the latter case,
as an n-p-n transistor. The semiconductor sandwich is extremely
small, and is hermetically sealed against moisture inside a metal or
plastic case. Manufacturing techniques and constructional details for
several transistor types are described in Sec. 5-4.

V The two types of transistor are represented in Fig. 5-la. The
representations employed when transistors are used as circuit elements
are shown in Fig. 5-1b. The three portions of a transistor are known
as emzitter, base, and collector. The arrow on the emitter lead specifies
the direction of current flow when the emitter-base junction is biased
in the forward direction. In both cases, however, the emitter, base,
and collector currents, Ig, I, and I¢, respectively, are assumed posi-
tive when the currents flow <nto the transistor. The symbols Vgg,
Ven, and Veg are the emitter-base, collector-base, and collector-emitter
voltages, respectively. (More specifieally, Vgg represents the voltage
drop from emitter to base.)

118
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Emitter Base Collector Emitter Base  Collector
N £
E | c
Je|Jde
B (a)
Emitter |~ Ves + i Collector Emitter |~ Ver + | Collector
| ' i ]
+ - + + +
T IE IC T £
VEE VCB VEB VCB
i IBT Base l L l
p-n-p type b) n-p-ntype

Fig. 5-1 (a) A p-n-p and an n-p-n transistor. The emitter (col-
lector) junction is Je(Jc). (b) Circuit representation of the two
transistor types.

Open-circuited Transistor If no external biasing voltages are applied,
all transistor currents must be zero. The potential barriers at the junctions
adjust to the contact difference of potential V,—given in Eq. (2-63) (a few
tenths of a volt)—required so that no free carriers cross each junction. If we
assume a completely symmetrical junction (emitter and collector regions hav-
ing identical physical dimensions and doping concentrations), the barrier height
is identical at the emitter junction Jg and at the collector junction J¢, as
indicated in Fig. 5-2a. The narrow space-charge regions at the junctions have
been neglected.

Under open-circuited conditions, the minority concentration is constant
within each section and is equal to its thermal-equilibrium value, n, in the
p-type emitter and collector regions and p., in the n-type base, as shown in
Fig. 5-2b. Since the transistor may be looked upon as a p-n diode followed by
an n-p diode, much of the theory developed in the preceding chapters for the
junction diode will be used to explain the physical behavior of the transistor,

Potential, V Minority-carrier
’ concentration
T L
p-type v n-type p-type ____’_'p_o___r - 1‘——_"':0——
emitter Y base collector |
Jg DA (p-type) Jy  (n-type) J. (p-type)
(a) ®)

Fig. 5-2 (a) The potential and (b) the minority-carrier density in each section
of an open-circvited symmetrical p-n-p transistor,
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.

when voltages are applied so as to disturb it from the equilibrium situation
pictured in Fig. 5-2.

The Transistor Biased in the Active Region We may now begin to
appreciate the essential features of a transistor as an active circuit element by
considering the situation depicted in Fig. 5-3a. Here a p-n-p transistor is
shown with voltage sources which serve to bias the emitter-base junction in
the forward direction and the collector-base junction in the reverse direction.
The potential variation through the biased transistor is indicated in Fig. 5-3b.
The dashed curve applies to the case before the application of external biasing
voltages (Fig. 5-2a), and the solid curve to the case after the biasing voltages
are applied. The externally applied voltages appear, essentially, across the
junctions. Hence, as shown in I'ig. 5-3b, the forward biasing of the emitter
junction lowers the emitter-base potential barrier by |Vgg|, whereas the reverse
biasing of the collector junction increases the collector-base potential barrier
by |Ves|l. The lowering of the emitter-base barrier permits minority-carrier
injection; that is, holes are injected into the base, and electrons are injected
into the emitter region. The excess holes diffuse across the n-type base,

Minority-carrier

concentration
(a)  p-type n-type p-type
emitter base collector
Vv
l«Base width W,;T p,
Emitter [
junction Vi
- _LVEEL -4 barrier _*o_ N
Vo — 1 Vgpi [~ ====
Collector
junction Vool
barrier cB
V, + 1Vl
p-type n-type p-type
emitter base collector
Jg Je
b) ()

Fig. 5-3 (0) A p-n-p transistor biased in the active region (the emitter is for-
ward-biased and the collector is reverse-biased). (b) The potential variation
through the transistor. The narrow depletion regions at the junctions are negligi-
bly small. (c) The minority-carrier concentration in each section of the tran-
sistor. It is assumed that the emitter is much more heavily doped than the base.
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where the electric field intensity & is zero, to the collector junction. At J¢
the field is positive and large (§ = —dV/dz > 0), and hence holes are accel-
erated across this junction. In other words, the holes which reach J¢ fall
down the potential barrier, and are therefore collected by the collector. Since
the applied potential across J¢ is negative, then from the law of the junction,
Eq. (3-4), p, is reduced to zero at the collector as shown in Fig. 5-3¢c. Simi-
larly, the reverse collector-junction bias reduces the collector electron density
n, to zero at Je. The minority-carrier-density curves pictured in Fig. 5-3¢
should be compared with the corresponding concentration plots for the for-
ward- and reverse-biased p-n junction given in Fig. 3-14.

5-2 TRANSISTOR CURRENT COMPONENTS

In Fig. 5-4 we show the various current components which flow across the
forward-biased emitter junction and the reverse-biased collector junetion.
The emitter current Ig consists of hole current I, (holes crossing from emitter
into base) and electron current I,z (electrons crossing from base into the
emitter). The ratio of hole to electron currents, I,g/I.g, crossing the emitter
junction is proportional to the ratio of the conductivity of the p material
to that of the » material. In a commercial transistor the doping of the
emitter is made much larger than the doping of the base. This feature ensures
(in a p-n~p transistor) that the emitter current consists almost entirely of holes.

JE Jc

s =
1 AR
Vs Ves

Fig. 5-4 Transistor current components for a forward-biased emitter junction
and a reversed-biased collector junction. If a current has a subscript p(n), it
consists of holes (electrons) moving in the same (opposite) direction as the
arrow indicating the current direction,
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Such a situation is desirable since the current which results from electrons
crossing the emitter junction from base to emitter does not contribute carriers
which can reach the collector.

We assume low-level injection, and hence (Sec. 2-11) the minority current
I,g is the hole diffusion current into base and its magnitude is proportional to
the slope at Jg of the p, curve [Eq. (2-36)]. Similarly, I.g is the electron
diffusion current into the emitter, and its magnitude is proportional to the
slope at J g of the n, curve. Note that I,z and I, correspond to the minority-
carrier diffusion currents 1,,(0) and I,,(0), respectively, in Fig. 3-4 for the
currents crossing a p-n junction. Just as the total current crossing the junc-
tion in Fig. 3-41is I = I,,(0) + I,,(0), so the total emitter current in Fig. 5-4 is

IE'=IpE+InE' (5-1)

All currents in this equation are positive for a p-n-p transistor.

Not all the holes crossing the emitter junction Jg reach the collector
junction J¢, because some of them combine with the electrons in the n-type
base. In Fig. 5-4, let I,¢1 represent the hole current at J¢ as a result of holes
crossing the base from the emitter. Hence there must be a bulk recombination
hole current I,z — I,c1 leaving the base, as indicated in Fig. 5-4 (actually,
electrons enter the base region from the external circuit through the base lead
to supply those charges which have been lost by recombination with the holes
injected into the base across Jg).

Consider, for the moment, an open-circuited emitter, while the collector
junction remains reverse-biased. Then I¢ must equal the reverse saturation
current I¢co of the back-biased diode at J¢. This reverse current consists of
two components, as shown in Fig. 5-4, I.co consisting of electrons moving
from the p to the n region across J¢ and a term, I,co, resulting from holes
crossing from n to p across Je.

—ICO = InCO + IpC'O (5—2)

(The minus sign is chosen arbitrarily so that I¢ and I¢o will have the same
sign.) ‘
Since Iz = 0 under open-circuit conditions, no holes are injected across
Jg, and hence none can reach J¢ from the emitter. Clearly, I,co results
from the small concentration of holes generated thermally within the base.
Now let us return to the situation depicted in Fig. 5-4, where the emitter
1s forward-biased so that

Ie = Ico — Iper = Ico — alg (5-3)

where « is defined as the fraction of the total emitter current [given in Eq.
(5-1)] which represents holes which have traveled from the emitter across the
base to the collector. For a p-n-p transistor, Ig is positive and both I¢ and
Ico are negative, which means that the current in the collector lead is in the
direction opposite to that indicated by the arrow of I¢ in Fig. 5-4. For an
n-p-n transistor these currents are reversed.
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The electron current crossing J¢ is I.co and represents electrons diffusing
from the collector into the base (and hence a positive current from the base
into the collector), and its magnitude is proportional to the slope at J¢ of the
ny distribution in Fig. 5-3c. The total diffusion hole current crossing Je¢
from the base is

IpC = IpCl + IpCO (5—4)

and its magnitude is proportional to the slope at J¢ of the p, distribution in
Fig. 5-3c.

Large-signal Current Gain @ From Eq. (5-3) it follows that a may be-
defined as the ratio of the negative of the collector-current increment from
cutoff (I¢ = I¢o) to the emitter-current change from cutoff (Ig = 0), or

a= — ———— (56-5)

Alpha is called the large-signal current gain of a common-base transistor.
Since I¢ and Ix have opposite signs (for either a p-n-p or an n-p-n transistor),
then a, as defined, is always positive. Typical numerical values of « lie in
the range 0.90 to 0.995. It should be pointed out that « is not a constant,
but varies with emitter current Ig, collector voltage V¢p, and temperature.

A Generalized Transistor Equation Equation (5-3) is valid only in the
active region, that is, if the emitter is forward-biased and the collector is
reverse-biased. For this mode of operation the collector current is essentially,
independent of collector voltage and depends only upon the emitter current.
Suppose now that we seek to generalize Eq. (5-3) so that it may apply not only
when the collector junction is substantially reverse-biased, but also for any
voltage across J¢. To achieve this generalization we need only replace Ico by
the current in a p-n diode (that consisting of the base and collector regions).
This current is given by the volt-ampere relationship of Eq. (3-7), with I,
replaced by —Ico and V by V¢, where the symbol V¢ represents the drop
across J¢ from the p to the n side. The complete expression for I¢ for any
Vc and IE iS

Ic = —OlIE + Ico(l — ch/Vr) (5-6)

Note that if V¢ is negative and has a magnitude large ecompared with Vr,
Eq. (56-6) reduces to Eq. (5-3). The physical interpretation of Eq. (5-6) is
that the p-n junction diode current crossing the collector junction is aug-
mented by the fraction a of the current Ip flowing in the emitter. This
relationship is derived in Sec. 19-14 by evaluating quantitatively the various
current components introduced above.

The similarity between Eq. (5-6) and Eq. (3-34) for the photodiode should
be noted. Both equations represent the volt-ampere characteristics of a
reverse-biased diode (with reverse saturation current Io = I¢o) subjected to
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external excitation. In the case of the photodiode, the external stimulus is
radiation, which injects minority carriers into the semiconductor, resulting in
the current I,. This component of current, which is proportional to the light
intensity, augments the current from the simple p-n junction diode. Similarly,
for the transistor, the collector-base diode current is increased by the term
—al g, which is proportional to the “external excitation,” namely, the emitter
current resulting from the voltage applied between emitter and base.

5-3 THE TRANSISTOR AS AN AMPLIFIER

A load resistor Ry is in series with the collector supply voltage V¢e of Fig.
5-3a. A small voltage change AV, between emitter and base causes a rela-
tively large emitter-current change Alx. We define by the symbol « that
fraction of this current change which is collected and passes through R, or
Al¢ = o/ AIg. The change in output voltage across the load resistor

AVy = —R;, Alc = —d'Ry Alg

may be many times the change in input voltage AV;. Under these circum-
stances, the voltage amplification A = AV, /AV; will be greater than unity,
and the transistor acts as an amplifier. If the dynamic resistance of the
emitter junction is r,, then AV, = r, Alg, and

o'Ry Alg a'Ry,

4=- reAlg Te } (5-7)

From Eq. (3-14), r. = 26/Ig, where Ig is the quiescent emitter current in milli-
amperes. For example, if ., =402, o’ = —1,and R, = 3,000 2, A = 475.
This calculation is oversimplified, but in essence it is correet and gives a physi-
cal explanation of why the transistor acts as an amplifier. The transistor pro-
vides power gain as well as voltage or current amplification. From the fore-
going explanation it is clear that current in the low-resistance input eircuit is
transferred to the high-resistance output circuit. The word ‘‘transistor,”
which originated as a contraction of ‘“‘transfer resistor,” is based upon the
above physical picture of the device.

The Parameter o’ The parameter o introduced above is defined as the
ratio of the change in the collector current to the change in the emitter current
at constant collector-to-base voltage and is called the negative of the small-signal
short-circutt current transfer ratio, or gain. More specifically,

, _ Al

= Alr v, (5-8)

On the assumption that « is independent of I'g, then from Eq. (5-3) it follows
that o’ = —a.
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. 5-4 TRANSISTOR CONSTRUCTION

Four basic techniques have been developed for the manufacture of diodes,
transistors, and other semiconductor devices. Consequently, such devices
may be classified??® into one of the following types: grown, alloy, diffusion, or
epitaxial,

Grown Type The n-p-n grown-junction transistor is illustrated in Fig.
5-5a. It is made by drawing a single crystal from a melt of silicon or ger-
manium whose impurity concentration is changed during the crystal-drawing
operation by adding n- or p-type atoms as required.

Alloy Type This technique, also called the fused construction, is illus-
trated in Fig. 5-5 for a p-n-p transistor. The center (base) section is a thin
wafer of n-type material. Two small dots of indium are attached to opposite
sides of the wafer, and the whole structure is raised for a short time to a high
temperature, above the melting point of indium but below that of germanium.
The indium dissolves the germanium beneath it and forms a saturation solu-
tion. On cooling, the germanium in contact with the base material recrystal-
lizes, with enough indium concentration to change it from n to p type. The
collector is made larger than the emitter, so that the collector subtends a large
angle as viewed from the emitter. Because of this geometrical arrangement,
very little emitter current follows a diffusion path which carries it to the base
rather than to the collector.

Diffusion Type This technique consists of subjecting a semiconductor
wafer to gaseous diffusions of both n- and p-type impurities to form both the
emitter and the collector junctions. A planar silicon transistor of the diffusion

Aluminum

Silicon Emi metalization
dioxide LEmitter

contact

Base
contact

oC
Collector
contact

E
(a) (c)
Fig. 5-5 Construction of transistors. (a) Grown, (b) alloy, and (c)
diffused planar types. (The dimensions are approximate, and the
figures are not drawn to scale.)
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type is illustrated in Fig. 5-5¢. In this process (described in greater detail in
Chap. 7 on integrated-circuit fabrication), the base-collector junection area is
determined by a diffusion mask. The emitter is then diffused on the base
through a different mask. A thin layer of silicon dioxide is grown over the
entire surface and photoetched, so that aluminum contacts can be made for
the emitter and base leads (Fig. 5-5¢). Because of the passivating action of
this oxide layer, most surface problems are avoided and very low leakage
currents result. There is also an improvement in the current gain at low
currents and in the noise figure.

Epitaxial Type The epitaxial technique (Sec. 7-2) consists of growing
a very thin, high-purity, single-crystal layer of silicon or germanium on a
heavily doped substrafe of the same material. This augmented erystal forms
the collector on which the base and emitter may be diffused (Fig. 7-6).

The foregoing techniques may be combined to form a large number of
methods for constructing transistors. For example, there are diffused-alloy
types, grown-diffused devices, alloy-emilter—epitaxial-base transistors, etc. The
special features of transistors of importance at high frequencies are discussed
in Chap. 11. The volt-ampere characteristics at low frequencies of all types
of junction transistors are essentially the same, and the discussion to follow
applies to them all.

Finally, because of its historical significance, let us mention the first type
of transistor to be invented. This device consists of two sharply pointed
tungsten wires pressed against a semiconductor wafer. However, the relia-
bility and reproducibility of such point-contact transistors are very poor, and
as a result these transistors are no longer of practical importance.

5-5 - THE COMMON-BASE CONFIGURATION

In Fig. 5-3a, a p-n-p transistor is shown in a grounded-base configuration. This
circuit is also referred to as a common-base, or CB, configuration, since the base
is common to the input and output circuits. ¥or a p-n-p transistor the largest
current components are due to holes. Since holes flow from the emitter to the
collector and down toward ground out of the base terminal, then, referring to
the polarity conventions of Fig. 5-1, we see that Ig is positive, I¢ is negative,
and Ip is negative. For a forward-biased emitter junction, Vgp is positive,
and for a reverse-biased collector junction, Vg is negative. Ior an n-p-n
transistor all current and voltage polarities are the negative of those for a
p-n-p transistor.

From Eq. (5-6) we see that the output (collector) current I¢ is completely
determined by the input (emitter) current Ig and the output (collector-to-base)
voltage Ven = Ve, This output relationship may be written in implicit form
as

Ic = ¢s(Vep, Ix) (5-9)

(This equation is read “I¢ is some function ¢ of Vep and I5.”")

.
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Similarly, if we continue to choose V¢p and I as independent variables,
the input (emitter-to-base) voltage Vg is completely determined from these
two variables. In implicit form the input characteristic is given by

Ver = ¢1(Ven, Ix) (5-10)

The relation of Eq. (5-9) is given in Fig. 5-6 for a typical p-n-p germanium
transistor and is a plot of collector current I¢ versus collector-to-base voltage
drop Vg, with emitter current Iz as a parameter. The curves of Iig. 5-6
are known as the output, or collector, static characteristics. The relation of
Eq. (5-10) is given in Fig. 5-7 for the same transistor, and is a plot of emitter-
to-base voltage Vgp versus emitter current Iz, with collector-to-base voltage
Ves as a parameter. This set of curves is referred to as the input, or emutter,
static characteristics. We digress now to discuss a phenomenon which is used
to account for the shapes of the transistor characteristics.
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The Early Effect, or Base-width Modulation* In Tig. 5-3 the narrow
space-charge regions in the neighborhood of the junctions are neglected.
This restriction is now to be removed. Irom Eq. (3-21) we note that the
width W of the depletion region of a diode inercases with the magnitude of
the reverse voltage. Since the emitter junction is forward-biased but the
collector junction is reverse-biased in the active region, then in Fig. 5-S the
barrier width at Jz is negligible compared with the space-charge with W at Jc.

The transition region at a junction is the region of uncovered charges
on both sides of the junction at the positions occupied by the impurity atoms.
As the voltage applied across the junction increases, the transition region
penetrates deeper into the collector and base. Because neutrality of charge
must be maintained, the number of uncovered charges on cach side remains
equal, Since the doping in the base is ordinarily substantially smaller than
that of the collector, the penetration of the transition region into the base is
much larger than into the collector. Hence the collector depletion region is
neglected in Fig. 5-8, and all the immobile charge is indicated in the base region.

If the metallurgical base width is Wp, then the effective electrical base
width is W% = Wy — W. This modulation of the effective base width by
the collector voltage is known as the Early effect. The decrease in W with
increasing reverse collector voltage has three consequences: First, there is less
chance for recombination within the base region. Hence a increases with
increasing |Veg|. Second, the concentration gradient of minority carriers p,
is inereased within the base, as indicated in Iig. 5-8b. Note that p, becomes

pll
Small
reverse
bias
Large
reverse
bias
0
Wyl d
Ws
(a) (b)

Fig. 5-8 (a) The potential variation through a p-n-p tran-
sistor. The space-charge width W at the collector junction
increases, and hence the effective base width 11’ decreases
with increasing |V¢s|. (Compare with Fig. 5-3.) (b) The
injected minority-carrier charge density within the base.
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zero at the distance d (between Wi, and W3), where the potential with respect
to the base falls below V,. At this distance the effective applied potential
becomes negative, and the law of the junction, Eq. (3-4), yields p, = 0.
Since the hole current injected across the emitter is proportional to the gradient
of p. at Jg, then Ig increases with increasing reverse collector voltage. Third,
for extremely large voltages, W may be reduced to zero, as in Fig. 5-24,
causing voltage breakdown in the transistor. This phenomenon of punch-
through is discussed further in Sec. 5-13.

The Input Characteristics A qualitative understanding of the form of
the input and output characteristics is not difficult if we consider the fact that
the transistor consists of two diodes placed in series “back to back” (with the
two cathodes connected together). In the active region the input diode
(emitter-to-base) is biased in the forward direction. The input characteristics
of Fig. 5-7 represent simply the forward charaecteristic of the emitter-to-base
diode for various collector voltages. A noteworthy feature of the input char-
acteristics is that there exists a cufin, offset, or threshold, voltage V., below
which the emitter current is very small. In general, V, is approximately 0.1 V
for germanium transistors (Fig. 5-7) and 0.5 V for silicon.

The shape of the input characteristics can be understood if we consider
the fact that an increase in magnitude of collector voltage will, by the Early
effect, cause the emitter current to increase, with Vgg held constant. Thus
the curves shift downward as |V¢p| increases, as noted in Fig. 5-7. The curve
with the collector open represents the characteristic of the forward-biased
emitter diode.

The Output Characteristics Note, as in I'ig. 5-6, that it is customary
to plot along the abscissa and to the right that polarity of V¢p which reverse-
biases the collector junction even if this polarity is negative. If Iy = 0, the
collector current is I¢ = I¢o. For other values of Ig, the output-diode reverse
current is augmented by the fraction of the input-diode forward current which
reaches the collector. Note also that I¢ and I¢o are negative for a p-n-p
transistor and positive for an n-p-n transistor.

Active Region In this region the collector junction is biased in the reverse
direction and the emitter junction in the forward direction. Consider first that
the emitter current is zero. Then the collector current is small and equals
the reverse saturation current Igg (microamperes for germanium and nano-
amperes for silicon) of the collector junction considered as a diode. Suppose
now that a forward emitter current /g is caused to flow in the emitter circuit.
Then a fraction —al g of this current will reach the collector, and I¢ is therefore
given by Eq. (5-3). In the active region, the collector current is essentially
independent of collector voltage and depends only upon the emitter current.
Hozever, because of the Early effect, we note in Fig. 5-6 that there actually is
a sfall (perhaps 0.5 percent) increase in |I¢| with |Veg|l. Because e is less
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than, but almost equal to, unity, the magnitude of the collector current is
(slightly) less than that of the emitter current.

Saturation Region The region to the left of the ordinate, V¢ = 0, and
above the I = 0 characteristics, in which both emitter and collector junctions
are forward-biased, is called the saturation region. We say that “bottoming”
has taken place because the voltage has fallen near the bottom of the charac-
teristic where Vep =~ 0. Actually, V¢p is slightly positive (for a p-n-p tran-
sistor) in this region, and this forward biasing of the collector accounts for the
large change in collector current with small changes in collector voltage. For
a forward bias, I¢ increases exponentially with voltage according to the diode
relationship [Eq. (3-9)]. A forward bias means that the collector p material
is made positive with respect to the base n side, and hence that hole current
flows from the p side across the collector junction to the n material. This
hole flow corresponds to a positive change in collector current. Hence the
collector current increases rapidly, and as indicated in Fig. 5-6, I¢ may even
become positive if the forward bias is sufficiently large.

Cutoff Region The characteristic for Ig = 0 passes through the origin,
but is otherwise similar to the other characteristics. This characteristic is
not coincident with the voltage axis, though the separation is difficult to show
because I¢o is only a few nanoamperes or microamperes. The region below
the Ig = 0 characteristic, for which the emitter and collector junctions are both
reverse-biased, is referred to as the cutoff region. The temperature character-
istics of I¢o are discussed in Sec. 5-7.

5-6 THE COMMON-EMITTER CONFIGURATION

Most transistor circuits have the emitter, rather than the base, as the terminal
common to both input and output. Such a common-emiiter (CE), or grounded-
emitter, configuration is indicated in Fig. 5-9. In the common-emitter (as in
the common-base) configuration, the input current and the output voltage
are taken as the independent variables, whereas the input voltage and output

.

Fig. 5-9 A transistor common-emitter con-
figuration. The symbol V¢ is a positive
number representing the magnitude of the
supply voltage.
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current are the dependent variables. We may write
Vee = f1{Vee, Is) (5-11)
Ic = f2:(Ver, Is) (5-12)

Equation (5-11) describes the family of input characteristic curves, and
Eq. (5-12) describes the family of output characteristic curves. Typical out-
put and input characteristic curves for a p-n-p junction germanium transistor
are given in Figs. 5-10 and 5-11, respectively. In Fig. 5-10 the abscissa is the
collector-to-emitter voltage Vg, the ordinate is the collector current I¢, and
the curves are given for various values of base current Ix. For a fixed value
of I, the collector current is not a very sensitive value of Veg. However,
the slopes of the curves of Fig. 5-10 are larger than in the common-base charac-
teristics of Iig. 5-6. Observe also that the base current is much smaller than’
the emitter current.

The locus of all points at which the collector dissipation is 150 mW is indi-
cated in Fig. 5-10 by a solid line P¢ = 150 mW. This curve is the hyperbola
Pe = Veple = Verle = constant. To the right of this curve the rated col-
lector dissipation is exceeded. In Fig. 5-10 we have selected B, = 500  and
a supply Vee = 10 V and have superimposed the corresponding load line
on the output characteristics. The method of constructing a load line is
identical with that explained in Seec. 4-2 in connection with a diode.

The Input Characteristics In Fig. 5-11 the abscissa is the base current /g,
the ordinate is the base-to-emitter voltage Vizg, and the curves are given for
various values of collector-to-emitter voltage Veg. We observe that, with the
collector shorted to the emitter and the emitter forward-biased, the input char-
acteristic is essentially that of a forward-biased diode. If Vg becomes zero,
then I'p will be zero, since under these conditions both emitter and collector
junctions will be short-circuited. In general, increasing |Veg| with constant
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Ve causes a decrease in base width W (Fig. 5-8) and results in a decreasing
recombination base current. These considerations account for the shape of
input characteristics shown in Fig. 5-11.

The input characteristics for silicon transistors are similar in form to those
in Fig. 5-11. The only notable difference in the case of silicon is that the curves
break away from zero current in the range 0.5 to 0.6 V, rather than in the .
range 0.1 to 0.2 V as for germanium.

The Output Characteristics This family of curves may be divided into
three regions, just as was done for the CB configuration. The first of these,
the active region, is discussed here, and the cutoff and saturation regitons are
considered in the next two sections.

In the active region the collector junction is reverse-biased and the emitter
Junction is forward-biased. In Fig. 5-10 the active region is the area to the
right of the ordinate Ver = a few tenths of a volt and above Iz = 0. In this
region the transistor output current responds most sensitively to an input
signal. If the transistor is to be used as an amplifying device without appreci-
able distortion, it must be restricted to operate in this region.

The common-emitter characteristics in the active region are readily under-
stood qualitatively on the basis of our earlier discussion of the common-base
configuration. From Kirchhoff’s current law (IXCL) applied to Iig. 5-9, the
base current is

Ip = —(Ic+ Ig) (5-13)

Combining this equation with Eq. (5-3), we find

1o = oo els (5-14)

_l—a 1l —«a
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If we define 8 by

o

g = (5-15)

l -«
then Eq. (5-14) becomes
Ie = (1 + B)lco + BIs (5-16)

Note that usually I >> I¢o, and hence Ic = Iy in the active region.

If « were truly constant, then, aceording to Eq. (5-14), I¢ would be inde-
pendent of Vcg and the curves of Iig. 5-10 would be horizontal. Assume that,
because of the Early effect, o increases by only one-half of 1 percent, from
0.98 to 0.985, as |Veg| increases from a few volts to 10 V. Then the value
of B increases from 0.98/(1 — 0.98) = 49 to 0.985/(1 — 0.985) = 66, or about
34 percent. This numerical example illustrates that a very small change
(0.5 percent) in « is reflected in a very large change (34 percent) in the value
of 8. It should also be clear that a slight change in « has a large effect on 3,
and hence upon the common-emitter curves. Therefore the common-emitter
characteristics are normally subject to a wide variation even among transis-
tors of a given type. This variability is caused by the fact that I is the
difference between large and nearly equal currents, Ig and I¢.

EXAMPLE (a) Find the transistor currents in the circuit of Fig. 5-12a. A silicon
transistor with 8 = 100 and I¢co = 20 nA = 2 X 10~* mA is under consideration.
(b) Repeat part ¢ if a 2-K emitter resistor is added to the circuit, as in Fig. 5-12b.

Solution a. Since the base is forward-biased, the transistor is not cut off. Hence
it must be either in its active region or in saturation. Assume that the transistor
operates in the active region. From KVL applied to the base circuit of Fig.

Fig. 5-12 An example illustrating how to determine whether or

or not a transistor is operating in the active region.
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5-12a (with Ip expressed in milliamperes), we have
—54+200Is+ Vee =0
As noted above, a reasonable value for Vg is 0.7 V in the action region, and hence

Te =229 _ 00215 mA
200

Since I¢y K Ip, then I¢ = BIp = 2.15 mA.

We must now justify our assumption that the transistor is in the active region,
by verifying that the collector junction is reverse-biased. From KVL applied to
the collector circuit we obtain

—1043Ic+ Veg+ Ve =0
or
Ver = —(3)(2.15) + 10 — 0.7 = +2.85 V

For an n-p-n device a positive value of Vg represents a reverse-biased collector
junction, and hence the transistor is indeed in its active region.

Note that Is and I¢ in the active region are independent of the collector
circuit resistance R.. Hence, if R, is increased sufficiently above 3 K, then Vg
changes from a positive to a negative value, indicating that the transistor is no
longer in its active region. The method of calculating s and Ic when the transis-
tor is in saturation is given in Sec. 5-9.

b. The current in the emitter resistor of Fig. 5-12b is
Is + Ic = Ip + Bl = 101 I,
assuming Ico < Is. Applying KVL to the base circuit yields

—5+4 20015 + 0.7 + (2)(101 I5) = 0
or
Ip = 0.0107 mA Ic =100 Ip = 1.07 mA

Note that Ico = 2 X 1078 mA < [4, as assumed.
To check for active circuit operation, we calculate V¢s. Thus

Ves = —3Ic + 10 — (2)(101 I5) — 0.65
- (3)(1.07) 4+ 10 — (2)(101)(0.0107) — 0.7 = +3.93V

Il

Since V¢p is positive, this (n-p-n) transistor is in its active region.

57 THE CE CUTOFF REGION

We might be inclined to think that cutoff in Fig. 5-10 occurs at the intersec-
tion of the load line with the current Iy = 0; however, we now find that
appreciable collector current may exist under these conditions. From Egs.



Sec. 5-7 TRANSISTOR CHARACTERISTICS / 135
(5-13) and (5-14), if Iz = 0, then I = —I¢ and

Ic = —Ig = Ilgov = Icro (5-17)
-

The actual collector current with collector junction reverse-biased and base
open-circuited is designated by the symbol I¢go. Since, even in the neighbor-
hood of cutoff, « may be as large as 0.9 for germanium, then I¢ = 10I¢o at
zero base current. Aeccordingly, in order to cut off the transistor, it is not
enough to reduce Ip to zero. Instead, it is necessary to reverse-bias the
emitter junction slightly. We shall define cutoff as the condition where the col-
lector current is equal to the reverse saturation current /¢o and the emitter cur-
rent is zero. It is found (Sec. 19-15) that a reverse-biasing voltage of the
order of 0.1 V established across the emitter junction will ordinarily be ade-
quate to cut off a germanium transistor. In silicon, at collector currents of
the order of I¢p, a is very nearly zero because of recombination®® in the
emitter-junction transition region. Hence, even with Iz = 0, we find, from
Eq. (5-17), that I¢ = Ico = —Ig, so that the transistor is still very close to
cutoff. We verify in Sec. 19-15 that, in silicon, cutoff occurs at Vyg = 0V
corresponding to a base short-circuited to the emitter. In summary, cutoff
means that [g = 0, I¢c = Ico, In = —I¢c = —I¢o, and Vg is a reverse voltage
whose magnitude 1s of the order of 0.1 V for germanium and 0 V for a silicon
transistor.

The Reverse Collector Saturation Current I¢zo The collector current in
a physical transistor (a real, nonidealized, or commercial device) when the
emitter current is zero is designated by the symbol Icgo. Two factors cooper-
ate to make |Icpo| larger than [Icoel. Iirst, there exists a leakage current
which flows, not through the junction, but around it and across the surfaces.
The leakage current is proportional to the voltage across the junction. The
second reason why |Icro| exceeds |Ico| is that new carriers may be generated
by collision in the collector-junction transition region, leading to avalanche
multiplication of current and eventual breakdown. But even before break-
down is approached, this multiplication component of current may attain con-
siderable proportions.

At 25°C, Icpo for a germanium transistor whose power dissipation is in
the range of some hundreds of milliwatts is of the order of microamperes.
Under similar conditions a silicon transistor has an Iepo in the range of nano-
amperes. The temperature sensitivity of o is the same as that of the reverse
saturation current Ip of a p-n diode (Sce. 3-5). Specifically, it is found®
that I¢cso approximately doubles for every 10°C increase in temperature for
both Ge and Si. However, because of the iower absolute value of I¢po in
silicon, these transistors may be used up to about 200°C, whereas germanium
transistors are limited to about 100°C.

In addition to the variability of reverse saturation current with tempera-
ture, there is also a wide variability of reverse current among samples of a
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Fig. 5-13 Reverse biasing of the

= Ve emitter junction to maintain the tran-
sistor in cutoff in the presence of the
reverse saturation current I¢po
through R 5.

given transistor type. For example, the specification sheet for a Texas Instru-
ment type 2N337 grown-diffused silicon switching transistor indicates that this
type number includes units with values of I¢po extending over the tremendous
range from 0.2 nA to 0.3 gA. Accordingly, any particular transistor may
have an I¢po which differs very considerably from the average characteristic
for the type.

Circuit Considerations at Cutoff Because of temperature effects, ava-
lanche multiplication, and the wide variability encountered from sample to
sample of a particular transistor type, even silicon may have values of Icgo
of the order of many tens of microamperes. Consider the circuit configuration
of Fig. 5-13, where Vyp represents a biasing voltage intended to keep the tran-
sistor cutoff. Assume that the transistor is just at the point of cutoff, with

Ig =0, so that Ig = —I¢pe. If we require that at cutoff Vye =~ —0.1 V,
then the condition of cutoff requires that
VBE = _VBB + Rglepo < —0.1V (5-18)

As an extreme example consider that Rp is, say, as large as 100 K and that
we want to allow for the contingency that Icpo may become as large as 100 uA.
Then Vs must be at least 10.1 V. When I¢po is small, the magnitude of the
voltage across the base-emitter junction will be 10.1 V. Hence we must use
a transistor whose maximum allowable reverse base-to-emitter junction volt-
age before breakdown exceeds 10 V. It is with this contingency in mind that
a manufacturer supplies a rating for the reverse breakdown voltage between
emitter and base, represented by the symbol BVggo. The subsecript O indi-
cates that BV gpo is measured under the condition that the collector current is
zero. Breakdown voltages BV Egpo may be as high as some tens of volts or as
lowas0.5V. If BVggro = 1V, then Vi must be chosen to have a maximum
value of 1 V.

5-8 . THE CE SATURATION REGION

In the saturation region the collector junction (as well as the emitter junclion)
1is forward-biased by at least the culin voltage. Since the voltage Vg (or Vipe)
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across a forward-biased junction has a magnitude of only a few tenths of a
volt, the Veg = Vg — Ve is also only a few tenths of a volt at saturation.
Hence, in Fig. 5-10, the saturation region is very close to the zero-voltage axis,
where all the curves merge and fall rapidly toward the origin. A load line
has been superimposed on the characteristics of Fig. 5-10 corresponding to a
resistance B, = 500 @ and a supply voltage of 10 V. We note that in the
saturation region the collector current is approximately independent of base
current, for given values of Vec and B;.  Hence we may consider that the onset
of saturation takes place at the knee of the transistor curvesin Fig. 5-10. Satu-
ration occurs for the given load line at a base current of —0.17 mA, and at this
point the collector voltage is too small to be read in Fig. 5-10. In saturation,
the collector current is nominally Veco/Ry, and since Ry is small, it may well
be necessary to keep V¢c correspondingly small in order to stay within the
limitations imposed by the transistor on maximum current and dissipation.

We are not able to read the  collector-to-emitter saturation voltage,
VcE,eat, With any precision from the plots of Fig. 5-10. We refer instead to
the characteristics shown in Fig. 5-14. In these characteristics the 0- to
—0.5-V region of Fig. 5-10 has been expanded, and we have superimposed the
same load line as before, corresponding to KBy = 500 @. We observe from
Figs. 5-10 and 5-14 that V¢g and I¢ no longer respond appreciably to base
current Ip, after the base current has attained the value —0.15 mA. At this
current the transistor enters saturation. For Iz = —0.15 mA, |V¢g| =
175 mV. AtIgz = —0.35mA, |V¢e| has dropped to |Veg| = 100 mV. Larger
magnitudes of Iz will, of course, decrease |V¢g| slightly further.

Saturation Resistance For a transistor operating in the saturation
region, a quantity of interest is the ratio Vegei/Ic. This paratheter is
called the common-emitter saturation resistance, variously abbreviated Rcs,
Rces, or Reges. To specify Res properly, we must indicate the operating

-50 | I T T
] IL:_—O:%BE:A
T,=25°C
P g T 030
Fig. 5-14 Saturation-region com- £ (1 Loos
mon-emitter characteristics of the S a0 / 1 ]
o 5000 / -0.20
type 2N404 germanium transistor. & . _ 1
) i 5 load line / 015
A load line corresponding to Vee S 5 | —
=10 V and R; = 500 Qis super- 3 // oo
imposed. (Courtesy of Texas In- g ////‘ T ]
struments, Inc.) B /4 -0.05
Yl
4 0
0
0 -01  -02 -03 -04 -05

Collector-emitter voltage V., V
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point at which it was determined. For example, from Fig. 5-14, we find that,
at Ic = —20 mA and Iz = —0.35 mA, Res = —0.1/(—20 X 1073 =5 Q.
The usefulness of Ecg stems from the fact, as appears in Fig. 5-14, that to the
left of the knee each of the plots, for fixed Is, may be approximated, at least
roughly, by a straight line.

The Base-spreading Resistance ru  Recalling that the base region is
very thin{Fig. 5-5), we see that the current which enters the base region across
the emitter junction must flow through a long narrow path to reach the base
terminal. The cross-sectional area for current flow in the collector (or emitter)
is very much larger than in the base. Hence, usually the ohmie resistance of
the base is very much larger than that of the collector or emitter. The dc
ohmic base resistance, designated by rw, is called the base-spreading resistance
and is of the order of magnitude of 100 .

The Temperature Coefficient of the Saturation Voltages Since both
junctions are forward-biased, a reasonable value for the temperature coefficient
of either Vg eat OF Vpeaat 18 —2.5 mV/°C. In saturation the transistor con-
sists of two forward-biased diodes back to back in series opposing. Hence
it is to be anticipated that the temperature-induced voltage change in one
junction will be canceled by the change in the other junction. We do indeed
find such to be the case for Vegsa, Whose temperature coefficient is about
one-tenth that of Vg cac.

The DC Current Gain hyg A transistor parameter of interest is the ratio
Ic/Ig, where I is the collector current and Iz is the base current. This
quantity is designated by Ba. or hrg, and is known as the (negative of the)
dc beta, the dc forward current transfer ratio, or the dc current gain.
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In the saturation region, the parameter hrg is a useful number and one
which is usually supplied by the manufacturer when a switching transistor is
involved. We know |I¢|, which is given approximately by Vce/Ri, and a
knowledge of hpg tells us the minimum base current (I¢/hrg) which will be
needed to saturate the transistor. For the type 2N404, the variation of hrg
with collector current at a low value of Vg is as given in Fig. 5-15. Note the
wide spread (a ratio of 3:1) in the value which may be obtained for hrg even
for a transistor of a particular type. Commercially available transistors have
values of hpg that cover the range from 10 to 150 at collector currents as
small as 5 mA and as large as 30 A.

5-9 TYPICAL TRANSISTOR—JUNCTION VOLTAGE VALUES

The characteristics plotted in Fig. 5-16 of output current /¢ as a function of
input voltage Vpeg for n-p-n germanium and silicon transistors are quite
instructive and indicate the several regions of operation for a CE transistor
circuit. The numerical values indicated are typical values obtained experi-
mentally or from the theoretical equations of the following section. (The
calculations are made in Sec. 19-15.) Let us examine the various portions of
the transfer curves of Fig. 5-16.

The Cutoff Region Cutoff is defined, as in Sec. 5-5, to mean [g = 0 and
I¢ = I¢o, and it is found that a reverse bias Vg cutort = 0.1 V (0 V) will cut off a
germanium (silicon) transistor.

What happens if a larger reverse voltage than Vg cuwrs i1s applied? It
turns out that if Vg is negative and much larger than Vr, that the collector
current falls slightly below I¢o and that the emitter current reverses but remains
small in magnitude (less than I¢o).

Short-circuited Base Suppose that, instead of reverse-biasing the emitter
junction, we connect the base to the emitter so that Vg = Vg = 0. Asindi-
cated in Fig. 5-16, Ic = I¢gs does not increase greatly over its cutoff value I¢o.

Open-circuited Base If instead of a shorted base we allow the base to
“float” so that Is = 0, we obtain the I¢ = Icgo given in Eq. (5-17). At low
currents a = 0.9 (0) for Ge (Si), and hence I¢ = 10Ico(Ico) for Ge (Si).
The values of Vg calculated for this open-base condition (Ic = —Ig) are a
few tens of millivolts of forward bias, as indicated in I'ig. 5-16.

The Cutin Voltage The volt-ampere characteristic between base and
emitter at constant collector-to-emitter voltage (Fig. 5-11) is not unlike the
volt-ampere characteristic of a simple junction diode. When the emitter
junction is reverse-biased, the base current is very small, being of the order
of nanoamperes or microamperes, for silicon and germanium, respectively.
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Fig. 5-16 Plots of collector current against base-to-emitter voltage for (a)

germanium and (b) silicon n-p-n transistors. (I¢ is not drawn to scale.)
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When the emitter junction is forward-biased, again, as in the simple diode, no
appreciable base current flows until the emitter junction has been forward-
biased to the extent where |Vyzg| > |V,|, where V, is called the cutin voltage.
Since the collector current is nominally proportional to the base current, no
appreciable collector current will flow until an appreciable base current flows.
Therefore a plot of collector current against base-to-emitter voltage will
exhibit a cutin voltage, just as does the simple diode.

In principle, a transistor is in its active region whenever the base-to-
emitter voltage is on the forward-biasing side of the cutoff voltage, which
occurs at a reverse voltage of 0.1 V for germanium and 0 V for silicon. In
effect, however, a transistor enters its active region when Vzg > V..

We may estimate the cutin voltage V., by assuming that Vyg = V, when
the collector current reaches, say, 1 percent of the maximum (saturation)
current in the CE circuit of Fig. 5-9. Typical values of V., are 0.1 V for
germanium and 0.5 V for silicon.

Figure 5-17 shows plots, for several temperatures, of the collector current
as a function of the base-to-emitter voltage at constant collector-to-emitter
voltage for a typical silicon transistor. We see that a value for V, of the
order of 0.5 V at room temperature is entirely reasonable. The temperature
dependence results from the temperature coefficient of the emitter-junetion
diode. Therefore the lateral shift of the plots with change in temperature
and the change with temperature of the cutin voltage V, are approximately
—2.5 mV/°C [Eq. (3-12)].

Saturation Voltages Manufacturers specify saturation values of input
and output voltages in a number of different ways, in addition to supplying
characteristic curves such as Figs. 5-11 and 5-14. For example, they may
speeify Rcg for several values of Ip or they may supply curves of Vg, and
Vst as functions of I and I¢.® The saturation voltages depend not only
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on the operating point, but also on the semiconductor material (germanium or
silicon) and on the type of transistor construction. Typical values of satura-
tion voltages are indicated in Table 5-1.

TABLE 5-1 Typical n-p-n transistor-junction voltages at 25°C

Vermt Veeaat = Vo | VBEactive | VBEtewtin = Vo | Vircutort

Si 0.2 0.8 0.
0.1 0.3 0.

0.}
Ge 0.

-t

7 0.0
2 —0.1

t The temperature variation of these voltages is discussed in Secs. 5-8 and 3-9.

Summary The voltages referred to above and indicated in Fig. 5-16 are
summarized in Table 5-1. The entries in the table are appropriate for an
n-p-n transistor. For a p-n-p transistor the signs of all entries should be
reversed. Observe that the total range of Vg between cutin and saturation
is rather small, being only 0.3 V. The voltage Vpg acive has been located
somewhat arbitrarily, but nonetheless reasonably, near the midpoint of the
active region in Fig. 5-16.

Of course, particular cases will depart from the estimates of Table 5-1.
But it is unlikely that the numbers will be found in error by more than 0.1 V.

EXAMPLE (a) The circuits of Fig. 5-12¢ and b are modified by changing the
base-circuit resistance from 200 to 50 K (as indicated in Fig. 5-18). If Arg = 100,
determine whether or not the silicon transistor is in saturation and find I and I¢.
(b) Repeat with the 2K emitter resistance added.

1t
+ - 10V
10V

(a) )]

Fig. 5-18 An example illustrating how to determine whether or not a tran-
sistor is operating in the saturation region,
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Solution Assume that the transistor is in saturation. Using the values
VeE,m and Vg .. in Table 5-1, the circuit of Fig. 5-18a is obtained. Applying
KVL to the base circuit gives

—-54+50I+08=0
or
4.
I = 12 = 0.084 mA
50

Applying KVL to the collector circuit yields

—104+31I¢+02=0
or
9.8

Io = = 3.27TmA
3

The minimum value of base current required for saturation is

Io 327
Io)mia = —% = 220 — 0.033 mA
Todma = 32 = 100 m

Since Iz = 0.084 > [5, .. = 0.033 mA, we have verified that the transistor is in
saturation.

b. If the 2-K emitter resistance is added, the circuit becomes that in Fig.
5-18b. Assume that the transistor is in saturation. Applying KVL to the base
and collector circuits, we obtain

—5+50Is+08+2(c+1Is) =0
—104+3Ic+024+2Uc+1s) =0

If these simultaneous equations are solved for I¢ and I, we obtain
Ic = 1.95mA I5 = 0.0055 mA

Since (Ig)min = Ic/hre = 0.0195 mA > Iy = 0.0055, the transistor is not in
saturation. Hence the device must be operating in the active region. Proceeding
exactly as we did for the circuit of Fig. 5-12b (but with the 200 K replaced by 50 K),
we obtain

Ic = 1.71 mA Iy = 0.0171 mA = 17 pA Vew =072V

5-10 COMMON-EMITTER CURRENT GAIN
Three different definitions of current gain appear in the literature. The
interrelationships between these are now to be found.

Large-signal Current Gain 8 We define 8 in terms of o by Eq. (5-15).
From Eq. (5-16), with I¢o replaced by I¢po, we find

[C - ICBO
= ¢ feEY 5-19
P = T = (—Tus0) (5-19)
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In Sec. 5-7 we define cutoff to mean that I'g = 0, I¢ = Icpo, and Ip = —Icpo.
Consequently, Eq. (5-19) gives the ratio of the collector-current increment to
the base-current change from cutoff to I, and hence 8 represents the (negative
of the) large-signal current gain of a common-emiltter transistor. 'This parameter
is of primary importance in connection with the biasing and stability of tran-
sistor eircuits, as discussed in Chap. 9.

DC Current Gain hrr In Sec. 5-8 we define the dc current gain by
Bac = %—C = hrx (5-20)
B

In that section it is noted that hpg is most useful in connection with deter-
mining whether or not a transistor is in saturation. In general, the base
current (and hence the collector current) is large compared with Iczo. Under
these conditions the large-signal and the de betas are approximately equal;
then hFE ~ f.

Small-signal Current Gain h;, We define 8" as the ratio of a collector-
current increment Al¢ for a small base-current change A, (at a given quiescent
operating point, at a fixed collector-to-emitter voltage Veg), or

= e
- olp Ver

o4 ="hyg, (5-21)
Clearly, 8’ is (the negative of) the small-signal current gain. If 8 were inde-
pendent of current, we see from Eq. (5-20) that 8’ = 8 = hrg. However,
Fig. 5-15 indicates that 8 is a function of current, and differentiating Eq.

(5-16) with respect to I¢ gives (with I¢co = Icpo)

2
L= Ueso + In) g+ 857" BNGE )

The small-signal CE gain 8’ is used in the analysis of small-signal amplifier
circuits and is designated by k;, in Chap. 8. Using Eq. (5-21), and with
B = hyp and B = hre, Eq. (5-22) becomes

hre 5
— 5-23
e 1 — (Icso + 18)(3hre/dIc) (5-23)

Since hpg versus I¢ given in Fig. 5-15 shows a maximum, Ay, is larger than heg
for small currents (to the left of the maximum) and kg, is smaller than kg for
currents larger than that corresponding to the maximum. Over most of the
wide current range in Fig. 5-14, hy. differs from hrg by less than 20 percent.

It should be emphasized that Eq. (5-23) is valid in the active region only.
From Fig. 5-14 we see that h;, — 0 in the saturation region because Al¢ — 0
for a small increment Alg.
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Fig. 5-19 The transistor common:collector
configuration.

5-11 THE COMMON-COLLECTOR CONFIGURATION

Another transistor-circuit configuration, shown in Fig. 5-19, is known as the
common-collector configuration. The circuit is basically the same as the cir-
cuit of Fig. 5-9, with the exception that the load resistor is in the emitter
lead rather than in the collector circuit. If we continue to specify the oper-
ation of the circuit in terms of the currents which flow, the operation for the
common-collector is much the same as for the common-emitter configuration.
When the base current is I¢o, the emitter current will be zero, and no current
will flow in the load. As the transistor is brought out of this back-biased
condition by increasing the magnitude of the base current, the transistor will
pass through the active region and eventually reach saturation. In this condi-
tion all the supply voltage, except for a very small drop across the transistor,
will appear across the load.

5-12 ANALYTICAL EXPRESSIONS FOR
TRANSISTOR CHARACTERISTICS

The dependence of the currents in a transistor upon the junction voltages, or
vice versa, may be obtained by starting with Eq. (5-6), repeated here for
convenience:

Ic = -—aNIE — Ico(evc/VT — 1) (5-24)

We have added the subscript N to o« to indicate that we are using the tran-
sistor in the normal manner. We must recognize, however, that there is no
essential reason which constrains us from using a transistor in an inverted
fashion, that is, interchanging the roles of the emitter junction and the col-
lector junction. From a practical point of view, such an arrangement might
not be as effective as the normal mode of operation, but this matter does not
concern us now. With this inverted mode of operation in mind, we may now
write, in correspondence with Eq. (5-24),

Ie = —aide — Igo(e"s'Vr — 1) (5-25)
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Here a7 is the inverted common-base current gain, just as ay in Eq. (5-24) is
the current gain in normal operation. g is the emitter-junction reverse satu-
ration current, and Vg is the voltage drop from p side to n side at the emitter
junction and is positive for a forward-biased emitter.

Equations (5-24) and (5-25) were derived in a heuristic manner. A
physical analysis of the transistor currents by Ebers and Moll? verifies these
equations (Sec. 19-13). This quantitative study reveals that the parameters
an, ar, Ico, and Igo are not independent, but are related by the condition

arlco = anleo (5-26)

Manufacturer’s data sheets often provide information about ay, {¢o, and Igo,
so that ar may be determined. For many transistors Igo lies in the range
0.5]00 to Ico.

Since the sum of the three currents must be zero, the base current is
given by

Ip = —(Is + Ic) (5-27)

If three of the four parameters ay, ar, Ico, and Igo are known, the equa-
tions in this section allow calculations of the three currents for given values
of junction voltages V¢ and V. Explicit expressions for I¢ and Iy in terms
of V¢ and Vg are found in Sec. 19-13.

In the literature, ag (reversed alpha) and ar (forward alpha) are sometimes
used in place of ar and aw, respectively.

Reference Polarities The symbol V¢(Vg) represents the drop across the
collector (emitter) junction and is positive if the junction is forward-biased.
The reference directions for currents and voltages are indicated in Fig. 5-20.
Since Vep represents the voltage drop from collector-to-base terminals, then
Ves differs from Ve by the ohmic drop in the base-spreading resistance re, or

Ver = Ve — Iproy (5-28)

The Ebers-Moll Model Equations (5-24) and (5-25) have a simple inter-
pretation in terms of a circuit known as the Ebers-Moll model.” This model is
shown in Fig. 5-21 for a p-n-p transistor. We see that it involves two ideal
diodes placed back to back with reverse saturation currents —Izo and —Ico
and two dependent current-controlled current sources shunting the ideal
diodes. For a p-n-p transistor, both Ico and Igo are negative, so that —Ico
and —Igo are positive values, giving the magnitudes of the reverse saturation
currents of the diodes. The current sources account for the minority-carrier
transport across the base. An application of KCL to the collector node of
Fig. 5-21 gives

Ic= —anle+ 1 = —aylg + I(¢"<'Vr — 1)
where the diode current [ is given by Eq. (3-9). Since I, is the magnitude
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C
(emitter) ~— P/ (collector)

Collector
junction

Emitter
junction

Ves

B
(base)

Fig.5-20 Defining the voltages and currents used in the Ebers-Moll equations.
For either a p-n-p or an n-p-n transistor, a positive value of current means that
positive charge flows into the junction and a positive V&(V¢) means that the
emitter (collector) junction is forward-biased (the p side positive with respect
to the n side).

of the reverse saturation, then I, = —I¢o. Substituting this value of I, into
the preceding equation for I¢ yields Eq. (5-24).

This model is valid for both forward and reverse static voltages applied
across the transistor junctions. It should be noted that we have omitted the
base-spreading resistance from Fig. 5-20 and have neglected the difference
between ICBO and ICO. .

Observe from Fig. 5-21 that the dependent current sources can be elimi-
nated from this figure provided ay = ar = 0. I'or example, by making the
base width much larger than the diffusion length of minority carriers in the
base, all minority carriers will recombine in the base and none will survive to
reach the collector. For this case the current gain « will be zero. Under
these conditions, transistor action ceases, and we simply have two diodes
placed back to back. This discussion shows why it is impossible to construct
a transistor by simply connecting two separate (isolated) diodes in series
opposing. A cascade of two p-n diodes exhibits transistor properties (for

a; I, an Iy

Fig. 5-21 The Ebers-
Moll model for a p-n-p
transistor.
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example, it is capable of amplification) only if carriers injected across one
junction diffuse across the second junction.

Voltages as Functions of Currents We may solve explicitly for the
junction voltages in terms of the currents from Egs. (5-24) and (5-25), with
the result that

Ve=Vzln (1 - M’) (5-29)
IEO

Ve = Vrln (1 - IL?LI—"‘iI—E> (5-30)
co

We now derive the analytic expression for the common-emitter charac-
teristics of Fig. 5-10. The abscissa in this figure is the collector-to-emitter
voltage Ver = Ve — V¢ for an n-p-n transistor and is Veg = Ve — Vg for a
p-n-p transistor (remember that V¢ and Vg are positive at the p side of the
junction). Hence the common-emitter characteristics are found by subtract-
ing Eqs. (5-29) and (5-30) and by eliminating Iz by the use of Eq. (5-27).
The resulting equation can be simplified provided that the following inequali-
ties are valid: Ip >> I'go and Ip > .Jco/an. After some manipulations and by
the use of Eqgs. (5-15) and (5-26), we obtain (except for very small values of 1)

11
Ver = +Vrin L-l?[[l: (5-31)
B1p
where
 br=1 S and By=g= 0 (5-32)

Note that the + sign in Eq. (5-31) is used for an n-p-n transistor, and the
— sign for a p-n-p device. Ior a p-n-p germanium-type transistor, at I¢ = 0,
Veg = —Vr In (1/ar), so that the common-emitter characteristics do not pass
through the origin. For ar = 0.78 and Vr = 0.026 V, we have Vg = —6 mV
at room temperature. This voltage is so small that the curves of Fig. 5-10
look as if they pass through the origin, but they are actually displaced to the
right by a few millivolts.

If I¢ is increased, then Vg rises only slightly until I¢/I; approaches 8.
For example, even for Ic/Iz = 0.98 = 90 (for B = 100),

1/0.78 + 90/3.5

VCE = —0.026 In 1=00

~ —0.15V
This voltage can barely be detected at the scale to which I'ig. 5-10 is drawn,
and hence near the origin it appears as if the curves rise vertically. However,
note that I'ig. 5-14 confirms that a voltage of the order of 0.2 V is required for
I¢ to reach 0.9 of its maximum value.

The maximum value of I¢/I is 8, and as this value of I¢/Ip is approached,
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Fig. 5-22 The common-
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Veg — — . Hence, as I¢/I; inereases from 0.98 to 8, |Vck| increases from
0.15 V to infinity. A plot of the theoretical common-emitter characteristic is
indicated in Fig. 5-22. We see that, at a fixed value of V¢g, the ratio I¢/Ip is
a constant. Hence, for equal increments in I, we should obtain equal incre-
ments in I¢ at a given Veg. This conclusion is fairly well satisfied by the
curves in Fig. 5-10. However, the Iy = 0 curve seems to be inconsistent since,
for a constant I¢/Ip, this curve should coincide with the I¢ = 0 axis. This
discrepancy is due to the approximation made in deriving Eq. (5-31), which is
not valid for Ip = 0.

The theoretical curve of Fig. 5-22 is much flatter than the curves of Fig.
5-10 because we have implicitly assumed that ay is truly constant. As already
pointed out, a very slight increase of ay with Vg can account for the slopes
of the common-emitter characteristic.

5-13 MAXIMUM VOLTAGE RATING?®

Even if the rated dissipation of a transistor is not exceeded, there is an upper
limit to the maximum allowable collector-junction voltage since, at high
voltages, there is the possibility of voltage breakdown in the transistor. Two
types of breakdown are possible, avalanche breakdown, discussed in Sec. 3-11,
and reach-through, discussed below.

Avalanche Multiplication The maximum reverse-biasing voltage which
may be applied before breakdown between the collector and base terminals
of the transistor, under the condition that the emitter lead be open-circuited, is
represented by the symbol BV¢po. This breakdown voltage is a characteristic
of the transistor alone. Breakdown may occur because of avalanche multi-
plication of the current Ico that crosses the collector junction. As a result
of this multiplication, the current becomes MI¢o, in which M is the factor
by which the original current I¢e is multiplied by the avalance effect. (We
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neglect leakage current, which does not flow through the junction and is there-
fore not subject to avalanche multiplication.) At a high enough voltage,
namely, BV¢go, the multiplication factor A becomes nominally infinite, and
the region of breakdown is then attained. Here the current rises abruptly,
and large changes in current accompany small changes in applied voltage.

The avalanche multiplieation factor depends on the voltage Vg between
collector and base. We shall consider that

1

M= = e BV euer 3%

Equation (5-33) is employed because it is a simple expression which gives
a good empirical fit to the breakdown characteristics of many transistor types.
The parameter n is found to be in the range of about 2 to 10, and controls
the sharpness of the onset of breakdown.

If a current Ig is caused to flow across the emitter junction, then, neglect-
ing the avalanche effect, a fraction alg, where a is the common-base current
gain, reaches the collector junction. Taking multiplication into account, I¢
has the magnitude Malg. Consequently, it appears that, in the presence
of avalanche multiplication, the transistor behaves as though its common-base
current gain were Ma.

An analysis® of avalanche breakdown for the CE configuration indicates
that the collector-to-emitter breakdown voltage with open-circuited base, desig-
na.ted BVCEo, is

R
BVc¢eo = BVcno \/m (5-34)

For an n-p-n germanium transistor, a reasonable value for n, determined
experimentally, is n = 6. If we now take hrg = 50, we find that

BI/(;EO = 0.5231’03()

so that if BVepo = 40 V, BV ¢cpo is about half as much, or about 20 V. Ideal-
1
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ized common-emitter characteristics extended into the breakdown region are
shown in Iig. 5-23. If the base is not open-circuited, these breakdown char-
acteristics are modified, the shapes of the curves being determined by the
base-circuit connections. In other words, the maximum allowable collector-
to-emitter voltage depends not only upon the transistor, but also upon the
circuit in which it is used.

Reach-through The second mechanism by which a transistor’s usefulness
may be terminated as the collector voltage is increased is called punch-through,
or reach-through, and results from the increased width of the collector-junction
transition region with increased collector-junction voltage (the Early effect).

The transition region at a junction is the region of uncovered charges
on both sides of the junction at the positions occupied by the impurity atoms.
As the voltage applied across the junction increases, the transition region
penetrates deeper into the base (Fig. 5-8a). Since the base is very thin, it is
possible that, at moderate voltages, the transition region will have spread
completely across the base to reach the emitter junction, as indicated in
Fig. 5-24, which should be compared with Fig. 5-8. The emitter barrier is
now V’, which is smaller than the normal value V, — |Vgg!| because the col-
lector voltage has ‘“‘reached through’ the base region. This lowering of the
emitter-junction voltage may result in an excessively large emitter current,
thus placing an upper limit on the magnitude of the collector voltage.

Punch-through differs from avalanche breakdown in that it takes place
at a fixed voltage [given by V; in Eq. (3-21), with W = Wg] between collector
and base, and is not dependent on circuit configuration. In a particular
transistor, the voltage limit is determined by punch-through or breakdown,
whichever occurs at the lower voltage.

Fig. 5-24 The potential variation through a p-n-p
transistor after ‘‘reach-through’’ when the effec-
tive base width (Fig. 5-8) W45 = W5 — W hasbeen
reduced to zero. The effective emitter barrier is
|48
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5-14 THE PHOTOTRANSISTOR

The phototransistor (also called photoduodiode) is & mueh more sensitive semi-
conductor photodevice than the p-n photodiode. The phototransistor is
usually connected in a common-emitter configuration with the base open,
and radiation is concentrated on the region near the collector junection Je,
as in Iig. 5-25a. The operation of this device can be understood if we recog-
nize that the junction Jg is slightly forward-biased (Iig. 5-16, open-circuited
base), and the junction J¢ is reverse-biased (that is, the transistor is biased
in the active region). Assume, first, that there is no radiant exeitation.
Under these circumstances minority carriers are generated thermally, and the
electrons crossing from the base to the collector, as well as the holes crossing
from the collector to the base, constitute the reverse saturation collector cur-
rent Ico (See. 5-2). The collector current is given by Eq. (5-16), with I, = 0;
namely, '

Ic = B4 Dlco ' (5-35)

If the light is now turned on, additional minority carriers are photogenerated,
and these contribute to the reverse saturation current in exactly the same
manner as do the thermally generated minority charges. If the component
of the reverse saturation current due to the light is designated I, the total
collector current is

Ie = B+ )Uco + I1) (5-36)

We note that, due to transistor action, the current caused by the radiation is
multiplied by the large factor 8 + 1.

10
c [ I [ Source temp = 2870°K
5 < H = 10 mW /cm? 't.l::ngsten source
, g 8.0 ==~
Radiation o =
I 71
+v, £ %0 O E———
T- cE 3 —
I |t
g 40 5.0
= 7~ ]
8 3.0
=+ ~E’ 2.0 2.0
1.0
0
0 5.0 10 15 20 25
Vg, collector-emitter voltage, V
(a) b

Fig. 5-25 (a) A phototransistor. (b) The output characteristics of the MRD 450
n-p-n silicon phototransistor. (Courtesy of Motorola Semiconductor Products, Inc.)
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Typical volt-ampere characteristics are shown in Fig. 5-23b for an n-p-n
planar phototransistor for different values of illumination intensities. Note
the similarity between this family of curves and those in Fig. 5-10 for the CE
transistor output characteristics with base current (instead of illumination)
as a parameter. It is also possible to bring out the base lead and to inject a
base current I's. The current I¢in Eq. (5-36) is then increased by the term 813.
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REVIEW QUESTIONS

5-1 Draw the circuit symbol for a p-n-p transistor and indicate the reference
directions for the three currents and the reference polarities for the three voltages.
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5.2 Repeat Rev. 5-1 for an n-p-n transistor.

5-3 For a p-n-p transistor biased in the active region, plot (in each region E, B,
and C) (a) the potential variation; (b) the minority-carrier concentration. (c) Explain
the shapes of the plots in (a) and (b).

5-4 (a) For a p-n-p transistor biased in the active region, indicate the various
electron and hole current components crossing each junction and entering (or leaving)
the base terminal. (b) Which of the currents is proportional to the gradient of p, at
Jg and J¢, respectively? (c) Repeat part b with p, replaced by n,. (d) What is the
physical origin of the seveial current components erossing the base terminal?

5.5 (a) From the currents indicated in Rev. 5-4 obtain an expression for the
collector current Ic. Define each symbol in this equation. (b) Generalize the equation
for I¢ in part a so that it is valid even if the transistor is not operating in its active
region.

5-6 (a) Define the current gain o in words and as an equation. (b) Repeat part
a for the parameter o'.

5-7 Describe the fabrication of an alloy transistor.

5.8 For a p-n-p transistor in the active region, what is the sign (positive or
negative) of Iz, I¢c, Ig, Vg, and Ves?

5-9 Repeat Rev. 5-8 for an n-p-n transistor.

5.10 (a) Sketch a family of CB output characteristics for a transistor. (b)
Indicate the active, cutoff, and saturation regions. (c) Explain the shapes of the curves
qualitatively.

5-11 (a) Sketch a family of CB input characteristics for a transistor. (b) Explain
the shapes of the curves qualitatively.

5-12 Explain base-width modulation (the Early effect) with the aid of plots of
potential and minority concentration throughout the base region.

5-13  Explain qualitatively the three consequences of base-width modulation.

5-14 Define the following regions in a transistor: (a) active; (b) saturation;
(¢) cutoff.

5-15 (a) Draw the circuit of transistor in the CE configuration. (b) Sketch the
output characteristics. (c) Indicate the active, saturation, and cutoff regions.

$-16 (a) Sketch a family of CE input characteristics. (b) Explain the shape of
these curves qualitatively.

5-17  (a) Derive the expression for I¢ versus I for a CE transistor configuration
in the active region. (b) For Iy = 0, what is I¢?

5-18 (a) What is the order of magnitude of the reverse collector saturation current,
I¢so for a silicon transistor? (b) How does Icpo vary with temperature?

5-19 Repeat Rev. 5-18 for a germanium transistor.

5-20 Why does Icso differ from Ico?

5-21 (a) Define saturation resistance for a CE transistor. (b) Give its order of
magnitude.

5-22 (@) Define base-spreading resistance for a transistor. (b) Give its order of
magnitude.

5-23 What is the order of magnitude of the temperature coefficients of Vg .,
Vet and Vg aae?

5-24' (a) Define hrp. (b) Plot hrg versus I¢.

5-25 (a) Give the order of magnitude of Vg at cutoff for a silicon transistor.
(b) Repeat part a for a germamum transistor. (c) Repeat parts a and b for the cutin
voltage.
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5-26 Is|Vgg... greater or less than |Vez,..|? Explain.

5-27 (a) What is the range in volts for Vg between cutin and saturation for a
silicon transistor? (b) Repeat part a for a germanium transistor.

5-28 What is the collector current relative to I¢co in a silicon transistor (a) if the
base is shorted to the emitter? (b) If the base floats? (c) Repeat parts a and b for a
germanium transistor.

5.29 Consider a transistor circuit with resistors R,, R., and R, in the base,
collector, and emitter legs, respectively. The biasing voltages are Vg and Vec in base
and collector circuits, respectively. (a) Outline the method for finding the quiescent
currents, assuming that the transistor operates in the active region. () How do you
test to see if your assumption is correct?

5-30 Repeat Rev. 5-29, assuming that the transistor is in saturation.

5-31 For a CE transistor define (in words and symbols) (a) 8; (b) Bs. = hrs;
(&) B = hye

5.32  Derive the relationship between hpg and hy.,.

5-33 (a) For what condition is 8 = hrg? (b) For what condition is hrg = hy,?

5-34 (a) Draw the circuit of a CC transistor configuration. (b) Indicate the
input and output terminals.

5-35 What is meant by the inverted mode of operation of a transistor?

5-36 (a) Write the Ebers and Moll equations. (b) Sketch the circuit model
which satisfies these equations.

5-37 Discuss the two possible sources of breakdown in a transistor as the collector-
to-emitter voltage is increased.

5-38 (a) Sketch the circuit of a phototransistor.  (b) The radiation is concentrated
near which junction? Explain why. (c) Describe the physical action of this device.

5-39 (a) For a phototransistor in the active region, write the expression for the
collector current. Define ali terms. (b) Sketch the family of output characteristics.



INTEGRATED CIRCUITS:
FABRICATION AND
CHARACTERISTICS

An integrated circuit consists of a single-crystal chip of silicon, typi-
cally 50 by 50 mils in cross section, containing both active and passive
elements and their interconnections. Such circuits are produced by
the same processes used to fabricate individual transistors and diodes.
These processes include epitaxial growth, masked impurity diffusion,
oxide growth, and oxide etching, using photolithography for pattern
definition. A method of batch processing is employed which offers
excellent repeatability and is adaptable to the production of large
numbers of integrated circuits at low cost. In this chapter we
describe the basic processes involved in fabricating an integrated
circuit.

7-1 INTEGRATED-CIRCUIT TECHNOLOGY

The fabrication of integrated circuits is based on materials, processes,
and design principles which constitute a highly developed semicon-
ductor (planar-diffusion) technology. The basic structure of an inte-
grated circuit is shown in Fig. 7-1b, and consists of four distinct layers
of material. The bottom layer O (6 mils thick) is p-type silicon
and serves as a substrate upon which the integrated circuit is to be
built. The second layer (®) is thin (typically 25 um = 1 mil) n-type
material which is grown as a single-crystal extension of the substrate.
All active and passive components are built within the thin n-typelayer
using a series of diffusion steps. These components are transistors,
diodes, capacitors, and resistors, and they are made by diffusing p-type

196
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and n-type impurities. The most complicated component fabricated is the
transistor, and all other elements are constructed with one or more of the
processes required to make a transistor. In the fabrication of all the above
elements it is necessary to distribute impurities in certain precisely defined
regions within the second (n-type) layer. The selective diffusion of impuri-
ties is accomplished by using SiO, as a barrier which protects portions of
the wafer against impurity penetration. Thus the third layer of material ®
is silicon dioxide, and it also provides protection of the semiconductor surface
against contamination. In the regions where diffusion is to take place, the
Si0, layer is etched away, leaving the rest of the wafer protected against
diffusion. To permit selective etching, the SiQ, layer must be subjected to
a photolithographie process, described in Sec. 7-4. Finally, a fourth metallic
(aluminum) layer (¥ is added to supply the necessary interconnections
between components.

The p-type substrate which is required as a foundation for the integrated
circuit is obtained by growing an ingot (1 to 2 in. in diameter and about 10
in. long) from 2 silicon melt with a predetermined number of impurities. The
crystal ingot is subsequently sliced into round wafers approximately 6 mils
thick, and one side of each wafer is lapped and polished to eliminate surface
imperfections.

We are now in a position to appreciate some of the significant advantages
of the integrated-circuit technology. Let us consider a l-in.-square wafer
divided into 400 chips of surface area 50 mil by 50 mil. We demonstrate in this
chapter that a reasonable area under which a component (say, a transistor) is
fabricated is 50 mils?2. Hence each chip (each integrated circuit) contains
50 separate components, and there are 50 X 400 = 20,000 components/in.?
on each wafer.

If we process 10 wafers in a batch, we can manufacture 4,000 integrated
circuits simultaneously, and these contain 200,000 components. Some of the
chips will contain faults due to imperfections in the manufacturing process,
but the yield (the percentage of fault-free chips per wafer) is extremely large.

The following advantages are offered by integrated-circuit technology
as compared with discrete ecomponents interconnected by conventional
techniques:

1. Low cost (due to the large quantities processed).

2. Small size.

3. High reliability. (All components are fabricated simultaneously, and
there are no soldered joints.)

4. Improved performance. (Because of the low cost, more complex cir-
cuitry may be used to obtain better functional characteristics.)

In the next sections we examine the processes required to fabricate an
integrated circuit.
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. 7-2 BASIC MONOLITHIC INTEGRATED CIRCUITS!?

We now examine in some detail the various techniques and processes required
to obtain the circuit of Fig. 7-1a in an integrated form, as shown in Iig. 7-1b.
This configuration is called a monolithic integrated circuit because it is formed
on a single silicon chip. The word “monolithic” is derived from the Greek
monos, meaning ‘‘single,” and lithos, meaning ‘“stone.”” Thus a monolithic
circuit is built into a single stone, or single crystal.

In this section we describe qualitatively a complete epitaxial-diffused
fabrication process for integrated circuits. In subsequent sections we examine
in more detail the epitaxial, photographic, and diffusion processes involved.
The logic circuit of Fig. 7-1a is chosen for discussion because it contains typical
components: a resistor, diodes, and a transistor. These elements (and also
capacitors with small values of capacitances) are the components encountered
in integrated circuits. The monolithic circuit is formed by the steps indicated
in Fig. 7-2 and described below.

Step 1. Epitaxial Growth An n-type epitaxial layer, typically 25 um
thick, is grown onto a p-type substrate which has a resistivity of typically

2 3 4
1
5
(a)
Diode junctions
Resistor Diodes Transistor .
@ Aluminum
3 2 1 3 4 metalization
- . Silicon dioxide
b | nr 2 RO el I ——Collector
f | p-type ” g P J ; p L] contact n*
. B n-type b n L [ “%}&\n* Emitter
® -t bst ™~ Base
p-type substrate
¥ ™~ Collector
(b)

Fig. 7-1 (@) A circuit containing a resistor, two diodes, and a tran-
sistor. (b) Cross-sectional view of the circuit in (a) when transformed
into a monolithic form (not drawn to scale). The four layers are (D
substrate, (2) n-type crystal containing the integrated circuit, (3 silicon
dioxide, and (®) aluminum metalization. (After Phillips.2 Not drawn
to scale.)
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10 Q-cm, corresponding to N, = 1.4 X 1015 atoms/cm?® The epitaxial
process described in Sec. 7-3 indicates that the resistivity of the n-type epitaxial
layer can be chosen independently of that of the substrate. Values of 0.1 to
0.5 Q-cm are chosen for the n-type layer. After polishing and cleaning, a thin
layer (0.5 um = 5,000 f&) of oxide, SiO,, is formed over the entire wafer, as
shown in Fig. 7-2a. The SiO, is grown by exposing the epitaxial layer to an
oxygen atmosphere while being heated to about 1000°C. Silicon dioxide has
the fundamental property of preventing the diffusion of impurities through it.
Use of this property is made in the following steps.

Step 2. Isolation Diffusion In Fig. 7-2b the wafer is shown with the
oxide removed in four different places on the surface. This removal is accom-
plished by means of a photolithographic etching process described in Sec. 7-4.
The remaining SiO; serves as a mask for the diffusion of acceptor impurities
(in this case, boron). The wafer is now subjected to the so-called zsolatron
diffusion, which takes place at the temperature and for the time interval
required for the p-type impurities to penetrate the n-type epitaxial layer and
reach the p-type substrate. We thus leave the shaded n-type regions in Fig.
7-2b. These sections are called isolation islands, or isolaled regions, because
they are separated by two back-to-back p-n junctions. Their purpose is to
allow electrical isolation between different circuit components. For example,
it will become apparent later in this section that a different isolation region
must be used for the collector of each separate transistor. The p-type sub-
trate must always be held at a negative potential with respect to the isolation
islands in order that the p-n junctions be reverse-biased. If these diodes were
to become forward-biased in an operating circuit, then, of course, the isolation
would be lost. '

It should be noted that the concentration of acceptor atoms (N, = 5 X
102° em~3) in the region between isolation islands will generally be much higher
(and henece indicated as p*) then in the p-type su?strate. The reason for this
higher density is to prevent the depletion region of the reverse-biased isolation-
to-substrate junction from extendinginto p*-type material (See. 3-7) and possi-
bly connecting two isolation islands.

Parasitic Capacitance It is now important to consider that these isola-
tion regions, or junctions, are connected by a significant barrier, or transition
capacitance Cr,, to the p-type substrate, which capacitance can affect the oper-
ation of the circuit. Since Cp, is an undesirable by-product of the isolation
process, it is called the parasitic capacitance.

The parasitic capacitance is the sum of two components, the capacitance
C, from the bottom of the n-type region to the substrate (Ilig. 7-2b) and C.
from the sidewalls of the isolation islands to the p* region. The bottom com-
ponent, Cy, results from an essentially step junction due to the epitaxial growth
(See. 7-3), and hence varies inversely as the square root of the voltage V
between the isolation region and the substrate (Sec. 3-7). The sidewall capaci-
tance C, is associated with a diffused graded junction, and it varies as 171,
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Fig. 7-2 The steps involved in fabricating a monolithic circuit (not

drawn to scale).

(o) Epitaxial growth; (b) isolation diffusion;

(c) base diffusion; (d) emitter diffusion; (e) aluminum metalization.

Sec. 7-2
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For this component the junction area is equal to the périmeter of the isolation
region times the thickness y of the epitaxial n-type layer. The total capaci-
tance is of the order of a few picofarads.

Step 3. Base Diffusion During this process a new layer of oxide is
formed over the wafer, and the photolithographic process is used again to create
the pattern of openings shown in Fig. 7-2¢c. The p-type impurities (boron) are
diffused through these openings. In this way are formed the transistor base
regions as well as resistors, the anode of diodes, and junction capacitors (if
any). Itisimportant to control the depth of this diffusion so that it is shallow
and does not penetrate to the substrate. The resistivity of the base layer will
generally be much higher than that of the isolation regions.

Step 4. Emitter Diffusion A layer of oxide is again formed over the
entire surface, and the masking and etching processes are used again to open
windows in the p-type regions, as shown in Fig. 7-2d. Through these open-
ings are diffused n-type impurities (phosphorus) for the formation of transistor
emitters, the cathode regions for diodes, and junction capacitors.

Additional windows (such as W,; and W, in Fig. 7-2d) are often made
into the n regions to which a lead is to be connected, using aluminum as the
ohmic contact, or interconnecting metal. During the diffusion of phosphorus
a heavy concentration (called nt) is formed at the points where contact with
aluminum is to be made. Aluminum is a p-type impurity in silicon, and a
large concentration of phosphorus prevents the formation of a p-n junction
when the aluminum is alloyed to form an ohmic contact.*

Step 5. Aluminum Metalization All p-n junctions and resistors for the
circuit of Fig. 7-1a have been formed in the preceding steps. It is now neces-
sary to interconnect the various components of the integrated circuit as dic-
tated by the desired circuit. To make these connections, a fourth set of
windows is opened into a newly formed SiO; layer, as shown in Fig. 7-2e, at
the points where contact is to be made. The interconnections are made first,
using vacuum deposition of a thin even coating of aluminum over the entire
wafer. The photoresist technique is now applied to etch away all undesired
aluminum areas, leaving the desired pattern of interconnections shown in
Fig. 7-2¢ between resistors, diodes, and transistors.

In production a large number (several hundred) of identical circuits such
as that of Fig. 7-1a are manufactured simultaneously on a single wafer. After
the metalization process has been completed, the wafer is scribed with a
diamond-tipped tool and separated into individual chips. Each chip is then
mounted on a ceramic wafer and is attached to a suitable header. The pack-
age leads are connected to the integrated circuit by stitch bonding! of a 1-mil
aluminum or gold wire from the terminal pad on the circuit to the package
lead (Fig. 7-27).
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Summary In this’section the epitaxial-diffused method of fabricating
integrated circuits is described. We have encountered the following processes:

. Crystal growth of a substrate

. Epitaxy

. Silicon dioxide growth

. Photoetching

. Diffusion

. Vacuum evaporation of aluminum

SO WD

Using these techniques, it is possible to produce the following elements
on the same chip: transistors, diodes, resistors, capacitors, and aluminum
interconnections.

7-3 EPITAXIAL GROWTH!

The epitaxial process produces a thin film of single-crystal silicon from the
gas phase upon an existing crystal wafer of the same material. The epitaxial
layer may be either p-type or n-type. The growth of an epitaxial film with
impurity atoms of boron being trapped in the growing film is shown in Fig. 7-3.
The basic chemical reaction used to describe the epitaxial growth of pure
silicon is the hydrogen reduction of silicon tetrachloride:
1200°C

SiCls + 2H, —— Si 4 4HCI (7-1)

Since it is required to produce epitaxial films of specific impurity concen-
trations, it is necessary to introduce impurities such as phosphine for n-type
doping or biborane for p-type doping into the silicon tetrachloride-hydrogen
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Fig.7-4 A diagram-
matic representation of
a system for production
growth of silicon epi-
taxial films. (Courtesy
of Motorola, Inc.!)

Graphite boat

gas stream. An apparatus for the production of an epitaxial layer is shown in
Fig. 7-4. In this system a long cylindrical quartz tube is encircled by a
radio-frequency induection coil. The silicon wafers are placed on a rectangular
graphite rod called a boat. The boat is inserted in the reaction chamber, and
the graphite is heated inductively to about 1200°C. At the input of the
reaction chamber a control console permits the introduction of various gases
required for the growth of appropriate epitaxial layers. Thus it is possible
to form an almost abrupt step p-n junction similar to the junction shown in
Fig. 3-10.

7-4 MASKING AND ETCHING!

The monolithic technique described in See. 7-2 requires the selective removal
of the SiO; to form openings through which impurities may be diffused. The
photoetching method used for this removal is illustrated in Fig. 7-5. During
the photolithographic process the wafer is coated with a uniform film of a photo-
sensitive emulsion (such as the Kodak photoresist KPR). A large black-and-
white layout of the desired pattern of openings is made and then reduced
photographically. This negative, or stenecil, of the required dimensions is
placed as a mask over the photoresist, as shown in Fig. 7-5a. By exposing
the KPR to ultraviolet light through the mask, the photoresist becomes
polymerized under the transparent regions of the stencil. The mask is now
removed, and the wafer is “developed’” by using a chemical (such as trichloro-
ethylene) which dissolves the unexposed (unpolymerized) portions of the
photoresist film and leaves the surface pattern as shown in Fig. 7-5b. The
emulsion which was not removed in development is now fized, or cured, so
that it becomes resistant to the corrosive etches used next. The chip is
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Fig. 7-5 Photoetching technique. (a) Masking and exposure to
vitraviolet radiation. (b) The photoresist after development.

immersed in an etching solution of hydrofluoric acid, which removes the oxide
from the areas through which dopants are to be diffused. Those portions of
the SiO, which are protected by the photoresist are unaffected by the acid.
After etching and diffusion of impurities, the resist mask is removed (stripped)
with a chemical solvent (hot H,SO,) and by means of a mechanical abrasion
process.

7-5 DIFFUSION OF IMPURITIES®

The most important process in the fabrication of integrated ecircuits is the
diffusion of impurities into the silicon chip. We now examine the basic theory
connected with this process. The solution to the diffusion equation will give
the effect of temperature and time on the diffusion distribution.

The DiffusionLlaw The equation governing the diffusion of neutral atomsis

aN 92N
&= DW (7-2)
where N is the particle concentration in atoms per unit volume as a function
of distance x from the surface and time ¢, and D is the diffusion constant in
area per unit time.

The Complementary Error Function If an intrinsic silicon wafer is
exposed to a volume of gas having a uniform concentration N, atoms per unit
volume of n-type impurities, such as phosphorus, these atoms will diffuse into
the silicon crystal, and their distribution will be as shown in Fig. 7-6a. If
the diffusion is allowed to proceed for extremely long times, the silicon will
become uniformly doped with N, phosphorus atoms per unit volume. The
basic assumptions made here are that the surface concentration of impurity
atoms remains at N, for all diffusion times and that N(x) = 0 at ¢ = 0 for
z> 0.
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If Eq. (7-2) is solved and the above boundary conditions are applied,

NG t) = No (1 —erf —5 ) =N, erfc —2— 7-3
(=, 1) ( er2\/Dt) erfo 2 (7-3)

where erfc y means the error-function complement of y, and the error function
of y is defined by

orf y = ) (7-4)

2 v
Vil
and is tabulated in Ref. 3. The function erfc y = 1 — erf y is plotted in
Fig. 7-7.

The Gaussian Distribution If a specific number  of impurity atoms
per unit area are deposited on one face of the wafer, and then if the material is
heated, the impurity atoms will again diffuse into the silicon. When the

boundary conditions /Om N(z) dr = Q for all times and N(x) =0 at ¢t =0
for z > 0 are applied to Eq. (7-2), we find

Nz, ) = —&_ esran 7-5)

(=, oD (
Equation (7-5) is known as the Gaussian distribution, and is plotted in Fig.
7-6b for two times. It is noted from the figure that as time increases, the sur-
face concentration decreases. The area under each curve is the same, how-
ever, since this area represents the total amount of impurity being diffused, and

N N
N,
2

Silicon

surface >t

ty>t,
iy
0 x 0 x
(a) (b)

Fig. 7-6 The concentration N as a function of distance z into a silicon chip for
two values ¢; and ¢, of the diffusion time. (o) The surface concentration is held
constant at N, per unit volume. (b) The total number of atoms on the surface is
held constant at Q per unit area.
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this is a constant amount Q. Note that in Eqgs. (7-3) and (7-5) time ¢ and the
diffusion constant D appear only as a product D¢.

Solid Solubility®® The designer of integrated circuits may wish to produce
a specific diffusion profile (say, the complementary error function of an n-type
impurity). In deciding which of the available impurities (such as phosphorus,
arsenic, antimony) can be used, it is necessary to know if the number of atoms
per unit volume required by the specific profile of Eq. (7-3) is less than the
diffusant’s solid solubility. The solid solubility is defined as the maximum
concentration N, of the element which can be dissolved in the solid silicon
at a given temperature. Figure 7-8 shows solid solubilities of some impurity

L !l |
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9 1200 B
¢ 1100 jitAs T Fig. 7-8 Solid solubilities
= i ]
& 1000 ! i \ 1 S il of some impurity elements
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S 800 ﬁﬁ NG Fe bore,® courtesy of Moto-

700 b sh rola, Inc.?)

600 S i 8

500 1 [T il
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Atoms/cm?®
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elements. It can be seen that, since for phosphorus the solid solubility is
approximately 10%! atoms/em? and for pure silicon we have 5 X 10?? atoms/
cm?, the maximum concentration of phosphorus in silicon is 2 percent. For
most of the other impurity elements the solubility is a small fraction of 1
percent.

Diffusion Coefficients Temperature affects the diffusion process because
higher temperatures give more energy, and thus higher velocities, to the
diffusant atoms. It is clear that the diffusion coefficient is a function of
temperature, as shown in Fig. 7-9. Irom this figure it can be deduced that
the diffusion coefficient could be doubled for a few degrees increase in tem-
perature. This critical dependence of D on temperature has forced the
development of accurately controlled diffusion furnaces, where temperatures
in the range of 1000 to 1300°C can be held to a tolerance of +0.5°C or better.
Since time ¢ in Eqgs. (7-3) and (7-5) appears in the product Dt, an increase
in either diffusion constant or diffusion time has the same effect on diffusant
density.

Note from YFig. 7-9 that the diffusion coefficients, for the same tempera-
ture, of the n-type impurities (antimony and arsenic) are lower than the
coeflicients for the p-type impurities (gallium and aluminum), but that phos-
phorus (n-type) and boron (p-type) have the same diffusion coefficients.

Typical Diffusion Apparatus Reasonable diffusion times require high
diffusion temperatures (~1000°C). Therefore a high-temperature diffusion
furnace, having a closely controlled temperature over the length (20 in.) of
the hot zone of the furnace, is standard equipment in a facility for the fabrica-
tion of integrated circuits. Impurity sources used in connection with diffu-
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Fig. 7-10 Schematic representation of typical apparatus for POCI; diffusion.
(Courtesy of Motorola, Inc.})

sion furnaces can be gases, liquids, or solids. TFor example, POCl;, which is
a liquid, is often used as a source of phosphorus. Figure 7-10 shows the
apparatus used for POCI; diffusion. In this apparatus a carrier gas (mixture
of nitrogen and oxygen) bubbles through the liquid-diffusant source and
carries the diffusant atoms to the silicon wafers. Using this process, we
obtain the complementary-error-function distribution of Eq. (7-3). A two-
step procedure is used to obtain the Gaussian distribution. The first step
involves predeposition, carried out at about 900°C, followed by drive-in at
about 1100°C.

EXAMPLE A uniformly doped n-type silicon epitaxial layer of 0.5 Q-cm resistivity
is subjected to a boron diffusion with constant surface concentration of 5 X 1018
em™3 It is desired to form a p-n junction at a depth of 2.7 um. At what tem-
perature should this diffusion be carried out if it is to be completed in 2 hr?

Solution The concentration N of boron is high at the surface and falls off with
distance into the silicon, as indicated in Fig. 7-6a. At that distance z = z;
at which N equals the concentration n of the doped silicon wafer, the net impurity
density is zero. For r < x;, the net impurity density is positive, and for r > z,,
it is negative. Hence z; represents the distance from the surface at which a
junction is formed. We first find = from Eq. (2-8):
n=-> = 1 = 0.96 X 101 cm~?
a9 (0.5)(1,300)(1.60 X 10719)
where all distances are expressed in centimeters and the mobility u, for silicon
is taken from Table 2-1, on page 29. The junction is formed when N = n. For
n 0.96 X 1018

N
foy = v = v 096 X0 o0« 103
Y =N, TN, T Tsx10m
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we find from Fig. 7-7 that y = 2.2. Hence

z; 2.7 X 1074

2.2 = _ - ke T B
24Dt 24D X 2 X 3,600

Solving for D, we obtain D = 5.2 X 10713 cm?/sec. This value of diffusion con-
stant for boron is obtained from Fig. 7-9 at T = 1130°C.

7-6 TRANSISTORS FOR MONOLITHIC CIRCUITS!”

A planar transistor made for monolithic integrated circuits, using epitaxy and
diffusion, is shown in Fig. 7-11a. Here the collector is electrically separated
from the substrate by the reverse-biased isolation diodes. Since the anode
of the isolation diode covers the back of the entire wafer, it is necessary to
make the collector contact on the top, as shown in Fig. 7-11a. It is now
clear that the isolation diode of the integrated transistor has two undesirable
effects: it adds a parasitic shunt capacitance to the collector and a leakage
current path. In addition, the necessity for a top connection for the collector
increases the collector-current path and thus increases the collector resistance
and Vegea. All these undesirable effects are absent from the discrete epi-
taxial transistor shown in Fig, 7-11b. What is then the advantage of the
monolithic transistor? A significant improvement in performance arises from
the fact that integrated transistors are located physically close togethér and
their electrical characteristics are closely matched. For example, integrated
transistors spaced within 30 mils (0.03 in.) have Vg matching of better than

Base contact
Collector contact

Emitter contact

p-type isolation
diffusion

Fig. 7-11  Comparison of n-epltaxial collector

cross sections of (a) a

p substrate

(a)

monolithic integrated cir-

cuit transistor with (b) a

discrete planar epitaxial Emitter contact - ~Base contact

transistor. [For a top

view of the transistor in ‘

(a) see Fig. 7-13.] e ’ p '
.n~epitaxial collector

Collector contact

(b)
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5 mV with less than 10 xV/°C drift and an hrg match of +10 percent. These
matched transistors make excellent difference amplifiers (Sec. 15-3).

The electrical characteristics of a transistor depend on the size and
geometry of the transistor, doping levels, diffusion schedules, and the basic
silicon material. Of all these factors the size and geometry offer the greatest
flexibility for design. The doping levels and diffusion schedules are deter-
mined by the standard processing schedule used for the desired transistors in
the integrated circuit.

Impurity Profiles for Integrated Tronsistors! Figure 7-12 shows a typical
impurity profile for a monolithic integrated circuit transistor. The back-
ground, or epitaxial-collector, concentration N p¢ is shown as a dashed line in
Fig. 7-12. The base diffusion of p-type impurities (boron) starts with a sur-
face concentration of 5 X 10!® atoms/e¢m?, and is diffused to a depth of 2.7
um, where the collector junction is formed. The emitter diffusion (phos-
phorus) starts from a much higher surface concentration (close to the solid
solubility) of about 102! atoms/em?, and is diffused to a depth of 2 um, where
the emitter junction is formed. This junction corresponds to the intersection
of the base and emitter distribution of impurities. We now see that the base
thickness for this monolithic transistor is 0.7 um. The emitter-to-base june-
tion is usually treated as a step-graded junction, whereas the base-to-collector
junction is considered a linearly graded junction.

EXAMPLE (a) Obtain the equations for the impurity profiles in Fig. 7-12.
(b) If the phosphorus diffusion is conducted at 1100°C, how long should be
allowed for this diffusion?



Sec. 7-6 INTEGRATED CIRCUITS: FABRICATION AND CHARACTERISTICS / 211

Solution a. The base diffusion specifications are exactly those given in the
example on page 208, where we find (with x expressed in micrometers) that

2.7
y=22-=
2Dt
or
24Dt = g—; =1.23 um

Hence the boron profile, given by Eq. (7-3), is
Np=5X 101 erfe ——
' 1.23
The emitter junction is formed at z = 2 pm, and the boron concentration here is

Ny =5X 1013erfcl—223 =5 X 10% X 2 X 102
= 1.0 X 10*" em™3

The phosphorus concentration Np is given by

Ny = 102 erfe

x
2VDi
Atx= 2,Ny=Nn = 1.0 X 10”, sothat

17
_ 1.0 X 10 - 1.0 X 104

2
2Dt 10

From Fig. 7-7, 2/(2V/Df) = 2.7 and 2 VDt = 0.75 um. Hence the phos-
phorus profile is given by

erfe

Np = 10% erfe z
0.74

b. Fror{l_Fig. 7-9, at T = 1100°C, D = 3.8 X 10713 em?/sec. Solving for
t from 2V/Dt = 0.74 um, we obtain

_ (037 X 1079)*

3.8 % 105 = 3,600 s = 60 min

Monolithic Transistor Layout:2 The physical size of a transistor deter-
mines the parasitic isolation capacitance as well as the junction capacitance.
It is therefore necessary to use small-geometry transistors if the integrated
circuit is designed to operate at high frequencies or high switching speeds.
The geometry of a typical monolithic transistor is shown in Fig. 7-13. The
emitter rectangle measures 1 by 1.5 mils, and is diffused into a 2.5- by 4.0-mil
base region. Contact to the base is made through two metalized stripes on
either side of the emitter. The rectangular metalized area forms the ohmic
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Fig. 7-13 A typical double-base stripe geometry of an integrated-
circuit transistor. Dimensions are in mils. (For a side view of the
transistor see Fig. 7-11.) (Courtesy of Motorola Monitor.)

contact to the collector region. The rectangular collector contact of this
transistor reduces the saturation resistance. The substrate in this structure
is located about 1 mil below the surface. Since diffusion proceeds in three
dimensions, it is clear that the laferal-diffusion distance will also be 1 mil. The
dashed rectangle in Fig. 7-13 represents the substrate area and is 6.5 by 8
mils. A summary of the electrical properties? of this transistor for both the
0.5- and the 0.1-2-cm collectors is given in Table 7-1.

Buried Layer! We noted above that the integrated transistor, because of
the top collector contact, has a higher collector series resistance than a similar
discrete-type transistor. One common method of reducing the collector series
resistance is by means of a heavily doped nt+ “buried” layer sandwiched
between the p-type substrate and the n-type epitaxial collector, as shown in
Fig. 7-14. The buried-layer structure can be obtained by diffusing the nt
layer into the substrate before the n-type epitaxial collector is grown or by
selectively growing the n*-type layer, using masked epitaxial techniques.

We are now in a position to appreciate one of the reasons why the inte-
grated transistor is usually of the n-p-n type. Since the collector region is
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TABLE 7-1 Characteristics for 1- by 1.5-mil double-
base stripe monolithic transistors? ‘

Transistor parameter 0.5 -cm |0.1 Q-cmt
BVesoy Veoovoeoooi 55 25
BVsso, V....... SO 7 5.5
BVero, Veoovoooooei 23 14
Cretorward biass PF....... ... ... ... 6 10
Creat05V,pF............... .. 1.5 2.5
Creat 5V, pF. ... ... .. .... 0.7 1.5
hreat 10mA. ... ... .......... 50 50
ch, L 2 75 15
Vepeatat 5mA, V..o oL 0.5 0.26
Veeat 10mA, V................ 0.85 0.85
frat5V,5mA, MHz. ........... 440 520

t Gold-doped.

subjected to heating during the base and emitter diffusions, it is necessary
that the diffusion coefficient of the collector impurities be as small as possible,
to avoid movement of the collector junction. Since Fig. 7-9 shows that
n-type impurities have smaller values of diffusion constant D than p-type
impurities, the collector is usually n-type. In addition, the solid solubility
of some n-type impurities is higher than that of any p-type impurity, thus
allowing heavier doping of the n*-type emitter and other n* regions.

Lateral p-n-p Transistor?® The standard integrated-circuit transistor is
an n-p-n type, as we have already emphasized. In some applications it is
required to have both n-p-n and p-n-p transistors on the same chip. The
lateral p-n-p structure shown in Fig. 7-15 is the most common form of the
integrated p-n-p transistor. This p-n-p uses the standard diffusion techniques
as the n-p-n, but the last n diffusion (used for the n-p-n transistor) is eliminated.
While the p base for the n-p-n transistor is made, the two adjacent p regions
are diffused for the emitter and collector of the p-n-p transistor shown in Fig.
7-15. Note that the current flows laterally from emitter to collector. Because
of inaccuracies in masking, and because, also, of lateral diffusion, the base
width between emitter and collector is large (about 1 mil compared with 1 xm

Fig. 7-14 Utilization of
“buried'’ nt layer to re-

duce collector series

resistance.

p substrate
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for an n-p-n base). Hence the current gain of the p-n-p transistor is very low
(0.5 to 5) instead of 50 to 300 for the n-p-n device. Since the base-p resistivity
of the n-p-n transistor is relatively high, the collector and emitter resistances
of the p-n-p device are high.

Vertical p-n-p Transistor® This transistor uses the substrate for the p
collector; the n epitaxial layer for the base; and the p base of the stendard
n-p-n transistor as the emitter of this p-n-p device. We have already empha-
sized that the substrate must be connected to the most negative potential in
the circuit. Hence a vertical p-n-p transistor can be used only if its collector
is at a fixed negative voltage. Such a configuration is called an emitter follower,
and is discussed in Sec. 8-8. '

Supergain n-p-n Transistor® If the emitter is diffused into the base
region so as to reduce the effective base width almost to the point of punch-
through (Sec. 5-13), the current gain may be increased drastically (typically,
5,000). However, the breakdown voltage is reduced to a very low value (say,
5 V). If such a transistor in the CE configuration is operated in series with a
standard integrated CB transistor (such a combination is called a cascode
arrangement), the superhigh gain can be obtained at very low currents and
with breakdown voltages in excess of 50 V.

7-7 MONOLITHIC DIODES!

The diodes utilized in integrated circuits are made by using transistor struc-
tures in one of five possible connections (Prob. 7-9). The three most popular
diode structures are shown in Fig. 7-16. They are obtained from a transistor
structure by using the emitter-base diode, with the collector short-circuited
to the base (a); the emitter-base diode, with the collector open (b); and the
collector-base diode, with the emitter open-circuited (or not fabricated at all)
(¢). The choice of the diode type used depends upon the application and cir-
cuit performance desired. Collector-base diodes have the higher collector-base
voltage-breaking rating of the collector junction (~12 V minimum), and they
are suitable for common-cathode diode arrays diffused within a single isolation
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Fig. 7-16 Cross section of p 11 »p
various diode structures. p* n | p P
(a) Emitter-base diode P p
with collector shorted to
base; (b) emitter-base
diode with collector open;
(¢) collector-base diode o
(no emitter diffusion). s
o o-
(a) ()] ©)

island, as shown in Fig. 7-17a. Common-anode arrays can also be made with
the collector-base diffusion, as shown in Fig. 7-17b. A separate isolation is
required for each diode, and the anodes are connected by metalization.

The emitter-base diffusion is very popular for the fabrication of diodes
provided that the reverse-voltage requirement of the circuit does not exceed
the lower base-emitter breakdown voltage (~7 V). Common-anode arrays
can easily be made with the emitter-base diffusion by using a multiple-emitter
transistor within a single isolation area, as shown in Fig. 7-18. The collector
may be either open or shorted to the base. The diode pair in Fig. 7-1 is con-
structed in this manner, with the collector floating (open).

Diode Characteristics The forward volt-ampere characteristics of the
three diode types discussed above are shown in Fig. 7-19. It will be observed
that the diode-connected transistor (emitter-base diode with collector shorted

Common Common
cathode anode
3 3

Anode Anode Cathode Cathode
1 2 1 2
Oo—n

SOOI S S IS

|
p*Ln

(a) ®

p substrate P

p substrate

Fig. 7-17 Diode pairs. (a) Common-cathode pair and (b) common-
anode pair, using collector-base diodes.
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to the base) provides the highest conduction for a given forward voltage.
The reverse recovery time for this diode is also smaller, one-third to one-fourth
that of the collector-base diode.

7-8 INTEGRATED RESISTORS!

A resistor in a monolithic integrated circuit is very often obtained by utilizing
the bulk resistivity of one of the diffused areas. The p-type base diffusion
is most commonly used, although the n-type emitter diffusion is also employed.
Since these diffusion layers are very thin, it is convenient to define a quantity
known as the sheet resistance Rs.

Sheet Resistance If, in Fig. 7-20, the width w equals the length I, we
have a square [ by I of material with resistivity p, thickness y, and cross-sec-
tional area A = ly. The resistance of this conductor (in ohms per square) is

_P_» .
Rs=1=y (7-6)
10
/
. /1 1]
g @[ (& |y
5 Fig. 7-19 Typical diode volt-ampere char-
& 6 ) acteristics for the three diode types of
_E / Fig. 7-16. (a) Base-emitter (collector
3 4 y, shorted to base); (b) base-emitter (collec-
E tor open); (¢) collector-base (emitter open).
2 (Courtesy of Fairchild Semiconductor.)
0
0 04 08 1.2 1.6

Forward voltage, V
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Fig. 7-20 Pertaining to sheet re-
sistance, ohms per square.

Note that Rs is independent of the size of the square. Typically, the sheet
resistance of the base and emitter diffusions whose profiles are given in Fig.
7-12 is 200 Q/square and 2.2 Q/square, respectively.

The construction of a base-diffused resistor is shown in Fig. 7-1 and is
repeated in Fig. 7-21a. A top view of this resistor is shown in Fig. 7-21b.
- The resistance value may be computed from

i _pl _
R = yo Rs - ’ 7-7)
where [ and w are the length and width of the diffused area, as shown in the
top view. For example, a base-diffused-resistor stripe 1 mil wide and 10
mils long contains 10 (1 by 1 mil) squares, and its value is 10 X 200 = 2,0009.

Empirical®? corrections for the end contacts are usually included in calculations
of R.

Resistance Values- Since the sheet resistance of the base and emitter
diffusions is fixed, the only variables available for diffused-resistor design are

;“
ANRNN AN\

‘ p resistor
p*| . nisolation region

p substrate

Fig. 7-21 A monolithic resistor. (a) Cross- (a)

sectional view; (b) top view.

| '
w
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stripe length and stripe width. Stripe widths of less than 1 mil (0.001 in.)
are not normally used because a line-width variation of 0.0001 in. due to
mask drawing error or mask misalignment or photographic-resolution error
can result in 10 percent resistor-tolerance error.

The range of values obtainable with diffused resistors is limited by the
size of the area required by the resistor. Practical range of resistance is 20 9
to 30 K for a base-diffused resistor and 10 @ to 1 K for an emitter-diffused
resistor. The tolerance which results from profile variations and surface
geometry errors! is as high as +10 percent of the nominal value at 25°C,
with ratio tolerance of +1 percent. For this reason the design of integrated
circuits should, if possible, emphasize resistance ratios rather than absolute
values. The temperature coefficient for these heavily doped resistors is posi-
tive (for the same reason that gives a positive coefficient to the silicon sensistor,
discussed in Sec. 2-7) and is +0.06 percent/°C from —55 to 0°C and +0.20
percent/°C from 0 to 125°C.

Equivalent Circuit A model of the diffused resistor is shown in Fig. 7-22,
where the parasitic capacitances of the base-isolation (C:) and isolation-sub-
strate (C3) junctions are included. In addition, it can be seen that a parasitic
p-n-p transistor exists, with the substrate as collector, the isolation n-type
region as base, and the resistor p-type material as the emitter. The collector
is reverse-biased because the p-type substrate is at the most negative potential.
It is also necessary that the emitter be reverse-biased to keep the parasitic
transistor. at cutoff. This condition is maintained by placing all resistors in
the same isolation region and connecting the n-type isolation region surround-
ing the resistors to the most positive voltage present in the circuit. Typical
values of hy, for this parasitic transistor range from 0.5 to 5.

Thin-film Resistors! A technique of vapor thin-film deposition can also be
used to fabricate resistors for integrated circuits. The metal (usually nichrome
NiCr) film is deposited (to a thickness at less than 1 um) on the silicon dioxide
layer, and masked etching is used to produce the desired geometry. The
metal resistor is then covered by an insulating layer, and apertures for the
ohmic contacts are opened through this insulating layer. Typical sheet-
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resistance values for nichrome thin-film resistors are 40 to 400 Q/square,
resulting in resistance values from about 20 Q to 50 IX.

7-9 INTEGRATED CAPACITORS AND INDUCTORS!?

Capacitors in integrated circuits may be obtained by utilizing the transition
capacitance of a reverse-biased p-n junction or by a thin-film technique.

Junction Capacitors A cross-sectional view of a junction capacitor is
shown in Fig. 7-23a. The capacitor is formed by the reverse-biased junction
J», which separates the epitaxial n-type layer from the upper p-type diffusion
area. An additional junction J; appears between the n-type epitaxial plane
and the substrate, and a parasitic capacitance C is associated with this reverse-
biased junction. The equivalent circuit of the junction capacitor is shown
in Fig. 7-23b, where the desired capacitance C. should be as large as possible
relative to C;. The value of C; depends on the junction area and impurity
concentration. Since this junction is essentially abrupt, C, is given by Eq.
(3-23). The series resistance R (10 to 50 Q) represents the resistance of the
n-type layer.

It is clear that the substrate must be at the most negative voltage so
as to minimize C; and isolate the capacitor from other elements by keeping
junction J, reverse-biased. It should also be pointed out that the junction

capacitor C; is polarized since the p-n junction J, must always be reverse-
biased.

Thin-film Capacitors A metal-oxide-semiconductor (MOS) nonpolarized
capacitor is indicated in Fig., 7-24a. This structure is a parallel-plate capac-

Al metalization C, ~ 0.2pF/mil?
A \| B
o )+ AA—O
c k=
2
Ja 10-500
b n-type layer

J, :E C,

o ! o
Substrate
(&)

Fig. 7-23 (o) Junction monolithic cupdcitor. (b) Equivalent circuit. (Courtesy
of Motorola, Inc.)



220 / INTEGRATED ELECTRONICS Sec. 7-9

C=0.25pF/mil?

R=
5100 g

Al metalization

p-type substrate

(a) ()

Fig. 7-24 An MOS capacitor. (a) The structure; (b) the equivalent circuit.

itor with SiO, as the dielectric. A surface thin film of metal (aluminum) is
the top plate. The bottom plate consists of the heavily doped n* region that
is formed during the emitter diffusion. A typical value for capacitance?® is
0.4 pF/mil? for an oxide thickness of 500 }o\, and the capacitance varies inversely
with the thickness.

The equivalent circuit of the MOS capacitor is shown in Fig. 7-24b,
where C; denotes the parasitic capacitance J; of the collector-substrate june-
tion, and R is the small series resistance of the n* region. Table 7-2 lists the
range of possible values for the parameters of junction and MOS capacitors.

TABLE 7-2 Integrated capacitor parameters

Diffused-junction

Characteristic capacitor Thin-film MOS
Capa:citance, pF/n.xil2 .......... 0.2 0.25-0.4
Maximum area, mil2........... 2 X 102 2 % 10
Maximum value, pF........... 400 800
Breakdown voltage, V.......... 5-20 50-200
Voltage dependence............ kv O
Tolerance, percent............. +20 920

Inductors No practical inductance values have been obtained at the
present time (1972) on silicon substrates using semiconductor or thin-film
techniques. Therefore their use is avoided in circuit design wherever possible.
If an inductor is required, a discrete component is connected externally to the
integrated circuit.

Characteristics of Integrated Components Based upon our discussion
of integrated-circuit technology, we can summarize the significant charac-
teristics of integrated circuits (in addition to the advantages listed in Sec. 7-1).
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1. A restricted range of values exists for resistors and capacitors. Typi-
cally, 10 2 £ R £ 30 K and C < 200 pF.

2. Poor tolerances are obtained in fabricating resistors and capacitors of
specific magnitudes. For example, +20 percent of absolute values is typical.
"Resistance ratio tolerance can be specified to + 1 percent because all resistors
are made at the same time using the same techniques.

3. Components have high-temperature coefficients and may also be volt-
age-sensitive.

4. High-frequency response is limited by parasitic capacitances.

5. The technology is very costly for small-quantity production.

6. No practical inductors or transformers can be integrated.

In the next section we examine some of the design rules for the layout of
monolithie circuits.

7-10 MONOLITHIC-CIRCUIT LAYOUT10

In this section we describe how to transform the discrete logic circuit of Fig.
7-25a into the layout of the monolithic circuit shown in Fig. 7-26.

Design Rules for Monolithic Layout The following 10 reasonable design
rules are stated by Phillips!®:

1. Redraw the schematic to satisfy the required pin connection with the
minimum number of crossovers.

In

@ +6.5V @—1
Crossover
/ Substrate

1K

4
2 | D1 S'GKé 4000 |-6.5V
D3 D4
»l
Q
£ ®eno

(b)

Fig. 7-25 (a) A DTL gate. (b) The schematic redrawn to indicate the 10 external
connections arranged in the sequence in which they will be brought out to the

header pins. The isolation regions are shown in heavy outline.
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2. Determine the number of isolation islands from collector-potential con-
siderations, and reduce the areas as much as possible.

3. Place all resistors having fixed potentials at one end in the same iso-
lation island, and return that isolation island to the most positive potential
in the circuit.

4. Connect the substrate to the most negative potential of the circuit.

5. In layout, allow an isolation border equal to twice the epitaxial thick-
ness to allow for underdiffusion.

6. Use 1-mil widths for diffused emitter regions and 4-mil widths for base
contacts and spacings, and for collector contacts and spacings.

7. Tor resistors, use widest possible designs consistent with die-size
limitations. Resistances which must have a close ratio must have the same
width and be placed close to one another.

8. Always optimize the layout arrangement to maintain the smallest
possible die size, and if necessary, compromise pin connections to achieve this.

9. Determine component geometries from the performance requirements
of the circuit.

10. Keep all metalizing runs as short and as wide as possible, particularly
at the emitter and collector output connections of the saturating transistor.

Pin Connections The circuit of Fig. 7-25a is redrawn in Fig. 7-25b,
with the external leads labeled 1, 2, 3, . . ., 10 and arranged in the order
in which they are connected to the header pins. The diagram reveals that
the power-supply pins are grouped together, and also that the inputs are on
adjacent pins. In general, the external connections are determined by the
system in which the circuits are used.

Crossovers Very often the layout of a monolithic circuit requires two
conducting paths (such as leads 5 and 6 in I'ig. 7-25b) to cross over each other.
This crossover cannot be made directly because it will result in electric contact
between two parts of the circuit. Since all resistors are protected by the SiO.
layer, any resistor may be used as a crossover region. In other words, if
aluminum metalization is run over a resistor, no electric contact will take
place between the resistor and the aluminum.

Sometimes the Iayout is so complex that additional crossover points may
be required. A diffused structure which allows a crossover is also possible.!

Isolation Islands The number of isolation islands is determined next.
Since the transistor collector requires one isolation region, the heavy rectangle
has been drawn in Fig. 7-25b around the transistor. It is shown connected
to the output pin 2 beecause this isolation island also forms the transistor col-
lector. Next, all resistors are placed in the same isolation island, and the
island is then connected to the most positive voltage in the circuit, for reasons
discussed in Sec. 7-8.
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To determine the number of isolation regions required for the diodes, it
is necessary first to establish which kind of diode will be fabricated. In this
case, because of the low forward drop shown in Fig. 7-19, it was decided to
make the common-anode diodes of the emitter-base type with the cdllector
shorted to the base. Since the ‘“coilector” is at the ‘“base” potential, it is
required to have a single isolation island for the four common-anode diodes.
Tinally, the remaining diode is fabricated as an emitter-base diode, with the
collector open-circuited, and thus it requires a separate isolation island.

The Fabrication Sequence The final monolithic layout is determined by
a trial-and-error process, having as its objective the smallest possible die size.
This layout is shown in Fig. 7-26. The reader should identify the four iso-
lation islands, the three resistors, the five diodes, and the transistor. It is
interesting to note that the 5.6-IC resistor has been achieved with a 2-mil-wide
1.8-IC resistor in series with a l-mil-wide 3.8-I resistor. To conserve space,

Indicates isolation region Indicates metalization

Fig. 7-26 Monolithic design layout for the circuit of Fig. 7-25.
(Courtesy of Motorola Monitor, Phoenix, Ariz.)
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Fig. 7-27  Monolithic fab-
rication sequence for the
circuit of Fig. 7-25.
(Courtesy of Motorola
Monitor, Phoenix, Ariz.)

Emitter diffusion Preohmic etch

Metalization Flat package assembly

the resistor was folded back on itself. In addition, two metalizing crossovers
ran over this resistor.

From a layout such as shown in Fig. 7-26, the manufacturer produces
the masks required for the fabrication of the monolithic integrated circuit.
The production sequence which involves isolation, base, and emitter diffusions,
preohmic etch, aluminum metalization, and the flat package assembly is shown
in Fig. 7-27.

7-1 ADDITIONAL ISOLATION METHODS

Electrical isolation between the different elements of a monolithic integrated
circuit is accomplished by means of a diffusion which yields back-to-back
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p-n junctions, as indicated in Sec. 7-2. With the application of bias voltage
to the substrate, these junctions represent reverse-biased diodes with a very
high back resistance, thus providing adequate dec isolation. But since each
p-n junction is also a capacitance, there remains that inevitable capacitive
coupling between components and the substrate. These parasitic distributed
capacitances thus limit monolithic integrated circuits to frequencies somewhat
below those at which corresponding discrete circuits can operate.

Additional methods for achieving better isolation, and therefore improved
frequency response, have been developed, and are discussed in this section.

Dielectric Isolation In this process!! the diode-isolation concept is dis-
carded completely. Instead, isolation, both electrical and physical, is achieved
by means of a layer of solid dielectric which completely surrounds and sepa-
rates the components from each other and from the common substrate. This
passive layer can be silicon dioxide, silicon monoxide, ruby, or possibly a glazed
ceramic substrate which is made thick enough so that its associated capacitance
is negligible.

In a dielectric isolated integrated circuit it is possible to fabricate readily
p-n-p and n-p-n transistors within the same silicon substrate. It is also simple
to have both fast and charge-storage diodes and also both high- and low-fre-
quency transistors in the same chip through seleetive gold diffusion—a process
prohibited by conventional techniques because of the rapid rate at which gold
diffuses through silicon unless impeded by a physical barrier such as a dielectric
layer. ’

An isolation method pioneered by RCA1 is referred to as SOS (silicon-
on-sapphire). On a single-crystal sapphire substrate an n-type silicon layer
is grown heteroepitaxially. By etching away selected portions of the silicon,
isolated islands are formed (interconnected only by the high-resistance sap-
phire substrate).

One isolation method employing silicon dioxide as the isolating material
is the EPIC process,'? developed by Motorola, Inc. This EPIC isolation
method reduces parasitic capacitance by a factor of 10 or more. In addition,
the insulating oxide precludes the need for a reverse bias between substrate
and circuit elements. Breakdown voltage between circuit elements and
substrate is in excess of 1,000 V, in contrast to the 20 V across an isolation
junction.

Beam Leads The beam-lead concept'® of Bell Telephone Laboratories
was primarily developed to batch-fabricate semiconductor devices and inte-
grated circuits. This technique consists in depositing an array of thick (of
the order of 1 mil) contacts on the surface of a slice of standard monolithic
circuit, and then removing the excess semiconductor from under the contacts,
thereby separating the individual devices and leaving them with semirigid
beam leads cantilevered beyond the semiconductor. The contacts serve not
only as electrical leads, but also as the structural support for the devices;
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L .020" |

Common-emitter
beam lead

Base-resistor beam
intraconnection

(one of four)
Load-resistor

beam lead Input resistor (one of four)
Input-resistor
beam lead

Load resistor (one of four)

Semiconductor
wafer

Common- collector
beam lead -

Isolation area \H

Fig. 7-28 The beam-lead isolation technique. (a) Photomicrograph

Semiconductor wafers

of logic circuit connected in a header. (b) The underside of the
same circuit, with the various elements identified. (Courtesy of
Bell Telephone Laboratories.)

hence the name beam leads. Chips of beam-lead circuits are mounted directly
by leads, without 1-mil aluminum or gold wires.

Isolation within integrated circuits may be accomplished by the beam-
lead structure. By etching away the unwanted silicon from under the beam
leads which connect the devices on an integrated chip, isolated pads of silicon
may be attained, interconnected by the beam leads. The only capacitive
coupling between elements is then through the small metal-over-oxide overlay.
This is much lower than the junction capacitance incurred with p-n junction-
isolated monolithic circuits.

It should be pointed out that the dielectric and beam-lead isolation



Sec. 7-12 INTEGRATED CIRCUITS: FABRICATION AND CHARACTERISTICS / 227

techniques involve additional process steps, and thus higher costs and possible
reduction in yield of the manufacturing process.

Figure 7-28 shows photomicrographs of two different views of a logic
circuit made using the beam-lead technique. The top photo shows the logic
circuit connected in a header. The bottom photo shows the underside of
the same circuit with the various elements identified. This device is made
using conventional planar techniques to form the transistor and resistor regions.
Electrical isolation is accomplished by removing all unwanted material between
components. The beam leads then remain to support and intraconnect the
isolated components.

Hybrid Circuits' The hybrid circuit as opposed to the monolithic circuit
consists of several component parts (transistors, diodes, resistors, capacitors,
or complete monolithic circuits), all attached to the same ceramic substrate
and employing wire bonding to achieve the interconnections. In these circuits
electrical isolation is provided by the physical separation of the component
parts, and in this respect hybrid circuits resemble beam-lead circuits.

7-12 LARGE-SCALE AND MEDIUM-SCALE INTEGRATION
(LSI AND MSI)

Large-scale integration!! represents the process of fabricating chips with a
large number of components which are interconnected to form complete sub-
systems or systems. In 1972 commercially available LSI circuits contained,
typically, more than 100 gates, or 1,000 individual circuit components. A
triple-diffused bipolar transistor requires approximately 50 mil? of chip area,
whereas a typical MOS transistor (Chap. 10) requires only 5 mil2.  Much
higher element densities are possible with MOS LSI than bipolar LSI circuits.

Since LSI is an extension of integrated-circuit techniques, the fabrication
is identical with that described in Sec. 7-2.  Only the methods of testing and
interconnection are different with LSI. There are two principal techniques,
called discretionary wiring and fired interconnection pattern. The former con-
sists in manufacturing on a single large chip many identical units, called unit
cells, such as logic gates which are to be interconnected into a system. The
cells are then tested by an automatic LSI tester which remembers the loca-
tion of the “good” cells. The tester is coupled to a digital computer which
calculates instructions for a pattern of metalization runs which interconnects
the good cells so as to yield the desired system function. This process must
be repeated for each LSI wafer, since the patterns of good and bad circuits
wiil differ from wafer to wafer.

A fized interconnection pattern starts with a more complex cell, called a
polycell, and then interconnects several of these to form a larger system through
a fixed interconnection which is less complex than the pattern required for an
equal array composed of simpler circuits.
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The most common LSI products are read-write memories (R/W), read-
only memories (ROM), and shift registers (discussed in Chap. 17).

Medium-scale Integration MSI devices have a component density
less than that of LSI, but in excess of about 100 per chip. These commer-
cially available units include shift registers, counters, decoders, adders, etc.
(Chap. 17).

7-13 THE METAL-SEMICONDUCTOR CONTACT!¢

Two types of metal-semiconductor junctions are possible, ohmic and rectifying.
The former is the type of contact desired when a lead is to be attached to a
semiconductor. On the other hand, the rectifying contact results in a metal-
semiconductor diode (called a Schottky barrier), with volt-ampere character-
istics very similar to those of a p-n diode. The metal-semiconductor diode
was investigated many years ago, but until the late 1960s commercial Schottky
diodes were not available because of problems encountered in their manufac-
ture. It has turned out that most of the fabrication difficulties are due to
surface effects; by employing the surface-passivated integrated-circuit tech-
niques described in this chapter, it is possible to construct almost ideal metal-
semiconductor diodes very economically.

As mentioned in Sec. 7-2 (step 4), aluminum acts as a p-type impurity
when in contact with silicon. If Al is to be attached as a lead to n-type Si,
an ohmic contact is desired and the formation of a p-n junction must be pre-
vented. It is for this reason that n* diffusions are made in the 7 regions near
the surface where the Al is deposited (Fig. 7-2d). On the other hand, if the
nt diffusion is omitted and the Al is deposited directly upon the n-type Si,
an equivalent p-n structure is formed, resulting in an excellent metal-semi-’
conductor diode. In Fig. 7-29 contact 1 is a Schottky barrier, whereas con-
tact 2 is an ohmic (nonrectifying) contact, and a metal-semiconductor diode
exists between these two terminals, with the anode at contact 1. Note that

Fig. 7-29 (a) A Schottky
1 2 diode formed by IC tech-
Si0, > niques. The aluminum and

the lightly doped n region

‘:’*”,,Wm‘ . 10 q 20 form a rectifying contact 1,
o ' Anode Cathode whereas the metal and the

‘ batrate heavily doped nt region
p-type substra form an ohmic contact 2.

(@) ®) (b) The symbol for this
metal-semiconductor diode.
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Fig. 7-30 (a) A transistor with a Schottky-diode clamp between base
and collector to prevent saturation. (b) The cross section of a mono-
lithic IC equivalent to the diode-transistor combination in (a). (c) The
Schottky transistor symbol, which is an abbreviation for that shown in (a).

the fabrication of a Schottky diode is actually simpler than that of a p-n
diode, which requires an extra (p-type) diffusion.

The external volt-ampere characteristic of a metal-semiconductor diode
is essentially the same as that of a p-n junction, but the physical mechanisms
involved are more complicated. Note that in the forward direction electrons
from the n-type Si cross the junction into the metal, where electrons are
plentiful. In this sense, this is a majority-carrier device, whereas minority
carriers account for a p-n diode characteristic. As explained in Sec. 3-10,
there is a delay in switching a p-n diode from oN to orF because the minority
carriers stored at the junction must first be removed. Schottky diodes have
a negligible storage time ¢, because the current is carried predominantly by
majority carriers. (Electrons from the n side enter the aluminum and become
indistinguishable from the electrons in the metal, and hence are not “stored”
near the junction.)

It should be mentioned that the voltage drop across a Schottky diode is
much less than that of a p-n diode for the same forward current. Thus, a
cutin voltage of about 0.3 V is reasonable for a metal-semiconductor diode
as against 0.6 V for a p-n barrier. Hence the former is closer to the ideal
diode clamp than the latter.

The Schottky Transistor To reduce the propogation-delay time in a logic
gate, it is desirable to eliminate storage time in all transistors. In other
words, a transistor must be prevented from entering saturation. This con-
dition can be achieved, as indicated in Fig. 7-30a, by using a Schottky diode
as a clamp between the base and emitter. If an attempt is made to saturate
this transistor by increasing the base current, the collector voltage drops, D
conducts, and the base-to-collector voltage is limited to about 0.4 V. Since
the collector junction is forward-biased by less than the cutin voltage (=0.5 V),
the transistor does not enter saturation (Sec. 5-8).
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With no additional processing steps, the Schottky clamping diode can be
fabricated at the same time that the transistor is constructed. As indicated
in Fig. 7-30b, the aluminum metalization for the base lead is allowed to make
contact also with the n-type collector region (but without an intervening nt
section). This simple procedure forms a metal-semiconductor diode between
base and collector. The device in Fig. 7-30b 1s equivalent to the circuit of
Fig. 7-30a. This is referred to as a Schottky transistor, and is represented by
the symbol in Fig. 7-30c.

REFERENCES

1. Motorola, Inc. (R. M. Warner, Jr., and J. N. Fordemwalt, eds.): “Integrated
Circuits,” McGraw-Hill Book Company, New York, 1965.

2. Phillips, A. B.: Monolithic Integrated Circuits, TEEE Spectrum, vol. 1, no. 6,
pp- 83-101, June, 1964.

3. Jahnke, E., and F. Emde: “Tables of Functions,” Dover Publications, New York,
1945.

4. Hunter, L. P.: “Handbook of Semiconductor Electronics,” 2d ed., sec. 8, McGraw-
Hill Book Company, New York, 1962.

5. Fuller, C. S., and J. A. Ditzenberger: Diffusion of Donor and Acceptor Elements in
Silicon, J. Appl. Phys., vol. 27, pp. 544-553, May, 1956.
Barrer, P. M.: “Diffusion in and through Solids,”” Cambridge University Press,
London, 1951.

6. Trumbore, F. A.: Solid Solubilities of Impurity Elements in Germanium and Silicon,
Bell System Tech. J., vol. 39, pp. 205-234, January, 1960.

7. King, D., and L. Stern: Designing Monolithic Integrated Circuits, Semicond. Prod.
Solid State Technol., March, 1965.

8. “Custom Microcircuit Design Handbook,” Fairchild Semiconductor, Mountain
View, Calif., 1963.

9. Hunter, L. P., Ref. 4, sec. 10.1.

10. Phillips, A. B.: Designing Digital Monolithic Integrated Circuits, Motorola M onitor,
vol. 2, no. 2, pp. 18-27, 1964.

11, Khambata, A. J.: “Introduction to Large-scale Integration,” John Wiley & Sons,
Ine., New York, 1969.

12. Epic Process Isolates Integrated Circuit Elements with Silicon Dioxide, Electro-
technol. (New York), July, 1964, p. 136.

13. Lepselter, M. P., et al.: Beam Leads and Integrated Circuits, Proc. IEEE, vol. 53,
p. 405, April, 1965,



Sec. 7-13 INTEGRATED CIRCUITS: FABRICATION AND CHARACTERISTICS / 231

Lepselter, M. P.: Beam-lead Technology, Bell System Tech. J., February, 1966,
pp. 233-253.

14. Yu, A. Y. C.: The Metal-semiconductor Contact: An Old Device with a New
Future, IEEE Spectrum, vol. 7, no. 3, pp. 83-89, March, 1970.

REVIEW QUESTIONS

‘

7-1 What are the four advantages of integrated circuits?

7-2 List the five steps involved in fabricating a monolithic integrated circuit
(I1C), assuming you already have a substrate.

7-3 List the five basic processes involved in the fabrication of an IC, assuming
you already have a substrate.

7-4 Describe epitaxial growth.

7-5 (a) Describe the photoetching process. (b) How many masks are required
to complete an IC? List the function performed by each mask. ’

7-6 (a) Describe the diffusion process. (b) What is meant by an tmpurity
profile?

7-7 (a) How is the surface layer of SiO, formed? (b) How thick is this layer?
(c) What are the reasons for forming the SiO, layers?

7-8 Explain how isolation between components is obtained in an IC.

7-9 How are the components interconnected in an IC?

7-10 Explain what is meant by parasitic capacitance in an IC.

7-11  Give the order of magnitude of (a) the substrate thickness; (b) the epi-
taxial thickness; (c) the base width; (d) the diffusion time; (e) the diffusion tempera-
ture; (f) the surface area of a transistor; (g9) the chip size.

7-12 Sketch the cross section of an IC transistor.

7-13 Sketch the cross section of a discrete planar epitaxial transistor.

7-14 List the advantages and disadvantages of an IC vs. a discrete transistor.

7-15  (a) Define buried layer. (b) Why is it used?

7-16 Describe a lateral p-n-p transistor. Why is its current gain low?

7-17 Describe a vertical p-n-p transistor. Why is it of limited use?

7-18 Describe a supergain transistor.

7-19  (a) How are IC diodes fabricated? (b) Sketch the cross sections of two
types of emitter-base diodes.

7-20 Sketch the cross section of a diode pair using collector-base regions if (a) the
cathode is common and (b) the anode is common.

7-21 Sketch the top view of a multiple-emitter transistor. Show the isolation,
collector, base, and emitter regions.

7-22  (a) Define sheet resistance Rs. (b)) What is the order of magnitude of Ry
for the base region and also for the emitter region? () Sketch the eross section of an
IC resistor. (d) What are the order of magnitudes of the smallest and the largest
values of an IC resistance?

7-23 (@) Sketch the equivalent circuit of a base-diffused resistor, showing all
parasitic elements. (b)) What must be done (externally) to minimize the effect of the
parasitic efements?

7-24 Describe a thin-film resistor.
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7-25 (a) Sketch the cross section of a junction capacitor. (b) Draw the equiva-
lent circuit, showing all parasitic elements.

7-26 Repeat Rev. 7-25 for an MOS capacitor.

7-27 (a) What are the two basic distinctions between a junction and an MOS
capacitor? (b) What is the order of magnitude of the capacitance per square mil?
(c) What is the order of magnitude of the maximum value of C?

7-28 (a) To what voltage is the substrate connected? Why? (b) To what
voltage is the isolation island containing the resistors connected? Why? (¢) Can
several transistors be placed in the same isolation island? Explain.

7-29 Describe briefly (a) dielectric isolation; (b) beam-lead isolation.

7-30 What is meant by a hybrid circuit?

7-31 How is an aluminum contact made with n-type silicon so that it is (a)
ohmic; (b) rectifying?

7-32 Why is storage time eliminated in a metal-semiconductor diode?

7-33 What is a Schottky transistor? Why is storage time eliminated in such a
transistor?

7-34 Sketch the cross section of an IC Schottky transistor.



FIELD-EFFECT
TRANSISTORS

The field-effect transistor! is a semiconductor device which depends
for its operation on the control of current by an electric field. There
are two types of field-effect transistors, the junction field-effect transis-
tor (abbreviated JFET, or simply FET) and the insulated-gate field-
effect transistor (IGFET), more commonly called the metal-oxide-semi-
conductor (MOS) transistor (MOST, or MOSFET).

The principles on which these devices operate, as well as the
differences in their characteristics, are examined in this chapter.
Representative circuits making use of FET transistors are also
presented.

The field-effect transistor differs from the bipolar junction tran-
sistor in the following important characteristics:

1. Its operation depends upon the flow of majority carriers only.
It is therefore a unipolar (one type of carrier) device.

2. It is simpler to fabricate and occupies less space in integrated
form.

3. It exhibits a high input resistance, typically many megohms.

4. It is less noisy than a bipolar transistor.

5. It exhibits no offset voltage at zero drain current, and hence
makes an excellent signal chopper.?

The main disadvantage of the FET is its relatively small gain-
bandwidth produet in comparison with that which can be obtained with
a conventional transistor. The principal applications of MOSFETs
are as LSI digital arrays.

310
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10-1 THE JUNCTION FIELD-EFFECT TRANSISTOR

The structure of an n-channel field-effect transistor is shown in Fig. 10-1.
Ohmic contacts are made to the two ends of a semiconductor bar of n-type
material (if p-type silicon is used, the device is referred to as a p-channel FET).
Current is caused to flow along the length of the bar because of the voltage
supply connected between the ends. This current consists of majority carriers,
which in this case are electrons. A simple side view of a JFET is indicated in
Fig. 10-1a and a more detailed sketch is shown in Fig. 10-1b. The circuit
symbol with current and voltage polarities marked is given in Fig. 10-2. The
following FET notation is standard.

Source The source S is the terminal through which the majority carriers
enter the bar. Conventional current entering the bar at S is designated by Is.

Drain The drain D is the terminal through which the majority carriers

~ leave the bar. Conventional current entering the bar at D is designated by Ip.

The drain-to-source voltage is called Vpg, and is positive if D is more positive
than S. In Fig. 10-1, Vps = Vpp = drain supply voltage.

Gate On both sides of the n-type bar of Fig. 10-1, heavily doped (p*)
regions of acceptor impurities have been formed by alloying, by diffusion, or

Depletion region

p+ type gate rain

pttype
gate

Is

s =z

(1)

L
=

M\

Fig. 10-1 The basic structure of an n-channel field-effect transistor. (a) Sim-
plified view. (b) More detailed drawing. The normal polarities of the drain-
to-source (Vpp) and gate-to-source (Vge) supply voltages are shown. Ina
p-channel FET the voitages would be reversed.
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by any other procedure available for creating p-n junctions. These impu-
rity regions are called the gafe G. Between the gate and source a voltage
Vaes = —Vgg is applied in the direction to reverse-bias the p-n junction.
Conventional current entering the bar at G is designated Is.

Channel The region in Fig. 10-1 of n-type material between the two
gate regions is the channel through which the majority carriers move from
source to drain.

FET Operation It is necessary to recall that on the two sides of the
reverse-biased p-n junction (the transition region) there are space-charge
regions (Sec. 3-7). The current carriers have diffused across the junction,
leaving only uncovered positive ions on the n side and negative ions on the
p side. The electric lines of field intensity which now originate on the positive
ions and terminate on the negative ions are precisely the source of the voltage
drop across the junction. As the reverse bias across the junction increases, so
also does the thickness of the region of immobile uncovered charges. The con-
ductivity of this region is nominally zéro because of the unavailability of cur-
rent carriers. Hence we see that the effective width of the channel in Fig. 10-1
will become progressively decreased with increasing reverse bias. Accordingly,
for a fixed drain-to-source voltage, the drain current will be a function of the
reverse-biasing voltage across the gate junction. The term field effect is used
to describe this device because the mechanism of current control is the effect
of the extension, with increasing reverse bias, of the field associated with the
region of uncovered charges.

FET Static Characteristics The circuit, symbol, and polarity conventions
for an FET are indicated in Fig. 10-2. The direction of the arrow at the gate
of the junction FET in Fig. 10-2 indicates the direction in which gate current
would flow if the gate junction were forward-biased. The common-source
drain characteristics for a typical n-channel FET shown in Fig. 10-3 give Ip
against Vpgs, with Vg as a parameter. To see qualitatively why the charac-
teristics have the form shown, consider, say, the case for which Vgs = 0. For
Ip = 0, the channel between the gate junctions is entirely open. In response

Fig. 10-2 Circuit symbol for an
n-channel FET. (For a p-channel FET
the arrow at the gate junction points
Vs JE Vo, in the opposite direction.) For an

n-channel FET, I'p and V5 are posi-
tive and Vs is negative, For a
p-channel FET, I, and Vs are nega-
tive and Vs is positive,
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L‘" to a small applied voltage Vps, the n-type bar acts as a simple semiconductor
resistor, and the current I'p increases linearly with Vps. With increasing cur-
- rent, the ohmic voltage drop between the source and the channel region reverse-
" biases the junction, and the conducting portion of the channel begins to con-
strict. Because of the ohmic drop along the length of the channel itself, the
constriction is not uniform, but is more pronounced at distances farther from
the source, as indicated in Fig. 10-1. Eventually, a voltage Vpg is reached
at which the channel is “pinched off.” This is the voltage, not too sharply
L defined in Fig. 10-3, where the current Ip begins to level off and approach a
- constant value. It is, of course, in principle not possible for the channel to
close completely and thereby reduce the current Ip to zero. For if such,
indeed, could be the case, the ohmic drop required to provide the necessary
back bias would itself be lacking. Note that each characteristic curve has an
ohmic region for small values of Vpg, where Ip is proportional to Vps. Each
also has a constant-current region for large values of Vpgs, where Ip responds
very slightly to Vps.
If now a gate voltage Vs is applied in the direction to provide additional
reverse bias, pinch-off will occur for smaller values of |Vpg|, and the maxi-
_mum drain current will be smaller. This feature is brought out in Fig. 10-3.
Note that a plot for a silicon FET is given even for Vgs = +0.5 V, which is in
the direction of forward bias. We note from Table 5-1 that, actually, the
gate current will be very small, because at this gate voltage the Si junction is
barely at the cutin voltage V..
The maximum voltage that can be applied between any two terminals of
the FET is the lowest voltage that will cause avalanche breakdown (Sec. 3-11)
across the gate junction. From Fig. 10-3 it is seen that avalanche occurs at
a lower value of |Vps| when the gate is reverse-biased than for Ves = 0. This
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Drain Gate Source

Source

Fig. 10-4 Single-ended-geometry
junction FET,

Channel

is caused by the fact that the reverse-bias gate voltage adds to the drain volt-
age, and hence increases the effective voltage across the gate junction.

We note from Fig. 10-2 that the n-channel FET requires zero or negative
gate bias and positive drain voltage. The p-channel FET requires opposite
voltage polarities. Either end of the channel may be used as a source. We
can remember supply polarities by using the channel type, p or n, to designate
the polarity of the source side of the drain supply.

A Practical FET Structure The structure shown in Fig. 10-1 is not prac-
tical because of the difficulties involved in diffusing impurities into both sides
of a semiconductor wafer. Figure 10-4 shows a single-ended-geometry junc-
tion FET where diffusion is from one side only. The substrate is of p-type
material onto which an n-type channel is epitaxially grown (Sec. 7-3). A
p-type gate is then diffused into the n-type channel. The substrate which
may function as a second gate is of relatively low resistivity material. The
diffused gate is also of very low resistivity material, allowing the depletion
region to spread mostly into the n-type channel.

10-2 THE PINCH-OFF VOLTAGE Vp

We derive an expression for the gate reverse voltage Vp that removes all the
free charge from the channel using the physical model described in the pre-
ceding section. This analysis was first made by Shockley,! using the structure
of Fig. 10-1. In this device a slab of n-type semiconductor is sandwiched
between two layers of p-type material, forming two p-n junctions.

Assume that the p-type region is doped with N4 acceptors per cubic meter,
that the n-type region is doped with N donors per cubic meter, and that the
junction formed is abrupt. The assumption of an abrupt junction is the same
as that made in Seec. 3-7 and Fig. 3-10, and is chosen for simplicity. More-
over, if N4 > Np, we see from Eq. (3-17) that W, < W,, and using Eq. (3-21),
we have, for the space-charge width, W,(x) = W(z) at a distance z along the
channel in Fig. 10-1: ‘ -

2e

Ve - V@] ' (10-1)

W(z) = a — b(x) =
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~where ¢ = dielectric constant of channel material
¢ = magnitude of electronic charge
V, = junction contact potential at z (Fig. 3-1d)
V(z) = applied potential across space-charge region at z and is a negative
number for an applied reverse bias
. a — b(z) = penetration W(z) of depletion region into channel at a point z
;. along channel (Fig. 10-1)

If the drain current is zero, b(z) and V(x) are independent of x and
b(z) = b. If in Eq. (10-1) we substitute b(z) = b = 0 and solve for V, on the
assumption that {V,| < |V|, we obtain the pinch-off voltage Vp, the diode
reverse voltage that removes all the free charge from the channel. Hence

gN

Vel = 552 a (10-2)

If we substitute Vgg for V, — V(z) in Eq. (10-1), we obtain, using Eq. (10-2),
L b 2
) Ves = (1 - (—1) Ve (10-3)

The voltage Vgs in Eq. (10-3) represents the reverse bias across the gate
junction and is independent of distance along the channel if Ip = 0.

EXAMPLE For an n-channel silicon FET with a = 3 X 1074 ¢cm and Np = 1018
electrons/em3, find (a) the pinch-off voltage and (b) the channel half-width for
Vas = ‘%Vp and ID = (.

Solution a. The relative dielectric constant of silicon is given in Table 2-1 as

12, and hence e¢ = 12¢,. Using the values of ¢ and e, from Appendix A, we

have, from Eq. (10-2), expressed in mks units,

1.60 X 107! X 10% X (3 X 10792
2 X 12 X (36w X 1091

b. Solving Eq. (10-3) for b, we obtain for Vs = 3V

Ve = 6.8V

Ve

Hence the channel width has been reduced to about one-third its value for Vs = 0.

]
b=a [1 - (Zﬂs-) ] = (3 X 10911 — B} = 0.87 X 10~ em

10-3 THE JFET VOLT-AMPERE CHARACTERISTICS

Assume, first, that a small voltage Vpg is applied between drain and source.
The resulting small drain current Ip will then have no appreciable effect on
the channel profile. Under these conditions we may consider the effective
channel cross section A4 to be constant throughout its length. Hence 4 = 2bw,
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where 2b is the channel width corresponding to zero drain current as given by
Eq. (10-3) for a specified Vgs, and w is the channel dimension perpendicular
to the b direction, as indicated in Fig. 10-1.

Since no current flows in the depletion region, then, using Ohm’s law
[Eq. (2-7)], we obtain for the drain eurrent

Ip = AgNpust = 2bugN o, *22 (10-4)
where L is the length of the channel.
Substituting b from Eq. (10-3) in Eq. (10-4), we have

]
Ip = %"i”ﬁg-”'i" [1,— (K@) ] Vbs (10-5)

The o~ Resistance r;0n Equation (10-5) describes the volt-ampere
characteristics of Fig. 10-3 for very small Vpg, and it suggests that under these
conditions the FET behaves like an ohmic resistance whose value is deter-
mined by V¢s. The ratio Vpg/Ip at the origin is called the oN drain resis-
- tance r3,on. For a JFET we obtain from Eq. (10-5), with Vgs = 0,

L

2awqN pyn (10-6)

Ta,oN =
For the device values given in the illustrative example in this section and
with L/w = 1, we find that ryon = 3.3 K. For the dimensions and concen-
tration used in commercially available FETs and MOSFETs (Sec. 10-5),
values of 74,0n ranging from about 100 € to 100 K are measured. This param-
eter is important in switching applications where the FET is driven heavily on.
The bipolar transistor has the advantage over the field-effect device in that
Rcs is usually only a few ohms, and hence is much smaller than r; on. How-
ever, a bipolar transistor has the disadvantage for chopper applications? of
possessing an offset voltage (Sec. 5-12), whereas the FET characteristics pass
through the origin, I, = 0 and Vpg = 0.

The Pinch-off Region We now consider the situation where an electric
field &, appears along the z axis. If a substantial drain current I, flows, the
drain end of the gate is more reverse-biased than the source end, and hence
the boundaries of the depletion region are not parallel to the longitudinal axis
of the channel, but converge as shown in Fig. 10-1. If the convergence of the
depletion region is gradual, the previous one-dimensional analysis is valid! in a
thin slice of the channel of thickness Az and at a distance x from the source.
Subject to this condition of the ‘“‘gradual’’ channel, the current may be written
by inspection of Fig. 10-1 as

Ip = 2b(z)wgN ppa&. (10-7)

As Vpgs increases, §; and Ip increase, whereas b(x) decreases because the
channel narrows, and hence the current density J = Ip/2b(z)w increases. We
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now see that complete pinch-off (b = 0) cannot take place because, if it did,
- J would become infinite, which is a physically impossible condition. If J
were to increase without limit, then, from Eq. (10-7), so also would &, provided
that g, remains constant. It is found experimentally,®4 however, that the
mobility is a function of electric field intensity and remains constant only
for 8, < 10® V/em in n-type silicon. For moderate fields, 10* to 10* V/cm,
the mobility is approximately inversely proportional to the square root of the
~ applied field. For still higher fields, such as are encountered at pinch-off,
" u. is inversely proportional to &, In this region the drift velocity of the
electrons (v, = p.8:;) remains constant, and Ohm’s law is no longer valid.
~ From Eq. (10-7) we now see that both I and b remain constant, thus explain-
ing the constant-current portion of the V-I characteristic of Fig. 10-3.
; What happenst if Vps is increased beyond pinch-off, with Vgs held
. constant? As explained above, the minimum channel width bu. = & has a
=" small nonzero constant value. This minimum width occurs at the drain end
. of the bar. As Vg is increased, this increment in potential causes an increase
' in §;in an adjacent channel section toward the source. Referring to Fig. 10-5,
= the velocity-limited region L’ increases with Vg, whereas 8 remains at a fixed
" value.

The Region before Pinch-off We have verified that the FET behaves as
> an ohmic resistance for small Vpgs and as a constant-current device for large
- Vbs. An analysis giving the shape of the volt-ampere characteristic between
: these two extremes is complicated. It has already been mentioned that in
B this region the mobility is at first independent of electric field and then u

varies with &, for larger values of &, (before pinch-off). Taking this rela-
. tionship into account, it is possible’~5 to obtain an expression for Ip as a

4+ -
——"—1 Depletion region

S ¢

Fig. 10-5 After pinch-off, as Vps is increased, then L’
increases but § and I, remain essentially constant. (@,
and @; are tied together.)
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function of Vpgs and Ves which agrees quite well with experimentally deter-
mined curves.

The Transfer Characteristic In amplifier applications the FET is almost
always used in the region beyond pinch-off (also called the constant-current,
pentode, or current-saturafion region). Let the saturation drain current be
designated by Ips, and its value with the gate shorted to the source (Vgs = 0)
by Ipss. It has been found® that the transfer characteristic, giving the rela-
tionship between Ips and Vgs, can be approximated by the parabola

Ve\?
Ips = Ipss (1 - #) (10-8)
P

This simple parabolic approximation gives an excellent fit, with the experi-
mentally determined transfer characteristics for FETs made by the diffusion
process.

Cutoff Consider an FET operating at a fixed value of V pgin the constant-
.current region. As Vgg is increased in the direction to reverse-bias the gate
junction, the conducting channel will narrow. When Vgs = Vp, the channel
width is reduced to zero, and from Eq. (10-8), Ips = 0. With a physical
device some leakage current Ip opr still flows even under the cutoff condition
|Vas| > |Vp|. A manufacturer usually specifies a maximum value of Ip,opr
at a given value of Vgs and Vpg. Typically, a value of a few nanoamperes
may be expected for Ip orr for a silicon FET.

The gate reverse current, also called the gate culoff current, designated by
Iggs, gives the gate-to-source current, with the drain shorted to the source
for |Ves| > |Ve|. Typieally, Isss is of the order of a few nanoamperes for a
silicon device.

10-4 THE FET SMALL-SIGNAL MODEL

The linear small-signal equivalent circuit for the FET can be obtained in a
manner analogous to that used to derive the corresponding model for a tran-
sistor. We employ the same notation in labeling time-varying and dc currents
and voltages as used in Secs. 8-1 and 8-2 for the transistor. We can formally
express the drain current ip as a function f of the gate voltage vgs and drain
voltage vpg by

ip = f(ves, ps) (10-9)

The Transconductance g,, and Drain Resistance r; If both the gate and
drain voltages are varied, the change in drain current is given approximately
by the first two terms in the Taylor’s series expansion of Eq. (10-9), or

. dip dip
Alp = a-—vas Vos AUas + 5——UD,S Vos Avps (10—10)
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- In the small-signal notation of Sec. 8-1, Aip = 14, Avgs = Vg, and Avpg = V4,
' so that Eq. (10-10) becomes

Ta = Gm¥p + Tlv,,, ‘ (10-11)
. d
. where
( . aiD - A’I:D _ id
m = aUGS Vps = Avcs Vbps - v—w Vbs (10‘12)

is the mutual conductance, or transconductance. It is also often designated
by s or gy and called the (common-source) forward transadmittance. The
-second parameter r; in Eq. (10-11) is the drain (or output) résistance, and is
defined by

- dps
~ dip

- Avps
Vas Alp

RZ

Vas id

(10-13)

Vas

The reciprocal of r; is the drain conductance g,. It is also designated by ..
and g,. and called the (common-source) output conductance.
An amplification factor u for an FET may be defined by

_ _Ops| _ _ Aups| _ _ Va
#= dvgs h Avgg lIp - Vgs lia=0 (10—14)
We can verify that u, rs, and gn are related by
# = T (10-15)

by setting 7; = 0 in Eq. (10-11). '
An expression for g, is obtained by applying the definition of Eq. (10-12)
to Eq. (10-8). The result is

V. 2
gm = Gmo (1 - 7?) ="V (IpssIps) (10-16)

where g¢,,, is the value of g,, for Vgs = 0, and is given by

_ —2Ipss

Gmo = Va (10-17)

;. Since Ipss and Vp are of opposite sign, gmo is always positive. Note that the
I transconductance varies as the square root of the drain current. The relation-
. ship connecting gm., Ipss, and Vp has been verified experimentally.” Since
' gmo can be measured and Ipss can be read on a dec milliammeter placed in the
drain lead (with zero gate excitation), Eq. (10-17) gives a method for obtain-
ing Vp.
The dependence of g, upon Ves is indicated in Fig. 10-6 for the 2N3277
FET (with Vp = 4.5 V) and the 2N3278 FET (with Vp = 7 V). The linear
relationship predicted by Eq. (10-16) is seen to be only approximately valid.
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Temperature Dependence Curves of ¢, and rs versus temperature are
given in Fig. 10-7. The drain current Ips has the same temperature variation
as does gn.. The principal reason for the negative temperature coefficient of
Ips is that the mobility decreases with increasing temperature.® Since this
majority-carrier current decreases with temperature (unlike the bipolar tran-
sistor whose minority-ecarrier current increases with temperature), the trouble-
some phenomenon of thermal runaway (Sec. 9-9) is not encountered with
field-effect transistors.

The FET Model A circuit which satisfies Eq. (10-11) is indicated in
Fig. 10-8a. This low-frequency small-signal model has a Norton’s output cir-
cuit with a dependent current generator whose current is proportional to the
gate-to-source voltage. The proportionality factor is the transconductance
gm, which is consistent with the definition of g, in Eq. (10-12). The output
resistance is r4, which is consistent with the definition in Eq. (10-13). The
input resistance between gate and source is infinite, since it is assumed that

/|

Lb

1.4
] ny
"2 \m A
/ Fig. 10-7 Normalized ¢, and nor-
o malized rg versus T, (for the 2N3277

and the 2N3278 FETs with Vs = —10V,
os ,/% Ves =0V, and f = 1 kHz). (Courtesy
of Fairchild Semiconductor Company.)
N
0.6

~50 0 50 100 150
Ambient temperature T,, °C

r,, 8, relative to value at 25°C




 Sec. 10-4 FIELD-EFFECT TRANSISTORS / 321
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" Fig. 10-8 (a) The low-frequency small-signal FET model. (b) The high-frequency
- model, taking node capacitors into account.

. the reverse-biased gate takes no current. For the same reason the resistance
. between gate and drain is assumed to be infinite.

' The FET model of Fig. 10-8a should be compared with the A-parameter
* model of the bipolar junction transistor of Fig. 8-6. The latter also has a
- Norton’s output circuit, but the current generated depends upon the input
" current, whereas in the FET model the generator current depends upon the
. input voltage. Note that there is no feedback at low frequencies from output
~ to input in the FET, whereas such feedback exists in the bipolar transistor
through the parameter k,. Finally, observe that the high (almost infinite)
. input resistance of the FET is replaced by an input resistance of about 1 K
" for a CE amplifier. In summary, the field-effect transistor is a much more
¥ ideal amplifier than the conventional transistor at low frequencies. Unfortu-
i nately, this is not true beyond the audio range, as we now indicate.

The high-frequency model given in Fig. 10-8b is identical with Fig. 10-8a
; except that the capacitances between pairs of nodes have been added. The
i capacitor C,, represents the barrier capacitance between gate and source, and
> Cga is the barrier capacitance between gate and drain. The element Ca,
' represents the drain-to-source capacitance of the channel. Because of these
b internal capacitances, feedback exists between the input and output circuits,
I and the voltage amplification drops rapidly as the frequency is increased
L (Sec. 10-11). The order of magnitudes of the parameters in the model for a
¢ diffused-junction FET is given in Table 10-1.

TABLE 10-1 Range of parameter values for an FET

Parameter JFET MOSFET1Y
Im 0.1-10 mA/V 0.1-20 mA/V or more
Td 0.1-1 M 1-50 K
Ca, 0.1-1 pF 0.1-1 pF
Csy Cya 1-10 pF 1-10 pF
Tos >10% @ >101 @
Tod >108 Q >1014 Q@

t Discussed in Sec. 10-5.
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10-5 THE METAL-OXIDE-SEMICONDUCTOR FET (MOSFET)

In preceding sections we developed the volt-ampere characteristics and small-
signal properties of the junction field-effect transistor. We now turn our
attention to the insulated-gate FET, or metal-oxide-semiconductor FET,?
which is of much greater commercial importance than the junction FET,

The p-channel MOSFET consists of a lightly doped n-type substrate
into which two highly doped p* regions are diffused, as shown in Fig. 10-9.
These p* sections, which will act as the source and drain, are separated by
about 10 to 20 ym. A thin (1,000 to 2,000 A) layer of insulating silicon
dioxide (S10,) is grown over the surface of the structure, and holes are cut
into the oxide layer, allowing contact with the source and drain. Then the
gate-metal area is overlaid on the oxide, covering the entire channel region.
Simultaneously, metal contacts are made to the drain and source, as shown in
Fig. 10-9. The contact to the metal over the channel area is the gate terminal.
The chip area of a MOSFET is 5 square mils or less, which is only about
5 percent of that required by a bipolar junction transistor.

The metal area of the gate, in conjunction with the insulating dielectric
oxide layer and the semiconductor channel, form a parallel-plate capacitor.
The insulating layer of silicon dioxide is the reason why this device is called
the insulated-gate field-effect transistor. This layer results in an extremely
high input resistance (10'° to 10 @) for the MOSFET. The p-channel
enhancement MOSFET is the most commonly available field-effect device
(1972), and its characteristics will now be deseribed.

The Enhancement MOSFET If we ground the substrate for the structure
of Fig. 10-9 and apply a negative voltage at the gate, an electric field will be
directed perpendicularly through the oxide. This field will end on “induced”
positive charges on the semiconductor site, as shown in Fig. 10-9. The posi-
tive charges, which are minority carriers in the n-type substrate, form an
“inversion layer.”” As the magnitude of the negative voltage on the gate
increases, the induced positive charge in the semiconductor increases. The
region beneath the oxide now has p-type carriers, the conductivity increases,
and current flows from source to drain through the induced channel. Thus

Source Gate (—) Drain
O O

Si0, Aluminum

7,/ 7 > /B 7| Fio.109 Enhancementina
§ p-channel MOSFET. (Courtesy of

Motorola Semiconductor Products,

E

Induced
p channel

Inc.)

n(substrate)
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¢ Fig. 10-10 (a) The drain characteristics and (b) the transfer curve (for Vs =
‘- 10 V) of a p-channel enhancement-type MOSFET.

.. the drain current is “enhanced’” by the negative gate voltage, and such a
i device is called an enhancement-type NOS.

{ Threshold Voltage The volt-ampere drain characteristics of a p-channel
" enhancement-mode MOSFET are given in Fig. 10-10q, and its transfer curve
in Fig. 10-106. The current Ipgs at Vgs > 0 is very small, of the order of a
' few nanoamperes. As Vgs is made negative, the current |I| increases slowly
'~ at first, and then much more rapidly with an increase in |Vgs|. The manu-
" facturer often indicates the gate-source threshold voltage Vesr, or Vr,T at
‘ which |Ip| reaches some defined small value, say 10 gA. A current Ipon
corresponding approximately to the maximum value given on the drain char-
acteristics, and the value of Ves needed to obtain this current are also usually
given on the manufacturer’s specification sheets.

The value of Vi for the p-channel standard MOSFET is typically —4 V,
and it is common to use a power-supply voltage of —12 V for the drain supply.
. This large voltage is incompatible with the power-supply voltage of typically
5 V used in bipolar integrated circuits. Thus various manufacturing tech-
niques!® have been developed to reduce Vy. In general, a low threshold
voltage allows (1) the use of a small power-supply voltage, (2) compatible
operation with bipolar devices, and (3) smaller switching time due to the
smaller voltage swing during switching.

Three methods are used to lower the magnitude of V7.

1. The high-threshold MOSFET described above uses a silicon crystal
with (111) orientation. If a erystal is utilized in the (100) direction it is found
that a value of Vy results which is about one-half that obtained with (111)
. orientation.

' 2. The silicon nitride approach makes use of a layer of SizN, and SiOs,

t In this chapter the threshold voltage should not be confused with the volt equivalent
of temperature Vr of Sec. 2-9.
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whose dielectric constant is about twice that of SiO, alone. A FET con-
structed in this manner (designated an MNOS device) decreases Vr to
approximately 2 V.

3. Polyerystalline silicon doped with boron is used as the gate electrode
instead of aluminum. This reduction in the difference in contact potentials
between the gate electrode and the gate dielectric reduces Vr. Such devices
are called stlicon gate MOS transistors. All three of the fabrication methods
described above result in a low-threshold device with V7 in the range 1.5 to
2.5 V, whereas the standard high-threshold MOS has a Vr of approximately
4t06V.

Power Supply Requirements Table 10-2 gives the voltages customarily
used with high-threshold and low-threshold p-channel MOSFETs. Note that
Vs refers to the substrate, Vpp to the drain, and Ve to the gate supply
voltages. The subscript 1 denotes that the source is grounded and the sub-
script 2 designates that the drain is at ground potential.

The low-threshold MOS circuits require lower power supply voltages and
this means less expensive system power supplies. In addition, the input volt-
age swing for turning the device oN and oFF is smaller for the lower-threshold
voltage, and this means faster operation. Another very desirable feature of
low-threshold MOS circuits is that they are directly compatible with bipolar
ICs. They require and produce essentially the same input and output signal
swings and the system designer has the flexibility of using MOS and bipolar
circuits in the same system.

TABLE 10-2 Power supply voltages for p-channel MOSFETs, in
volts

Vssi Vom Voo Vsse Vobe Vaar

High-threshold 0 —12 —24 +12 0 —12
Low-threshold 0 -5 —-17 +5 0 —12

lon Implantation!® The ion-implantation technique demonstrated in
Fig. 10-11 provides very precise control of doping. Ions of the proper dopant
such as phosphorus or boron are accelerated to a high energy of up to 300,000 eV
and are used to bombard the silicon wafer target. The energy of the ions
determines the depth of penetration into the target. In those areas where
ion implantation is not desired, an aluminum mask or a thick (12,000 A)
oxide layer absorbs the ion. Virtually any value of Vr can be obtained using
ion implantation. In addition, we see from Fig. 10-11 that there is no overlap
between the gate and drain or gate and source electrodes (compare Fig. 10-11
with Fig. 10-9). Consequently, due to ion implantation, there is a drastic
reduction in C,g and Cpp.
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Fig. 10-11 lon implantation in
MOS devices.
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The Depletion MOSFET A second type of MOSFET can be made if, to
the basic structure of Fig. 10-9, a channel is diffused between the source and
the drain, with the same type of impurity as used for the source and drain
diffusion. Let us now consider such an n-channel structure, shown in Fig.
10-12a. With this device an appreciable drain current Ipss flows for zero
gate-to-source voltage Vgs = 0. If the gate voltage is made negative, positive
charges are induced in the channel through the SiO, of the gate capacitor.
Since the current in an FET is due to majority carriers (electrons for an n-type
material), the induced positive charges make the channel less conductive, and
the drain current drops as Vgg is made more negative. The redistribution of
charge in the channel causes an effective depletion of majority carriers, which
accounts for the designation depletion MOSFET. Note in Fig.10-12b that,
because of the voltage drop due to the drain current, the channel region nearest
the drain is more depleted than is the volume near the source. This phenome-
non is analogous to that of pinch-off occurring in a JFET at the drain end of
the channel (Fig. 10-1). As a matter of fact, the volt-ampere characteristics

. of the depletion-mode MOS and the JFET are quite similar.

A MOSFET of the depletion type just described may also be operated

Diffused
Si0, channel
Source Aluminum Source Gate (—) Si0,
o @

0 7/

VM 7

p(substrate)

p(substrate)

(2) (b)

Fig. 10-12 (a) An n-channel depletion-type MOSFET. (b) Channel depletion
with the application of a negative gate voltage. (Courtesy of Motorola Semi-
conductor Products, Inc.)
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Fig. 10-13 (a) The drain characteristics and (b) the transfer curve (for Vps =
10 V) for an n-channel MOSFET which may be used in either the enhancement or
the depletion mode.

in an enhancement mode. It is only necessary to apply a positive gate voltage
so that negative charges are induced into the n-type channel. In this manner
the conductivity of the channel increases and the current rises above Ipss.
The volt-ampere characteristics of this device are indicated in Fig. 10-13a,
and the transfer curve is given in Fig. 10-13b. The depletion and enhance-
ment regions, corresponding to Ves negative and positive, respectively, should
be noted. The manufacturer sometimes indicates the gate-source cutoff voltage
Ves.orr, at which Ip is reduced to some specified negligible value at a recom-
mended Vps. This gate voltage corresponds to the pinch-off voltage Vp of a
JFET.

The foregoing discussion is applicable in principle also to the p-channel
MOSFET. For such a device the signs of all currents and voltages in the
volt-ampere characteristics of Fig. 10-13 must be reversed.

Comparison of p- with n-Channel FETs The p-channel enhancement
FET, shown in Fig. 10-9, is very popular in MOS systems because it is much
easier to produce than the n-channel device. Most of the contaminants in
MOS fabrication are mobile ions which are positively charged and are trapped
in the oxide layer between gate and substrate. In an n-channel enhance-
ment device the gate is normally positive with respect to the substrate and,
hence, the positively charged contaminants collect along the interface between
the 810, and the silicon substrate. The positive charge from this layer of ions
attracts free electrons in the channel which tends to make the transistor turn
on prematurely. In p-channel devices the positive contaminant ions are
pulled to the opposite side of the oxide layer (to the aluminum-SiO, inter-
face) by the negative gate voltage and there they cannot affect the channel.

The hole mobility in silicon and at normal field intensities is approxi-
mately 500 cm?/V-s. On the other hand, electron mobility is about 1,300
cm?/V-s. Thus the p-channel device will have more than twice the oN resis-
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tance of an equivalent n-channel of the same geometry and under the same
operating conditions. In other words, the p-channel device must have more

--than twice the area of the n-channel device to achieve the same resistance.

Therefore n-channel MOS circuits can be smaller for the same complexity

“than p-channel devices. The higher packing density of the n-channel MOS

also makes it faster in switching applications due to the smaller junction areas.
The operating speed is limited primarily by the internal RC time constants,
and the capacitance is directly proportional to the junction cross sections.
For all the above reasons it is clear that n-channel MOS circuits are more

© desirable than p-channel circuits. However, the more extensive process con-

trol needed for n-channel fabrication makes them expensive and unable to
compete economically with p-channel devices at this time (1972).

MOSFET Gate Protection Since the SiO, layer of the gate is extremely

. thin, it may easily be damaged by excessive voltage. An accumulation of

charge on an open-circuited gate may result in a large enough field to punch
through the dielectric. To prevent this damage some MOS devices are fabri-
cated with a Zener diode between gate and substrate. In normal operation
this diode is open and has no effect upon the circuit. However, if the voltage
at the gate becomes excessive, then the diode breaks down and the gate

potential is limited to a maximum value equal to the Zener voltage.

Circuit Symbols It is possible to bring out the connection to the sub-
strate externally so as to have a tetrode device. Most MOSFETSs, however,
are triodes, with the substrate internally connected to the source. The circuit

symbols used by several manufacturers are indicated in Fig. 10-14. Often

the substrate lead is omitted from the symbol as in (a), and is then under-

Drain
D D D

Gate Gate Substrate
' G, G

Source S S S
(a) (b) ()

Fig. 10-14 Three circuit symbols for a p-channel MOSFET.
(a) and (b) can be either depletion or enhancement types,
whereas (c) represents specifically an enhancement device.
In (a) the substrate is understood to be connected inter-
nally to the source. For an n-channel MOSFET the direc-
tion of the arrow is reversed.
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Q2 G,
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Driver Vo = Vpg, -V | O
i S 0 |-V
S 3 Y=A

(a) b

Fig. 10-15 (a) MOS inverter (nor circuit). (b) The voltage truth
table and Boolean expression.

stood to be connected to the source internally. For the enhancement-type
MOSFET of Fig. 10-14¢, G, is shown to be internally connected to S.

Small-signal MOSFET Circuit Model'! If the small resistances of the
source and drain regions are neglected, the small-signal equivalent circuit of
the MOSFET between terminals G (= G,), S, and D is identical with that given
in Fig. 10-8 for the JFET. The transconductance g, and the interelectrode
capacitances have comparable values for the two types of devices. However,
as noted in Table 10-1 on page 321, the drain resistance r; of the MOSFET
is very much smaller than that of the JFET. It should also be noted in
Table 10-1 that the input resistance r,, and the feedback resistance r, are
very much larger for the MOSFET than for the JFET.

If the substrate terminal G is not connected to the source, the model of
Fig. 10-8 must be generalized as follows: Between node G and S, a diode D1
is added to represent the p-n junction between the substrate and the source.
Similarly, a second diode D2 is included between G; and D to account for the
p-n junction formed by the substrate and the drain.

10-6 DIGITAL MOSFET CIRCUITS!?

The most common applications of MOS devices are digital, such as logic
gates (discussed in this section) and registers, or memory arrays (Chap. 17).
Because of the gate-to-drain and gate-to-source and substrate parasitic capaci-
tances, MOSFET circuits are slower than corresponding bipolar circuits.
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¥ However, the lower power dissipation and higher density of fabrication make
- MOS devices attractive and economical for many low-speed applications.

Inverter MOSFET digital circuits consist entirely of FETs and no other
devices such as diodes, resistors, or capacitors (except for parasitic capaci-
tances). For example, consider the MOSFET inverter of Fig.10-15a. Device
. @1 is the driver FET, whereas Q2 acts as its load resistance and is called the
i load FET. The nonlinear character of the load is brought into evidence as

, follows: Since the gate is tied to the drain, Vgses = Vpss. The drain charac-
teristics of Fig. 10-10 are reproduced in Fig. 10-16a, and the shaded curve
represents the locus of the points Vess = Vps: = V. This curve also gives
Ips versus Vi (for Vgsa = Vpsz), and its slope gives the incremental load con-
ductance g;, of Q2 as a load. Clearly, the load resistance is nonlinear. Note
that @2 is always conducting, (for |Vps:| > |Vr|), regardless of whether @1 is
ON or OFF.

An analytical expression for the load curve is given by Eq. (10-8) with
"~ Ves = Vps = V1 and with Vp replaced by the threshold voltage Vesr = V.
2

Ips = IDSS (1 - _I%g) fOI' [VDSI Z IVTI (10-18)
and we see that this is a quadratic, rather than a linear, relationship. From
Eq.(10-18) we find (Prob. 10-9) that the load conductance is equal to the
transconductance of the FET, g, = gn.. The same result is obtained in
Sec. 10-7.

The incremental resistance is not a very useful parameter when consid-
. ering large-signal (on-orr) digital operation. It is necessary to'draw the
- load curve (corresponding to a load line with a constant resistance) on the volt-
ampere characteristics of the driver FET Q1. The load curve is a plot of

ID = ID1 Versus VDSl = Vo = —VDD — VL = —20 — Vp,sz

L where we have assumed a 20-V power supply. For a given value of Ip, = Ipy,
we find Vpgs = V. from the shaded curve in Fig. 10-16a and then plot the
locus of the values Ip; versus V, = Vpg; in Fig. 10-16b. For example, from
Fig. 10-16a for Ip, = 4 mA, we find Vpss = —14 V. Hence Ip; = 4 mA is
‘located at Vps; = —20 + 14 = —6 V in Fig. 10-16b.
We now confirm that the circuit of Fig. 10-15 is an inverter, or NOT circuit.
. Let us assume negative logic (Sec. 6-1) with the 1, or low state, given by
V(1) = —Vpp = —20 V and the 0, or high state, given by V(0) = 0. If
i = Vgs1 = —20 V, then from Fig. 10-16b, V, = Voxn = —2 V. Hence,
= V() gives V, = V(0). Similarly from Fig. 10-16b, if V; = 0 V, then
= —Vpp — Vp=—=17 V for Vp = —3 V. Hence, Vi=V (0) gives
» = V(1), thus confirming the truth table of Fig. 10-15b.

We shall simplify the remainder of the discussion in this section by assum-
ing that |Von| and | V7| are small compared with |Vpp| and shall take Vox = 0
and Vr = 0. Hence, to a first approximation the load FET may be con-

|
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(a) (b)

Fig. 10-16 (a) Q2 acts as a load Ip; versus Vi = Vyg, for the driver Q1. (b)
The load curve I, versus V, = Vs,

sidered to be a constant resistance Rz and may be represented by a load line
passing through Ip = 0, Vps = —Vppand Ip = I, Vpg = 0, where I is the
drain current for Vps = Vgs = —Vpp. In other words, R, = —Vpp/I.
Most MOSFETS are p-channel enhancement-type devices, and negative logic
is used with V(0) = 0 and V(1) = — Vpp.

NaND Gate The operation of the negative NaAND gate of Fig. 10-17
can be understood if we realize that if either input V; or V;is at 0 V (the 0
state), the corresponding FET is orF and the current is zero. Hence the
voltage drop across the load FET is zero and the output V, = —Vpp (the
1 state). If both V, and V, are in the 1 state (V; = Vy = —Vpp), then
both @1 and Q2 are on and the output is 0 V, or at the 0 state. These values
are in agreement with the voltage truth table of Fig. 10-17b. If 1 is sub-
stituted for — Vpp in Fig. 10-17b, then this logic agrees with the truth table
for a NAND gate, given in Fig. 6-18. We note that only during one of the
four possible input states is power delivered by the power supply.

NorR Gate The circuit of Fig. 10-18a is a negative Nor gate. When
either one of the two inputs (or both) is at — Vpp, the corresponding FET is on
and the output is at 0 V. If both inputs are at 0 V, both transistors Q1 and
Q2 are orFF and the output is at —Vpp. These values agree with the truth
table of Fig. 10-18b. Note that power is drawn from the supply during three
of the four possible input states. Because of the high density of MOS devices
on the same chip, it is important to minimize power consumption in LSI
MOSFET systems (Sec. 17-17).

The circuit of Fig. 10-17 may be considered to be a positive NOR gate, and
that of Fig. 10-18 to be a positive NaAND gate (Sec. 6-9). These MOSFET
circuits are examples of direct-coupled transistor logic (DCTL), mentioned




Sec. 10-6 FIELD-EFFECT TRANSISTORS / 331

- Vop
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v
‘/2 ° Y 1 VZ 0
B Q2 0 0 - Voo
v, 0 = Vop Voo
A Q1
- Vop 0 Voo
= Voo - Vop 0
Y = AB

(a) (b)

Fig. 10-17 (o) MOSFET (negative) nanp gate and (b) voltage truth
table and Boolean expression. (Remember that 0 V is the zero state
and — Vpp is the 1 state.)

in Sec. 6-14. However, MOSFET DCTL circuits have none of the disad-
. vantages (such as base-current ‘“‘hogging”’) of bipolar DCTL gates. A FrLip-
! FLOP constructed from MOSFETs is indicated in Prob. 10-11. An anp (oR)
gate is obtained by cascading a NAND (NOR) gate with a NoT gate. Typically,
¥ a three-input NAND gate uses about 16 mils? of chip area, whereas a single
bipolar junction transistor may need about five times this area.

- Vop A B Y
i) 1 V2 o
Q3 0 0 - Vo
f~ %y M I 0
o, @ & G B

J' Y=A+B
(a)

Fig. 10-18 (a) MOSFET (negative) nor gate and (b) voltage truth table and
}: Boolean equation.
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Fig. 10-19 (a) Complementary MOS inverter. (b) Cross section of comple-
mentary MOSFETS. Note that the p-type well is diffused into the n-type sub-
strate and that the n-channel MOS Q2 is formed in this region.

Complementary MOS (CMOS)!? It is possible to reduce the power dis-
sipation to very small (50 nW) levels by using complementary p-channel and
n-channel enhancement MOS devices on the same chip. The basic comple-
mentary MOS inverter circuit is shown in Fig. 10-19. Transistor @1 is the
p-channel unit, and transistor @2 is n-channel. The two devices are in series,
with their drains tied together and their gates also connected together. The
logic swing gate voltage V; varies from 0 V to the power supply —Vpp. When
Vi = —Vpp (logic 1) transistor Q1 is turned ox (but draws no appreciable
steady-state current) and @2 is turned oFF, the output V, is then at 0 V
(logic 0), and inversion has been accomplished. When zero voltage (logic 0)
is applied at the input, the n-channel Q2 is turned on (at no steady-state cur-
rent) and Q1 is turned oFr. Thus the output is at —Vpp (logic 1). In
either logic state, @1 or 2 is oFr and the quiescent power dissipation for this
simple inverter is the product of the orr leakage current and — Vpp.

More complicated digital CMOS circuits (NAND, NOR, and FLIP-FLOPS) can
be formed by combining simple inverter circuits (Probs. 10-13 and 10-14).

The remainder of the chapter considers the FET under small-signal opera-
tion. We first discuss low-frequency gain, then methods of biasing the device
in the linear range, and finally the high-frequency limitations of the FET.

10-7 THE LOW-FREQUENCY COMMON-SOURCE
AND COMMON-DRAIN AMPLIFIERS

The common-source (CS) stage is indicated in Fig. 10-20a, and the common-
drain (CD) configuration in Fig. 10-20b. The former is analogous to the
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~Vop Voo

Fig. 10-20 (a) The CS and
(b) the CD configurations.

(a) (b)

bipolar transistor CE amplifier, and the latter to the CC stage. We shall
analyze both of these circuits simultaneously by considering the generalized
configuration in Fig. 10-21a. For the CS stage the output is v, taken at the
drain and R, = 0. For the CD stage the output is v,, taken at the source and

- Ry = 0. The signal-source resistance is unimportant sinee it is in series with

the gate, which draws negligible current. No biasing arrangements are indi-

- cated (Sec. 10-8), but it is assumed that the stage is properly biased for linear

operation.
Replacing the FET by its low-frequency small-signal model of Fig. 10-8,

' the equivalent circuit of Fig. 10-21b is obtained. Applying KVL to the output

circuit yields

ide + (7«1 - g,,.v,,,)rd + ’L'dR. =0 (10-19)

N
L
(a) (b)

Fig. 10-21 (a) A generalized FET amplifier configuration. (b) The smali-
signal equivalent circuit.




334 / INTEGRATED ELECTRONICS Sec. 10-7

From Fig. 10-21b the voltage from G to S is given by
Ugs = Uy — idR, (10-20)

Combining Egs. (10-19) and (10-20) and remembering that u = ru. [Eq.
(10-15)], we find

Moy
ra + Ra + (u + 1)R,

i =

(10-21)

The CS Amplifier with an Unbypassed Source Resistance Since
Vo1 = —ide, then

—uv;Ry
Ta + Rd + (P‘ + I)Rl

From Eq. (10-22) we obtain the Thévenin’s equivalent circuit of Fig. 10-22a
‘“looking into” the drain node (to ground). The open-circuit voltage is
—uv;, and the output resistance is R, = rq4 + (u + 1)R,. The voltage gain is
Ay = v,1/v;.  The minus sign in Eq. (10-22) indicates that the output is 180°
out of phase with the input. If R, is bypassed with a large capacitance or
if the source is grounded, the above equations are valid with R, = 0. Under
these circumstances,

(10-22)

Uo1 =

_ le _ _I‘Rd —- ’
Ay =2 = BT~ R, (10-23)

where p = ragm [Eq. (10-15)] and R = Rgl|ra.

The CD Amplifier with a Drain Resistance Since v, = %R,, then from
Eq. (10-21)

= wvilt, _ [/ + DIR, _
v°2_’d+Rd+(“+l)R:_(Ta-l-Rd)/(u—i—l)—{-R‘ (10-24)
rqe+ Ry
ra (e + DR, 1
SV r AA 3 _

- +
MU; iy Ry v _KUi i, | Rs v
B o1 a+l d 02

ih¢
.
b
20

(a) ()

Fig. 10-22 The equivalent circuits for the generalized amplifier of Fig. 10-21
“looking into’’ (a) the drain and (b) the source. Note that u = rag,.
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From Eq. (10-24) we obtain the Thévenin’s equivalent circuit of Fig. 10-22b
“looking into” the source node (to ground). The open-circuit voltage is
wv;/(p + 1), and the output resistance is B, = (r; + Ra4)/(x + 1). The volt-
age gain is Ay = v,5/v;. Note that there is no phase shift between input and
output. If B, =0 and if (u+ 1)R,> rs, then Ay = u/(u + 1) = 1 for
u> 1. A voltage gain of unity means that the output (at the source) follows
the input (at the gate). Hence the CD configuration is called a source follower
(analogous to the emitter follower for a bipolar junction transistor).

Note that the open-circuit voltage and the output impedance in either
Fig. 10-22a or b are independent of the load (R, in Fig. 10-22¢ and R, in Fig.
10-22b). These restrictions must be satisfied if the networks in Fig. 10-22
are to represent the true Thévenin equivalents of the amplifier in Fig. 10-21.

For the source follower (B, = 0) with u >> 1, the output conductance is

o= =t B (10-25)

Ro T4 Ta

which agrees with the result obtained in Sec. 10-6 for the conductance looking
into the source of a MOSFET with the gate at a constant voltage. In the
discussion of diffused resistors in Sec. 7-8, it is indicated that 30 K is about the
maximum resistance that can be fabricated. Larger values may be obtained
by using the MOS structure as a load with gate connected to drain and tied
to a fixed voltage such as @2 in Fig. 10-15. By using a low g, FET, a high
value of effective resistance is obtained. For example, for g, = 10 uA/V, we
" obtain R, = 1/g» = 100 K. Thisvalue of effective resistance requires approx-
imately 5 mil® of chip area compared with 300 mil? to yield a diffused 20-K
resistance.

10-8 BIASING THE FET

The selection of an appropriate operating point (Ip, Vgs, Vps) for an FET
amplifier stage is determined by considerations similar to those given to
transistors, as discussed in Chap. 9. These considerations are output-voltage
"swing, distortion, power dissipation, voltage gain, and drift of drain current.
In most cases it is not possible to satisfy all desired specifications simulta-
neously. In this section we examine several biasing circuits for field-effect
devices.

Source Self-bias The configuration shown in Fig. 10-23 can be used to
bias junction FET devices or depletion-mode MOS transistors. For a specified
drain current Ip, the corresponding gate-to-source voltage Vs can be obtained
applying either Eq. (10-8) or the plotted drain or transfer characteristics.
Since the gate current (and, hence, the voltage drop across R,) is negligible,
the source resistance R, can be found as the ratio of Vgs to the desired Ip.
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S Voo

Fig. 10-23 Source self-bias circuit.

EXAMPLE The amplifier of Fig. 10-23 utilizes an n-channel FET for which
Ve = —20 V and Ipss = 1.65 mA. It is desired to bias the circuit at Ip =
0.8 mA, using Vop = 24 V. Assume 7,>> R,;. Find (a) Vas, 0) gm, (¢) R,
(d) Rg, such that the voltage gain is at least 20 dB, with R, bypassed with a very
large capacitance C,.

Solution a. Using Eq. (10-8), we have 0.8 = 1.65(1 4 Vgs/2.0)% Solving,
Ves = —0.62 V.

b. Equation (10-17) now yields

Gmo = — 2oss _ QL5 _ - or v
Ve 2

and from Eq. (10-16)-

Vas 0.62
m=gmo (1l — —) = (1.65) ({1 — =—=) = 1.14 mA/V
g g ( v ) ( )( 2_0) mA/

P

¢ Ri=——=—=07TK=770Q

d. Since 20 dB corresponds to a voltage gain of 10, then from Eq. (10-23),
with 74 >> Ra, |[Av| = gnRs > 10, or Ry > 10/1.14 = 8.76 K.

Biasing against Device Variation FET manufacturers usually supply
information on the maximum and minimum values of Ipss and Vp at room
temperature. They also supply data to correct these quantities for tempera-
ture variations. The transfer characteristics for a given type of n-channel
FET may appear as in Fig. 10-24a, where the top and bottom curves are for
extreme values of temperature and device variation. Assume that, on the
basis of considerations previously discussed, it is necessary to bias the device at
a drain current which will not drift outside of Ip = I, and Ip = Is. Then
the bias line Vgs = — IpR, must intersect the transfer characteristics between
the points A and B, as indicated in Fig. 10-24a. The slope of the bias line
is determined by the source resistance R,. For any transfer characteristic
between the two extremes indicated, the current Ig is such that I, < Iq < Ip,
as desired.
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Fig. 10-24 Maximum and minimum transfer curves for an n-channel FET. The
drain current must lie between I, and Iz, The bias line can be drawn through the
origin for the current limits indicated in (a), but this is not possible for the currents
specified in (b).

Consider the situation indicated in Fig. 10-24b, where a line drawn to pass
between points A and B does not pass through the origin. This bias line
satisfies the equation

Ves = Ve¢ — IDR, (10-26)

Such a bias relationship may be obtained by adding a fixed bias to the gate
+ in addition to the source self-bias, as indicated in Fig. 10-25a. A circuit

(a) &)
Fig. 10-25 (a) Biasing an FET with a fixed-bias Ve in addition to
self-bias through R,. (b) A single power-supply configuration
which is equivalent to the circuit in (a).
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L2 B fer curves for the 2N3684
T Biasline field-effect transistor.
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requiring only one power supply and which can satisfy Eq. (10-26) is shown
in Fig. 10-25b. For this circuit

_ RVo» o _ Rk
Rl + R2 ’ Rl + RZ

We have assumed that the gate current is negligible. It is also possible for
Ve to fall in the reverse-biased region so that the line in Fig. 10-24b intersects
the axis of abscissa to the right of the origin. Under these circumstances
two separate supply voltages must be used.

Vee

EXAMPLE FET 2N3684 is used in the circuit of Fig. 10-25b. For this n-chan-
nel device the manufacturer specifies Ve min = —2V, Vemax = —5 V, Inss,min =
1.6 mA, and Ipss,max = 7.05 mA. The extreme transfer curves are plotted in
Fig. 10-26. It is desired to bias the circuit so that Ip . = 0.8 mA = I, and
Ip,mex = 1.2 mA = Igfor Vpp = 24 V. Find (a) Ve and R,, and (b) the range
of possible values in Ip if B, = 3.3 K and Vge = 0.

Solution a. The bias line will lie between A and B, as indicated, if it is drawn to
pass through the two points Ves =0, Ip = 0.9 mA, and Vegs = —4 V, Ip =
1.1 mA. The slope of this line determines R,, or

4-0
1.1 —-09
Then, from the first point and Eq. (10-26), we find

Vee = IpR, = (0.9)(20) = 18 V

R, = 20 K
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- Voo - Vop

Fig. 10-27 (@) Drain-to-
gate bias circuit for en-
hancement-mode MOS
transistors; (b) improved

R4

version of (a).

(a) )

b. If R, = 3.3 K, we see from the curves that Ip m, = 0.4 mA and Ip, ., =
1.2 mA. The minimum current is far below the specified value of 0.8 mA.

Biasing the Enhancement MOSFET The self-bias technique of Fig. 10-23
cannot be used to establish an operating point for the enhancement-type
MOSFET because the voltage drop across R, is in a direction to reverse-bias
the gate, and a forward gate bias is required. The circuit of Fig. 10-27a can
be used, and for this case we have Vgs = Vpg, since no current flows through
R,. If for reasons of linearity in device operation or maximum output voltage
it is desired that Vgs # Vps, then the circuit of Fig. 10-27b is suitable. We
note that Vgs = [R:1/(R1 + R;)]Vps. Both circuits discussed here offer the
advantages of dc stabilization through the feedback introduced with Rj;.
However, the input impedance is reduced because, by Miller’s theorem (Sec.
8-11), R; corresponds to an equivalent resistance R; = R;/(1 — Ay) shunting
the amplifier input. .

Finally, note that the circuit of Fig. 10-25b is often used with the enhance-
ment MOSFET. The de stability introduced in Fig. 10-27 through the feed-
back resistor R, is then missing, and is replaced by the de feedback through R,.

10-9 THE FET AS A VOLTAGE-VARIABLE RESISTOR!? (VVR)

In most linear applications of field-effect transistors the device is operated
in the constant-current portion of its output characteristics. We now consider
FET transistor operation in the region before pinch-off, where Vps is small.
In this region the FET is useful as a voltage-controlled resistor; i.e., the drain-
to-source resistance is controlled by the bias voltage Vgs. In such an applica-
tion the FET is also referred to as a voltage-variable resistor (VVR), or voltage-
dependent resistor (VDR).

Figure 10-28a shows the low-level bidirectional characteristics of an FET.
The slope of these characteristics gives rq as a function of Vgs. Figure 10-28a
has been extended into the third quadrant to give an idea of device linearity
around Vps = 0.
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In our treatment of the junction FET characteristics in Sec. 1#:3, we
derive Eq. (10-5), which gives the drain-to-source conductance g = Ip/Vps
for small values of Vps. From this equation we have

-1 (2] o)

where gq, is the value of the drain conductance when the bias is zero. Varia-
tion of r4 with Ves is plotted in Fig. 10-28b for the 2N3277 and 2N3278
FETs. The variation of ry with Vgs can be closely approximated by the
empirical expression
To

1= KVes

where 7, = drain resistance at zero gate bias
K = a constant, dependent upon FET type
Ves = gate-to-source voltage

ra (10-28)

Applications of the VYR Since the FET operated as described above
acts like a variable passive resistor, it finds applications in many areas where
this property is useful. The VVR, for example, can be used to vary the voltage
gain of a multistage amplifier A as the signal level is increased. This action
is called automatic gain control (AGC). A typical arrangement is shown in
Fig. 10-29. The signal is taken at a high-level point, rectified, and filtered to
produce a de¢ voltage proportional to the output-signal level. This voltage
is applied to the gate of @2, thus causing the ac resistance between the drain
and source to change, as shown in Fig. 10-28b. We thus may cause the gain
of transistor @1 to decrease as the output-signal level increases. The dec bias

I, uA ra, K
—40} Vas=0 100 174
80
-207 {@7 |
ol = Ves
03 02 01 0 0
-0.1 -0.2-0.3 Vps,V 40 vi
201 20 |2N3277 Lzmzm A
w.
mmEmEEN
] 0
40 0 L0 20 30 40 50
Vis, V
(@) (b) s

Fig. 10-28 (a) FET low-level drain characteristics for 2N3278.
(b) Small-signal FET resistance variation with applied gate voltage.
(Courtesy of Fairchild Semiconductor Company.)



f Sec. 10-10 FIELD-EFFECT TRANSISTORS / 341

v

? Vyy

Fig. 10-29 AGC amplifier
using the FET as a voltage-
variable resistor.

conditions of Q1 are not affected by Q2 since Q2 is isolated from @1 by means
of capacitor C.

10-10 THE COMMON-SOURCE AMPLIFIER AT HIGH FREQUENCIES

The circuits discussed in this and the following section apply equally well to
either JFETs or MOSFETSs (except for the method of biasing). The low-
frequency analysis of Sec. 10-8 is now modified to take into account the effect

£+ of the internal node capacitances.

Voltage Gain The circuit of Fig. 10-30a is the basic CS amplifier con-
. figuration. If the FET is replaced by the circuit model of Fig. 10-8b, we
* obtain the network in Fig. 10-30b. The output voltage V, between D and S
is easily found with the aid of the theorem of Sec. 8-7, namely, V, = IZ, where
I is the short-circuit current and Z is the impedance seen between the terminals.

©—Vbp

Z,

\l
ol
o
)|
"
2
N

n o JI——0 0

(@) (b)

Fig. 10-30 (a) The common-source amplifier circuit; (b) small-signal
equivalent circuit at high frequencies. (The biasing network is not
indicated.)




342 / INTEGRATED ELECTRONICS Sec. 10-10

To find Z, the independent generator V; is (imagined) short-circuited, s€that
V: = 0, and hence there is no current in the dependent generator ¢g,V;. We
then note that Z is the parallel combination of the impedances corresponding
to Zy, Cus, 74, and C,y. Hence

1

== Yo+ Yo+ 90+ Yo (10-29)

where Y, = 1/Z, = admittance corresponding to Z;
Y4 = jwCs = admittance corresponding to Cy,
ga = 1/r4 = conductance corresponding to ry
Y4a = jwCys = admittance corresponding to Cpa
The current in the direction from D to S in a zero-resistance wire connect-
ing the output terminals is

I=—gVi+ V.Y (10-30)
The amplification Ay with the load Z, in place is given by
Vo I1Z I
Ay = o ol o4 (10-31)

or from Egs. (10-29) and (10-30)

_ —gm + Ygd "
Ay = Y.+ Yo+ ga + Yu (10-32)

At low frequencies the FET capacitances can be neglected and hence
Yd, = Ygd = 0
Under these conditions Eq. (10-32) reduces to

_gm _ngdZL ’
Ay = = = —gnZ 10-33

4 YL+ ga e+ 2L datd (10-33)
where Z7, = Z.|lra. This equation agrees with Eq. (10-23), with Z, replaced
by Rd.

Input Admittance An inspection of Fig. 10-30b reveals that the gate cir-
cuit is not isolated from the drain circuit, but rather that they are connected
by Cu. From Miller’s theorem (Sec. 8-11), this admittance may be replaced
by Y,.u(1 — K) between G and S, and by Y,4(1 — 1/K) between D and S, where
K = Ay. Hence the input admittance is given by

Yi=Y,+ Q- AnY, (10-34)
This expression indicates that for an FET to possess negligible input admit-

tance over a wide range of frequencies, the gate-source and gate-drain capaci-
tances must be negligible.

Input Capacitance (Miller Effect) Consider an FET with a drain-circuit
resistance R;. From the previous discussion it follows that within the audio-
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frequency range, the gain is given by the simple expressiom=Ady = —g. Ry,
where R} is Rullrs. In this case, Eq. (10-34) becomes

Y.’ '

j—w =Ci=Cu+ (1 + gnRDCoa (10-35)

This increase in input capacitance C; over the capacitance from gate to source
is called the Mqller effect.

This input capacitance is important in the operation of cascaded ampli-
fiers. In such a system the output from one stage is used as the input to a
second amplifier. Hence the input impedance of the second stage acts as a
shunt across the output of the first stage and R, is shunted by the capacitance
C;. Since the reactance of a capacitor decreases with increasing frequencies,
the resultant output impedance of the first stage will be correspondingly low
for the high frequencies. This will result in a decreasing gain at the higher
frequencies.

EXAMPLE A MOSFET has a drain-circuit resistance R4 of 100 K and operates
at 20 kHz. Calculate the voltage gain of this device as a single stage, and then
as the first transistor in a cascaded amplifier consisting of two identical stages.
The MOSFET parameters are g,, = 1.6 mA/V, ry = 44 K, C,, = 3.0 pF, C4, =
1.0 pF, and Cyy = 2.8 pF.

Solution
Y, = jwCy = 72m X 2 X 104 X 3.0 X 10712 = j3.76 X 1077 §
Ya = jwCy, = j1.26 X 10770
Yia = jwCya = j3.52 X 1077 §

1
ga =— =227 X 107%Q
T4

1
Yi=—=—=10"%0
d R

gn = 1.60 X 1073 0
The gain of a one-stage amplifier is given by Eq. (10-32):

—gm + Yoa _ —1.60 X 1073 + ;3.52 X 1077
ga+ Ya+ Y+ Y 3.27 X 107% 4 74.78 X 1077
It is seen that the j terms (arising from the interelectrode capacitances) are
negligible in comparison with the real terms. If these are neglected, then Ay =
—48.8. This value can be checked by using Eq. (10-23), which neglects inter-
electrode capacitances. Thus
_ —upRs =70 X100

Rd + Ta 100 + 44

Since the gain is a real number, the input impedance consists of a capacitor
whose value is given by Eq. (10-35):

Ci = Cp + (1 + gnRDCoa = 3.0 + (1 + 49)(1.0) = 53 pF

Ay=

Ay

= —48.6 = —g.R;
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Consider now a two-stage amplifier, each stage consisting of an F‘IT operating
as above. The gain of the second stage is that just calculated. However, in
calculating the gain of the first stage, it must be remembered that the input
tmpedance of the second stage acts as a shunt on the output of the first stage. Thus
the drain load now consists of a 100-K resistance in parallel with 53 pF. To this
must be added the capacitance from drain to source of the first stage since this
is also in shunt with the drain load. Furthermore, any stray capacitances due to
wiring should be taken into account. For example, for every 1-pF capacitance
between the leads going to the drain and gate of the second stage, 50 pF is effec-
tively added across the load resistor of the first stage! This clearly indicates the
importance of making connections with very short direct leads in high-frequency
amplifiers. Let it be assumed that the input capacitance, taking into account
the various factors just discussed, is 200 pF. Then the load admittance is

1
Vi = o juCs = 107 + j2m X 2 X 104 X 200 X 1072
d

= 1075 + j2.52 X 105 §5
The gain is given by Eq. (10-33):

=g —1.6 X 10
T e+ YL 227X 107° + 1075 + j2.52 X 10-5

= —30.7 +j23.7 = 38.8/143.3°

Thus the effect of the capacitances has been to reduce the magnitude of the
amplification from 48.8 to 38.8 and to change the phase angle between the output
and input from 180 to 143.3°.

If the frequency were higher, the gain would be reduced still further. For
example, this circuit would be useless as a video amplifier, say, to a few megahertz,
since the gain would then be less than unity. This variation of gain with fre-
quency is called frequency distortion. Cascaded amplifiers and frequency dis-
tortion are discussed in detail in Chap. 12.

Ovutput Admittance For the common-source amplifier of Fig. 10-30 the
output impedance is obtained by “looking into the drain” with the input
voltage set equal to zero. If V; = 0 in ¥ig. 10-30b, we see r4, Cy,, and C,pq in
parallel. Hence the output admittance with Z, considered external to the
amplifier is given by

Yo = gd + Yds + Yad (10-36)

10-11 THE COMMON-DRAIN AMPLIFIER AT HIGH FREQUENCIES

The source-follower configuration is given in Fig. 10-20b, with R, = 0, and
is repeated in Fig. 10-31a. Its equivalent circuit with the FET replaced by
its high-frequency model of Fig. 10-8b is shown in Fig. 10-31b.
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Fig. 10-31 (a) The source-follower; (b) small-signal high-frequency equiva-
lent circuit. (The biasing network is not indicated.)

Voltage Gain The output voltage V, can be found from the product of
the short-circuit current and the impedance between terminals S and N. We
now find for the voltage gain

— (gm + jwcﬂa) R, g
A7 = T F (gn F 90 + JoCDE, (10-37)
CT = Cas + Cda + Can (10-38)

where C,, represents the capacitance from source to ground. At low fre-
quencies the gain reduces to

Ay Im R
T+ (gn + IR
Note that the amplification is positive and has a value less than unity. If
gmR:>> 1, then Ay = gn/(gm + g2) = u/(u + 1).

(10-39)

Input Admittance The source follower offers the important advantage of
lower input capacitance than the CS amplifier. The input admittance Y; is
obtained by applying Miller’s theorem to Cy. We find

Y = j“-’Cad +.7""Can(1 - AV) = ijod (10—40)
because Ay =~ 1

Output Admittance The output admittance Y, with R, considered
external to the amplifier, is given by

Yo = gn + ga + juCr (10-41)
L. where Cr is given by Eq. (10-38). At low frequencies the output resistance
R,is
1 1
dm + ga gm ( )

since gm > ga. For g. = 2 mA/V, then R, = 500 Q.
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The source follower is used for the same applications as the emitter

follower, those requiring high input impedance and low output impedafi®e.
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REVIEW QUESTIONS

10-1 (@) Sketch the basic structure of an n~-channel junction field-effect transistor.

(b) Show the circuit symbol for the JFET.
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10-2 (a) Draw a family of CS drain characteristics of an n-channel JFET.
() Explain the shape of these curves qualitatively.

10-3 How does the FET behave (a) for small values of |Vps|? (b) For large
|Vbs|?

10-4 (a) Define the pinch-off voltage Vp. (b) Sketch the depletion region before
and after pinch-off.

10-5 Sketch the geometry of a JFET in integrated form.

10-6 (a) How does the drain current vary with gate voltage in the saturation
region? (b) How does the transconductance vary with drain current?

10-7 Define (a) transconductance gm, (b) drain resistance rq, and {(c) amplification
factor u of an FET.

10-8 Give the order of magnitude of g., 74, and p for a MOSFET.

10-9 Show the small-signal model of an FET (a) at low frequencies and (b) at
high frequencies.

10-10 (@) Sketch the cross section of a p-channel enhancement MOSFET.
(b) Show two circuit symbols for this MOSFET.

10-11 For the MOSFET in Rev. 10-10 draw (a) the drain characteristics and
(b) the transfer curve.

10-12 Repeat Rev. 10-10 for an n-channel depletion MOSFET.

10-13 (@) Draw the circuit of a MOSFET ~oT circuit. (b) Explain how it func-
tions as an inverter.

10-14 (a) Explain how a MOSFET is used as a load. (b) Obtain the volt-
ampere characteristic of this load graphically.

10-15 Sketch a two-input NaND gate and verify that it satisfies the Boolean NaAND
equation.

10-16 Repeat Rev. 10-15 for a two-input Nor gate.

10-17 Sketch a CMOS inverter and explain its operation.

10-18 (a) Draw the circuit of an FET amplifier with a source resistance R, and
a drain resistance Ry, (b) What is the Thévenin’s equivalent circuit looking into the
drain at low frequencies?

10-19 Repeat Rev. 10-18 looking into the source.

10-20 (@) Sketch the circuit of a source-follower. At low frequencies what is
(b) the maximum value of the voltage gain? (c¢) The order of magnitude of the out-
put impedance?
‘ 10-21 (@) Sketch the circuit of a CS amplifier. (b) Derive the expression for

the voltage gain at low frequencies. (¢) What is the maximum value of Ay?

10-22 (a) Draw two biasing circuits for a JFET or a depletion-type MOSFET.
(b) Explain under what circumstances each of these two arrangements should be used.

10-23 Draw two biasing circuits for an enhancement-type MOSFET.

10-24 (a) How is an FET used as a voltage-variable resistance? (b) Explain.

10-25 (a) Sketch the small-signal high-frequency circuit of a CS amplifier.
(b) Derive the expression for the voltage gain.

10-26 (a) From the circuit of Rev. 10-25, derive the input admittance. (b)
What is the expression for the input capacitance in the audio range?

10-27 What specific capacitance has the greatest effect on the high-frequency
response of a cascade of FET amplifiers? Explain.

10-28 Repeat Rev. 10-25 for a source-follower circuit.

10-29 Repeat Rev. 10-26 for a CD amplifier.




INTEGRATED CIRCUITS AS
ANALOG SYSTEM BUILDING 1
BLOCKS

Many analog systems (both linear and nonlinear) are constructed with
the op AMP or DIFF AMP as the basic building block. These IC’s aug-
mented by a few external discrete components, either singly or in com-
bination, are used in the following linear systems: analog computers,
voltage-to-current and current-to-voltage converters, amplifiers of
various types (for example, de¢ instrumentation, tuned, and video
amplifiers), voltage followers, active filters, and delay equalizers.

Among the nonlinear analog system configurations discussed in
this chapter are the following: amplitude modulators, logarithmic
amplifiers and analog multipliers, sample-and-hold circuits, compa-
rators, and square-wave and triangle-waveform generators.

I. LINEAR ANALOG SYSTEMS
16-1 BASIC OPERATIONAL AMPLIFIER APPLICATIONS!

An op aymp may be used to perform many mathematical operations.
This feature accounts for the name operational amplifier. Some of the
basic applications are given in this section. Consider the ideal op AmMP
of I'ig. 15-2a, which is repeated for convenience in Fig. 16-1a. Recall-
ing (Sec. 15-1) that the equivalent circuit of Fig. 16-1b has a virtual
ground (which takes no current), it follows that the voltage gain is
given by

Ay = Tf_, = - 7 (16-1)

Based upon this equation we can readily obtain an analog inverter, a
scale changer, a phase shifter, and an adder.

537
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(a)

Fig. 16-1 (a) Inverting operational amplifier with voltage-shunt feedback.
(b) Virtual ground in the op ame.

Sign Changer, or Inverter If Z = Z' in Fig. 16-1, then Ay; = —1, and
the sign of the input signal has been changed. Hence such a circuit acts
as a phase inverter. If two such amplifiers are connected in cascade, the
output from the second stage equals the signal input without change of sign.
Hence the outputs from the two stages are equal in magnitude but opposite
in phase, and such a system is an excellent paraphase amplifier,

Scale Changer If the ratio Z’'/Z = k, a real constant, then Ay, = —F,
and the scale has been multiplied by a factor —k. Usually, in such a case of
multiplication by a constant, —1 or —k, Z and Z’ are selected as precision
resistors.

Phase Shifter Assume that Z and Z’ are equal in magnitude but differ in
angle. Then the operational amplifier shifts the phase of a sinusoidal input
voltage while at the same time preserving its amplitude. Any phase shift
from 0 to 360° (or +180°) may be obtained.

Adder, or Summing Amplifier The arrangement of Fig. 16-2 may be used
to obtain an output which is a linear combination of a number of input signals.
Since a virtual ground exists at the op amp input, then

L ST TR INCY
RtRT TR,
and
v = —R'{= _<—Il%vl+l%vz+ SR +R{%vn) (16-2a)
IfR1=R2="'=R,.,then
RI
v, = —-E(v1+vg+ s 4w,) (16-2b)

and the output is proportional to the sum of the inputs.
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Fig.16-2 Operational adder, or sum- R, e
ming amplifier.

%

Many other methods may, of course, be used to combine signals. The
present method has the advantage that it may be extended to a very large
number of inputs requiring only one additional resistor for each additional
input. The result depends, in the limiting case of large amplifier gain, only
on the resistors involved, and because of the virtual ground, there is a minimum
of interaction between input sources.

Voltage-to-current Converter Often it is desirable to convert a voltage
signal to a proportional output current. This is required, for example, when
we drive a deflection coil in a television tube. If the load impedance has
neither side grounded (if it is floating), the simple circuit of Fig. 16-2 with R’
replaced by the load impedance Z is an excellent voltage-to-current converter.
For a single input v; = 2,(f}, the current in Zy is

i = U_'l(;:_) : (16-3)

Note that ¢ is independent of the load Z;, because of the virtual ground of the
operational amplifier input. Since the same current flows through the signal
source and the load, it is important that the signal source be capable of provid-
ing this load current. On the other hand, the amplifier of Fig. 16-3a requires

Fig. 16-3 Voltage-to-current converter for (o) a floating load
and (b) a grounded load Z;.
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o
i

Fig. 16-4 Current-to-voltage converter.

= —i R’
b ol = iR

very little current from the signal source due to the very large input resistance
seen by the noninverting terminal.

If the load Z. is grounded, the circuit of Fig. 16-3b can be used. In
Prob. 16-7 we show that if B3/R. = R’/R;, then

i) = — ”Rﬂ (16-4)

Current-to-voltage Converter Photocells and photomultiplier tubes give
an output current which is independent of the load. The circuit in Fig. 16-4
shows an operational amplifier used as a current-to-voltage converter. Due
to the virtual ground at the amplifier input, the current in R, is zero and
i, flows through the feedback resistor R’. Thus the output voltage v, is
v, = —1,R’. It must be pointed out that the lower limit on current measure-
ment with this circuit is set by the bias current of the inverting input. It is
common to parallel R’ with a capacitance €’ to reduce high-frequency noise.

DC Voltage Follower The simple configuration of Fig. 16-5 approaches
the ideal voltage follower. Because the two inputs are tied together (virtually),
then V, = V, and the output follows the input. The LM 102 (National Semi-
conductor Corporation) is specifically designed for voltage-follower usage and
has very high input resistance (10,000 M), very low input current (~3 nA),
and very low output resistance (~0 Q).

16-2 DIFFERENTIAL DC AMPLIFIER?

The differential-input single-ended-output instrumentation amplifier is often
used to amplify inputs from transducers which convert a physical parameter
and its variations into an electric signal. Such transducers are strain-gauge
bridges, thermocouples, etc. The circuit shown in Fig. 16-6 is very simple

Fig. 16-5 A voltage follower, V, = V,.
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R
R, v
, v oK) (100 K)
Fig. 16-6 Differential amplifier using one op ' . \A
AMP. V2 R
. 3
4
15 <10k

and uses only one op Amp. In Prob. 16-8 we show that if Ry/R; = R/ Rs,
then

Vo = %2 (V2 - V]) (16-5)
1

If the signals V, and V, have source resistances R, and R,,, then these
resistances add to R; and Rj, respectively. Note that the signal sources V,
and V; are each loaded by only a 1-K resistance. If this is too heavy a load
for the transducer, a voltage follower is used as a buffer amplifier for each -
signal. In other words, the circuit of Fig. 16-5 precedes each input in Fig.
16-6. This configuration of three IC op aMPs is a very versatile, high-per-
formance, low-cost de amplifier system.

Bridge Amplifier A differential amplifier is often used to amplify the
output from a transducer bridge, as shown in Fig. 16-7. Nominally, the four
arms of the bridge have equal resistances E. However, one of the branches
has a resistance which changes to B + AR with temperature or some other
physical parameter. The goal of the measurement is to obtain the fractional
change & of the resistance value of the active arm, or § = AR/R.

In Prob. 16-11 we find that for the circuit of Fig. 16-7, the output V,is
given by

_ AV &
V, = & 1¥4/2 . (16-6)
For small changes in R (8§ < 1) Eq. (16-6) reduces to
v, = - 45 (16-7)

oV, = AV, — V)
Fig. 16-7 Differential bridge am-
plifier. R
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16-3 STABLE AC-COUPLED AMPLIFIER

In some applications the need arises for the amplification of an ac signal,
while any de signal present must be blocked. A very simple and stable ac
amplifier is shown in Fig. 16-8a, where capacitor C blocks the de component
of the input signal and together with the resistor R sets the low-frequency 3-dB
response for the overall amplifier.

The output voltage V, as a function of the complex variable s is found
from the equivalent circuit of Fig. 16-8b (where the double-ended heavy arrow
represents the virtual ground) to be

_ ro_ V, ’
Vo= IR = = p517c B
and ‘

V, R

Avi =¥ =~ F iFi/me (16-8)

From Eq. (16-8) we see that the low 3-dB frequency is

1

fL = m (16-9)

The high-frequency response is determined by the frequency character-
istics of the operational amplifier Ay and the amount of voltage-shunt feedback
present (Sec. 14-5). The midband gain is, from Eq. (16-1), Av; = —R'/R.

AC Voltage Follower The ac voltage follower is used to provide im-
pedance buffering, that is, to connect a signal source with high internal source
resistance to a load of low impedance, which may even be capacitive. In
Fig. 16-9 is shown a practical high-input impedance ac voltage follower using
the LM 102 operational amplifier. We assume that C; and C, represent short
circuits at all frequencies of operation of this circuit. Resistors Ry and R, are
used to provide RC coupling and allow a path for the de input current into the
noninverting terminal. In the absence of the bootstrapping capacitor Cs, the
ac signal source would see an input resistance of only By + R, = 200 K. Since

E ¢ R : (i__ R’
V, o-AAMNAH p oV, + —I’ T V*+
_[5 g_
@

i

()

Fig. 16-8 (a) AC stable feedback amplifier. (b) Equiva-
lent circuit when JAy| = .
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Fig. 16-9 AC voltage follower. . (Courtesy C,
\A

of National Semiconductor Corporation.) (0.01 4F)

(100-K)

(100 K)

the LM 102 is connected as a voltage follower, the voltage gain Ay between
the output terminal and the noninverting terminal is very close to unity.
Thus, from our discussion in Sec. 8-16, the input resistance the source sees
becomes, approximately, R;/(1 — Ay), which is measured to be 12 M at
100 Hz and increases to 100 M at 1 kHa.

16-4 ANALOG INTEGRATION AND DIFFERENTIATION!

The analog integrator is very useful in many applications which require the
generation or processing of analog signals. If, in Fig. 16-1, Z = R and a
capacitor C is used for Z’, as in Iig. 16-10, we can show that the circuit per-
forms the mathematical operation of integration. The input need not be
sinusoidal, and hence is represented by the lowercase symbol v = v(t). (The
subscript s is now omitted, for simplicity.) In Fig. 16-10b, the double-headed
arrow represents a virtual ground. Hence ¢ = /R, and

va=——61,fidt=—Rl—C[vdt © (16-10)

The amplifier therefore provides an output voltage proportional to the integral
of the input voltage.

If the input voltage is a constant, v = V, then the output will be a ramp,
v, = —Vt/RC. Such an integrator makes an excellent sweep circuit for a
cathode-ray-tube oscilloscope, and is called a Miller integrator, or Miller sweep.?

DC Offset and Bias Current The input stage of the operational amplifier
used in Iig. 16-10 is usually a pirr avp. The de input offset voltage Vi,
appears across the amplifier input, and this voltage will be integrated and will
appear at the output as a linearly increasing voltage. Part of the input bias
current will also flow through the feedback capacitor, charging it and produc-
ing an additional linearly increasing voltage at the output. These two ramp
voltages continue to increase until the amplifier reaches its saturation point.
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C
¢ . —
y R N j Fig. 1610 () Opera-
© P ,__2’ + +  tional integrator. (b)
v . -
2 c_ Equivalent circuit.
o
(a) (b)

We see then that a limit is set on the feasible integration time by the above
error components. The effect of the bias current can be minimized by
increasing the feedback capacitor €' while simultaneously decreasing the value
of R for a given value of the time constant RC.

Finite Gain and Bandwidth The integrator supplies an output voltage
proportional to the integral of the input voltage, provided the operational
amplifier shown in I'ig. 16-10a has infinite gain |4y| — % and infinite band-
width. The voltage gain as a function of the complex variable s is, from
Eq. (16-1),

Avi(s) = = — 7= — 5+ (16-11)

and it is clear that the ideal integrator has a pole at the origin.
Let us assume that in the absence of C the operational amplifier has a

dominant pole at fi, or s; = —2xf;. Hence its voltage gain 4, is approxi-
mated by
4, Avo Av (16-12)

T1HG T T =s/s

If we further assume that R, = 0 in Fig. 15-3, then A, = Ay. Substituting
Eq. (16-12) in Eq. (15-2) with R; = « and using |Av.| 3> 1, [Av.|RC > 1/[s1],
we find

S 1

Avi = = g A (s + Avest)(s — 1/RCAy,)

(16-13)

where Ay, is a negative number and represents the low-frequency voltage gain
of the operational amplifier.

The above transfer function has two poles on the negative real axis as
compared with one pole at the origin for the ideal integrator. In Fig. 16-11
we show the Bode plots of Iigs. (16-11) to (16-13). We note that the response
of the real integrator departs from the ideal at both low and high frequencies.
At high frequencies the integrator performance is affected by the finite band-
width (—s;/27) of the operational amplifier, while at low frequencies the
integration is limited by the finite gain of the op anip.
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20 dB log 14y, I},

A}

\\ & Ideal integrator

N LOpen ~loop gain A,
20 log 1A 1 ~

i N

fiy fi o\ vy 1deal log f
Real N
integrator —12 dB/octave

Fig. 16-11 Bode magnitude plots of open-loop or amr gain Ay,
ideal integrator and real integrator. Note that fi; = 1/27RC|Av,|
and fiy = Av,s,/2w.

Practical Circuit A practical integrator must be provided with an external
circuit to introduce initial conditions, as shown in Fig. 16-12. When switch
S is in position 1, the input is zero and capacitor C is charged to the voltage V,
setting an initial condition of v, = V. When switch S is in position 2, the
amplifier is connected as an integrator and its output will be V plus a con-
stant times the time integral of the input voltage v. In using this circuit,
care must be exercised to stabilize the amplifier and R, must be equal to E; to
minimize the error due to bias current.

Ganged switch sections

Fig. 16-12 Practical integrator cir- UM ¢
cuit. For minimum offset error due to w 84 ou,
input bias current it is required that _[—<1>

R, = R,. (Courtesy of National . R,
Semiconductor Corporation.)
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V\/\‘—T+ Fig. 18-13 Equivalent circuit of the opera-
y tional differentiator.

Ik

Differentiator If Z is a capacitor C and if Z’ = R, we see from the
equivalent circuit of Fig. 16-13 that ¢ = C dv/df and

. dv
v.= —Ri = —RC T (16-14)

Hence the output is proportional to the time derivative of the input. If the
input signal is v = sin wf, then the output will be v, = — RCw cos wt. Thus
the magnitude of the output increases linearly with increasing frequency, and
the differentiator circuit has high gain at high frequencies. This results in
amplification of the high-frequency components of amplifier noise, and the
noise output may completely obscure the differentiated signal.

The General Case In the important cases considered above, Z and Z’
have been simple elements such as a single B or C. In general, they may be
any series or parallel combinations of R, L, or C. Using the methods of
- Laplace transform analysis, Z and Z’ can be written in their operational form
as Z(s) and Z’(s), where s is the complex-frequency variable. In this notation
the reactance of an inductor is written formally as Ls and that of a capacitor
as 1/sC. The current I(s) is then V(s)/Z(s), and the output is

Z'(s)
0]

The amplifier thus solves this operational equation.

Vo(s) = — V(s) (16-15)

16-5 ELECTRONIC ANALOG COMPUTATION!

The op AP is the fundamental building block in an electronic analog computer.
As an illustration, let us consider how to program the differential equation

dt2 kY 5 P+ Kw—1=0 (16-16)
where vy is a given function of time, and K; and K, are real positive constants.

We begin by assuming that d?/d¢? is available in the form of a voltage.
Then, by means of an integrator, a voltage proportional to dv/d¢ is obtained.
A second integrator gives a voltage proportional to ». Then an adder (and
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scale changer) gives — K (dv/dt) — K + v1. From the differential equation
(16-16), this equals d%/dt?, and hence the output of this summing amplifier
is fed to the input terminal, where we had assumed that d%/dt* was available
in the first place.

The procedure outlined above is carried out in Fig. 16-14. The voltage
d?v/dt? is assumed to be available at an input terminal. The integrator (1)
has a time constant RC = 1 s, and hence its output at terminal 1 is—dv/dt.
This voltage is fed to a similar integrator (2), and the voltage at terminal 2 is
+v. The voltage at terminal 1 is fed to the inverter and scale changer (3),
and its output at terminal 3 is +K,(dv/dt). This same operational amplifier
(3) is used as an adder. Hence, if the given voltage v1(f) is also fed into it as
shown, the output at terminal 3 also contains the term —u;, or the net output is
+ K (dv/dt) — v;. Scale changer—-adder (4) is fed from terminals 2 and 3, and
hence delivers a resultant voltage — Ky, — Ki(dv/dt) + v, at terminal 4. By
Eq. (16-16) this must equal d?/dt?, which is the voltage that was assumed to
exist at the input terminal. Hence the computer is completed by connecting
terminal 4 to the input terminal. (This last step is omitted from Fig. 16-14
for the sake of clarity of explanation.)

The specified initial conditions (the value of dv/dt and v at ¢ = 0) must
now be inserted into the computer. We note that the voltages at terminals 1
and 2 in Tig. 16-14 are proportional to dv/dt and v, respectively. Hence
initial conditions are taken care of (as in Fig. 16-12) by applying the correct
voltages V; and V, across the capacitors in integrators 1 and 2, respectively.

The solution is obtained by opening switches S; and S; and simultaneously -

Vl Sl V2 S2
—-o—°— —o— R
d_"‘" c dv c d
dat? R ~da R +v B ~Kyu - K, £+,
O— AN\ 0N\ 0 dt
Input 1 © 2 4
Integrator Integrator Adder
RC=1 RC=1

Fig. 16-14 A block diagram of an electronic analog computer. Att = 0, S, and S
are opened and S; is closed. Each op amp input is as in Fig. 16-12,
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closing S; (by means of relays) at ¢ = 0 and observing the waveform at ter-
minal 2. If the derivative dv/dt is also desired, its waveform is available at
terminal 1. The indicator may be a cathode-ray tube (with a triggered sweep)
or a recorder or, for qualitative analysis with slowly varying quantities, a high-
impedance voltmeter.

The solution of Eq. (16-16) can also be obtained with a computer which
contains differentiators instead of integrators. However, integrators are
almost invariably preferred over differentiators in analog-computer applica-
tions, for the following reasons: Since the gain of an integrator decreases with
frequency whereas the gain of a differentiator increases nominally linearly
with frequency, it is easier to stabilize the former than the latter with respect
to spurious oscillations. As a result of its limited bandwidth, an integrator is
less sensitive to noise voltages than a differentiator. Further, if the input
waveform changes rapidly, the amplifier of a differentiator may overload.
Finally, as a matter of practice, it is convenient to introduce initial conditions
in an integrator.

16-6 ACTIVE FILTERS*

Consider the ideal low-pass-filter response shown in Fig. 16-15a. In this plot
all signals within the band 0 < f < f, are transmitted without loss, whereas
inputs with frequencies f > f, give zero output. It is known® that such an
ideal characteristic is unrealizable with physical elements, and thus it is

144D
(a)
0 \ fon f
'
]
Ay (N1 H
: ]
(b) * .
'
! Fig. 16-15 Ideal filter characteristics.
1 (o) Low-pass, (b) high-pass, and (c)
0 foL ¥ f
! ! bandpass.
i !
14y ()] ! '
i ]
() ' ’
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necessary to approximate it. An approximation for an ideal low-pass filter
is of the form

Ay(s) = P, (s) (16-17)
where P,(s) is a polynomial in the variable s with zeros in the left-hand plane.
Active filters permit the realization of arbitrary left-hand poles for Av(s),
using the operational amplifier as the active element and only resistors and
capacitors for the passive elements.

Since commercially available op AMPs have unity gain-bandwidth prod-
ucts as high as 100 MHz, it is possible to design active filters up to frequen-
cies of several N[Hz. The limiting factor for full-power response at those
high frequencies is the slewing rate (Sec. 15-6) of the operational amplifier.
(Commercial integrated op AMPs are available with slewing rates as high as
100 V/us.)

Butterworth Filter® A common approximation of Eq. (16-17) uses the
Butterworth polynomials B,(s), where

Av(s) = BA(“’) (16-18)

and with s = jo,
AV02
[Av(s)* = [Av(s)] [Av(—s)| =

1+ (w/wo)?"
From Eqgs. (16-18) and (16-19) we note that the magnitude of B,(w) is given by

[Bu()] = 41 + (w%)z" (16-20)

The Butterworth response [Eq. (16-19)] for various values of n is plotted in
Fig. 16-16. Note that the magnitude of Ay is down 3 dB at w = w, for all n.
The larger the value of n, the more closely the curve approximates the ideal
low-pass response of Fig. 16-15a.

If we normalize the frequency by assuming w, = 1 rad/s, then Table 16-1
gives the Butterworth polynomials for n up to 8. Note that for n even, the
polynomials are the products of quadratic forms, and for n odd, there is present
the additional factor s + 1. The zeros of the normalized Butterworth poly-
nomials are either —1 or complex conjugate and are found on the so-called
Butterworth circle of unit radius shown in Fig. 16-17. The damping factor k
is defined as one-half the coefficient of s in each quadratic factor in Table
16-1. For example, for n = 4, there are two damping factors, namely,
0.765/2 = 0.383 and 1.848/2 = 0.924. It turns out (Prob. 16-20) that k is-
given by

(16-19)

k = cos @ (16-21)
where 8 is as defined in Fig. 16-17a for n even and Fig. 16-17b for n odd.
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TABLE 16-1 Normalized Butterworth polynominals

n Factors of polynomial P,(s)

(s+1)

(s2 + 1.4145 + 1)

8+ 1)(E2+s+1)

(s + 0.765s + 1)(s? + 1.848s 4+ 1)

(s + 1)(s? 4+ 0.618s + 1)(s* + 1.618s + 1)

(s? 4+ 0.518s + 1)(s% + 1.414s + 1)(s? + 1.932s + 1)

(s + 1)(s? + 0.445s + 1)(s? + 1.247s + 1)(s? + 1.802s + 1)

(s2 4 0.390s 4+ 1)(s? + 1.111s + 1)(s? + 1.663s + 1)(s%? 4 1.962s 4 1)

00 NI O N

From the table and Eq. (16-18) we see that the typical second-order
Butterworth filter transfer function is of the form

Av(s) _ 1

Ay, (s/w0)? + 2k(s/wa) + 1 (16-22)

where w, = 2uf, is the high-frequency 3-dB point. Similarly, the first-order
filter is

Av(s) 1

Ave ~ 5/on F1 (16-23)

Practical Realization Consider the circuit shown in Fig. 16-18a, where
the . active element is an operational amplifier whose stable midband gain

10 " T
< \
3 \
_g \ | ‘ n=1
5 A )
8 o1 n= | \ Fig. 16-16 Butterworth low-
+——\ pass-filter frequency re-
n= \‘k \ sponse.
|
. 1L
n="71 —"’l B
Z \ ‘
001

01 10 100
Normalized frequency, w/w,
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Fig. 16-17 The Butterworth circle for (a) n even and (b)
n odd. Note that for n odd, one of the zerosis ats = —1,

Vo/Vi= Avo = (R1 + R})/R: [Eq. (15-4)] is to be determined. We assume
that the amplifier input current is zero, and we show in Prob. 16-25 that

A (8) — Kq — AV0Z3Z4
v Ve Z3(Z1+ Z2 ¥ Zs) + Z1Z2 + Z:Z+(1 — Avy)

If this network is to be a low-pass filter, then Z, and Z, are resistances and
Zy and Z, are capacitances. Let us assume Z; = Z, = Rand C; = C4 = C,
as shown in Fig. 16-18b. The transfer function of this network takes the form

(1/RC)*

(16-24)

A = Ay, 16-25
v(s) v2+ 3 A, N Y (16-25)
s rC )° T \RC
Comparing Eq. (16-25) with Eq. (16-22), we find
wo = Fl(? (16-26)
and
2k =3 — Ay, or Ay, =3 — 2k (16-27)

We are now in a position to synthesize even-order Butterworth filters
by cascading prototypes of the form shown in Fig. 16-18b, using identical
R’s and C’s and selecting the gain Ay, of each operational amplifier to satisfy
Eq. (16-27) and the damping factors from Table 16-1.

To realize odd-order filters, it is necessary to cascade the first-order filter
of Eq. (16-23) with second-order sections such as indicated in Fig. 16-18b.
The first-order prototype of Fig. 16-18¢ has the transfer function of Eq.
(16-23) for arbitrary Ay, provided that w, is given by Eq. (16-26). For
example, a third-order Butterworth active filter consists of the circuit in
Fig. 16-18b in cascade with the circuit of Fig. 16-18¢, with R and C chosen so
that RC = 1/w,, with Ay, in Fig. 16-18b selected to give k = 0.5 (Table 16-1,
n = 3), and Av, in Fig. 16-18¢ chosen arbitrarily.
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) (0

Fig. 16-18 (a) Generalized active-filter prototype. (b) Second-order low-
pass section. (c) First-order low-pass section.

EXAMPLE Design a fourth-order Butterworth low-pass filter with a cutoff fre-
quency of 1 kHz.

Solution We cascade two second-order prototypes as shown in Fig. 16-19. For
n = 4 we have from Table 16-1 and Eq. (16-27)

Ari =3 — 2k, = 3 — 0.765 = 2.235

10K 1235 K 10K 152 K

0.16 0.16
T I

0.16 0.16

Tp.F :__E;m

Fig. 16-19 Fourth-order Butterworth low-pass filter with f, = 1 kHz.
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and
Ay, =3 — 2k, = 3 — 1.848 = 1.152

From Eq. (15-4), Ay, = (Ry + R)/R,. If we arbitrarily choose R, = 10 K,
then for Ay, = 2.235, we find R} =12.35 K, whereas for Ay, = 1.152, we find
R; = 1.520 K and R, = 10 K. To satisfy the cutoff-frequency requirement, we
have, from Eq. (16-26), f, = 1/2rRC. We take R = 1 K and find C = 0.16 pF.
Figure 16-19 shows the complete fourth-order low-pass Butterworth filter.

High-pass Prototype An idealized high-pass-filter characteristic is
indicated in Fig. 16-15b. The high-pass second-order filter is obtained from the
low-pass second-order prototype of Eq. (16-22) by applying the transformation

8 Wo

;‘, low»pass_.’ ;_ high-pass (16_28)

Thus, interchanging R’s and C’s in Fig. 16-18b results in a second-order
high-pass active filter.

Bandpass Filter A second-order bandpass prototype is obtained by
cascading a low-pass second-order section whose cutoff frequency is fon with a
high-pass second-order section whose cutoff frequency is f,r, provided for > for,
as indicated in Fig. 16-15¢.

Band-reject Filter Figure 16-20 shows that a band-reject filter is obtained
by paralleling a high-pass section whose cutoff frequency is f,. with a low-pass

Aylfl
Low-pass
f oH f
Avylfl
High-pass
f oL f
Aylfl
Band-
reject
f
f oH f oL
(a) b)

Fig. 16-20 (a) ldeal band-reject-filter frequency response. (b) Parallel combina-
tion of low-pass and high-pass filters results in a band-reject filter.
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Fig. 16-21 A resonant circuit.

R

section whose cutoff frequency is fou. Note that for band-reject characteris-
tics it is required that for < for.

16-7 ACTIVE RESONANT BANDPASS FILTERS?

The idealized bandpass filter of Fig. 16-15¢ has a constant response for f,;, <
f < forr and zero gain outside this range. An infinite number of Butterworth
sections are required to obtain this filter response. A very simple approxima-
tion to a narrowband characteristic is obtained using a single LC resonant
circuit. Such a bandpass filter has a response which peaks at some center
frequency f, and drops off with frequency on both sides of f,. A basic proto-
type for a resonant filter is the second-order section shown in Fig. 16-21, whose
transfer function we now derive.

If we assume that the amplifier provides a gain A, = V,/V; which is
positive and constant for all frequencies, we find /

Vo _ VoVi _ RA,
V. ViV, R FjL — 1/a0)

Av(jw) = (16-29)
The center, or resonant, frequency f, = w,/2mr is defined as that frequency
at which the inductance resonates with the capacitance; in other words, the
inductive and capacitive reactances are equal (in magnitude), or
1

w? = o (16-30)

It is convenient to define the quality factor @ of this circuit by

_el_ 1 _1 [ _
0= = om = 7N 1651

Substituting Eq. (16-31) in Eq. (16-29), we obtain the magnitude and phase
of the transfer function

14y ()| = 4,

21
[rre-9)]
0(w) = —arctan Q (3' - ﬁ’) (16-33)

Wo [6)

(16-32)
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Fig. 16-22 The bandpass characteristics of a tuned circuit. (a) Amplitude and (b)
phase response.

Normalized Eqs. (16-32) and (16-33) are plotted in TFig. 16-22 for different
values of the parameter Q.

Geometric Symmetry In the [4v(jw)| curves of Tig. 16-22 it is seen that, j
for every frequency o' < w,, there exists a frequency '’ > w, for which
|Av(jw)| has the same value. We now show that these frequencies have w,
as their geometric mean; that is, w,? = w'w'’.

Setting |Av(jo')| = |Av(jw'")|, we obtain

! 1
%—g%=—(ﬁ-#> (16-34)

where the minus sign is required outside the parentheses because o’ < «, < ’'.
From Eq. (16-34) we find

wo? = w'w’ (16-35)
Bandwidth Let w; < w, and w2 > w, be the two frequencies on either

side of w, for which the gain drops by 3 dB from its value 4, at w,. Then the
bandwidth is defined by

—_ 2
BEW%M=%GVﬁq (16-36)

w2

where use is made of Eq. (16-35). The frequency w: is found by setting

l#%%zéi (16-37)
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From Eq. (16-32) it follows that

2
0 (% _ &’g) -1-9 (w,_, _ “’_0) (16-38)
Wo w2 Wo W2

Comparing Eq. (16-36) with Eq. (16-38), we see that

_lw _ 1
F=%ae"0
The bandwidth is given by the center frequency divided by Q.
Substituting Eq. (16-31) in Eq. (16-39), we find an alternative expression
for B, namely,

B- Lok 1E (16-40)

(16-39)

Active RC Bandpass Filter The general form for the second-order band-
pass filter is obtained if we let s = jw in Eq. (16-29).

RA, ‘ (R/L)Aes

) = Tl 4 150 ~ o F s(R/L) + 1/LC (16-41)
Substituting Eqs. (16-30) and (16-31) into (16-41) yields
Ap(s) = @/ DAes (16-42)

8* + (wo/Q)s + wo

The transfer function of Eq. (16-42) obtained from the RLC circuit shown in
Fig. 16-21 can be implemented with the multiple-feedback circuit of I'ig. 16-23,
which uses two capacitors, three resistors, and one op axp, but no inductors.
If we assume that the op aMP voltage gain is infinite, we show in Prob. 16-29
that

Vo(s) _ s/R\C, .
L i O W (1649
R;C,C, R'R;C\C,
where R’ = R,||R;, or
,_ RiR,
L A (16-44)

Fig. 16-23 An active resonant filter
2+ without an inductance.
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Equating the corresponding coefficients in the three transfer functions of Egs.
(16-41), (16-42), and (16-43) yields

L Q

R101 = m: = “m (16-45)
. L@

B ¥G™ R (1645

R'RsC\Cy = LC = % (16-47)

Any real positive values for R;, R’, R;, C1, and C. which satisfy Eqs. (16-45)
to (16-47) are acceptable for the design of the active bandpass filter. Since
we have only three equations for the five parameters, two of these (say, C and
C2) may be chosen arbitrarily.

EXAMPLE Design a second-order bandpass filter with a midband voltage gain
A, = 50 (34dB), a center frequency f, = 160 Hz, and a 3-dB bandwidth B = 16 Hz.

Solution From Eq. (16-39) we see that the required @ = 160/16 = 10. The
center angular frequency is w, = 2xf, = 2r X 160 = 1,000 rad/s. Assume
Cy=0Cy;=0.1puF. From Eq. (16-45)

Q 10
A.,C; 50 X 108 X 0.1 X 108

From Eq. (16-46)
Q 10

2=2K

R, =

Ry = = Q =200 K
wo (=292 ) 1,000 (L1XOL) ¢ 100
¢+, 0.2
From Eq. (16-47)
gup— L = 500 @

T @R CiC: 10° X 2 X 105 X 101
Finally, from Eq. (16-44)

R\ R 2,000 X 500
R, — R 2,000 — 500

If the above specifications were to be met with the RLC circuit of Fig. 16-21,
an unreasonably large value of inductance would be required (Prob. 16-32).

R, = = 667 Q

16-8 DELAY EQUALIZER

Signals such as digital data pulses transmitted over telephone wires suffer from
delay distortion, discussed in Sec. 12-2. For the compensation of this distortion,
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Fig. 16-24 (a) General form of delay equalizer. (b) Practical equalizer section
using the uA702. (Courtesy of Fairchild Semiconductor, Inc.)

corrective networks known as delay equalizers are required. A delay equalizer
is an all-pass network whose transfer function is of the form
Ay = Vo _RB—jX
V. R+4;X
We see from Eq. (16-48) that the amplitude of Ay is unity throughout the
useful frequency range, and the delay D is given by the derivative of the phase
of Ay with respect to frequency, or

D(w) = —2 4 [arctan X(w)] (16-49)

(16-48)

dw R

A delay equalizer using an operational amplifier is shown in Fig. 16-24a. The
transfer function for this configuration is found in Prob. 16-33 to be

Z1\Zs — ZyZ,
= &8 T 16-5
=@ ¥ 2 (16-50)
ForZ,=Z,=R =1K, Z; = R;, and Z, = jX, Eq. (16-50) becomes
R; —jX
Ay = 5—25% 16-51
\4 Rs +]X ( )

which is the desired all-pass characteristic of the delay equalizer. A practical
delay equalizer is shown in Fig. 16-24b using the Fairchild pA702 op amp. The
low offset voltage of this amplifier allows a larger number of sections to be
directly coupled. This advantage is particularly significant when we consider
the fact that in many applications eight or more sections in cascade are required
to compensate for the delay distortion.

16-9 INTEGRATED CIRCUIT TUNED AMPLIFIER

The differential amplifier stage in monolithic integrated form (Fig. 16-25) is an
excellent basic building block for the design of a tuned amplifier (including
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100
Fig. 16-25 The MC 1550 inte-
grated circvit. (Courtesy of
Motorola Semiconductor Inc.) 80
10
40

automatic gain control), an amplitude modulator, or a video amplifier. We
now discuss these applications.

Operation of a Tuned Amplifier This circuit is designed to amplify a
signal over a narrow band of frequencies centered at f,. The simplified sche-
matic diagram shown in Fig. 16-26 is used to explain the operation of this
circuit. The external leads 1, 2, 3, . . . of the IC in this figure correspond
to those in Fig. 16-25. The input signal is applied through the tuned trans-

Fig. 16-26 Tuned amplifier consisting of the Q1-Q3 cascode, with
the gain controlled by Q2.
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former T'1 to the base of Q1. The load Ry, is applied across the tuned trans-
former T2 in the collector circuit of Q3. The amplification is performed by
the transistors @1 and @3, whereas the magnitude of the gain is controlled by
Q2. The combination of @Q1-@Q3 acts as a common-emitter common-base
(CE-CB) pair, known as a cascode combination. In Prob. 8-39 we show that
the input resistance and the current gain of a cascode circuit are essentially
the same as those of a CE stage, the output resistance is the same as that of a
CB stage, and the reverse-open-circuit voltage amplification is given by
he = hyehey = 10~7. The extremely small value of h, for the cascode transistor
pair makes this circuit especially useful in tuned-amplifier design. The reduc-
tion in the “reverse internal feedback” of the compound device simplifies tun-
ing, reduces the possibility of oscillation, and results in improved stability of
the amplifier.

The voltage Vagc applied to the base of @2 is used to provide automatic
gain control. From Fig. 15-9 we see that if V¢ is at least 120 mV greater
than Vg, @3 is cut off and all the current of Q1 flows through Q2. Since Q3
is cut off, its transconductance is zero and the gain 4y = V,/V, becomes zero.
If Vgc is less than Vi by more than 120 mV, @2 is cut off and the collector
current of Q1 flows through @3, increasing the transconductance of @3 and
resulting in maximum voltage gain Ay.

An important advantage of this amplifier is its ability to vary the value
of Ay by changing Vec without detuning the input circuit. This follows
from the fact that variations in Vgc cause changes in the division of the
current between Q2 and Q3 without affecting significantly the collector current
of Q1. Thus the input impedance of @1 remains constant and the input circuit
is not, detuned.

Biasing of this integrated amplifier is obtained using a technique similar
to that discussed in Sec. 9-7. The voltage V and resistor R establish the dc
current Ip; through the diode D1. Since the diode and transistor @1 are on
the same silicon chip, very close to each other, and with Vp, = Vg, the
collector current I¢; of Q1 is within 5 percent of Ip;.

y-parameters In the design of tuned amplifiers, it is convenient to
characterize the amplifiers as a two-port network and measure the y-parameters
at the frequency of operation. These y-parameters are defined by choosing
the input and output voltages V; and V, as independent variables and express-
ing the currents I, and I, in Fig. 16-27a in terms of these two voltages. Thus

yuVi + yVy (16-52)
ya Vi + Y22V ) (16-53)

I
I,

where the I’s and V’s represent rms values of the small-signal currents and
voltages. The circuit model satisfying these equations is indicated in Fig.
16-27b.
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Fig. 16-27 (a) Cascode pair. (b) y-parameter two-port model.

The y-parameter in Eqs. (16-52) and (16-53) and Fig. 16-27b are complex-
valued functions of frequency which are defined as follows:

yu = Gu + jBn = % Vemo = short-circuit input admittance
Y12 = G2 + B2 = T{v—; Vim0 =;§1§1€§;§£Zglt reverse transfer
Y = Gy — jBay = T{,—j ico = :lé%f;g::ggt forward transfer
Y22 = Gop + jBay = 1% Vieo = short-circuit output admittance

For a given device, single transistor or cascode pair, these parameters
may be specified as explicit functions of frequency, or, as is more often the
case, as graphs of the real and imaginary parts, the conductance G and the
_susceptance B, versus frequency. The data sheet of the MC 1550 gives the
y-parameters measured on the General Radio 1607A immittance bridge.
Typical measured values are shown in Fig. 16-28. The internal feedback
factor y12 is not shown because it was found to be less than 0.001 mA/V (m3)
and is neglected.

Let us consider the two-port network of Fig. 16-27b terminated at the
output by a load admittance Y and driven by a current source I, with source
admittance Y,. The equivalent admittance seen by the current source is
Yo =Y.+ Y. In Prob. 16-36 we show that

I, Yi12Y21
Y,‘ =T = - <5 16-54
Vi Yn Y22 + Y, ( )

and the output admittance is

I, Y12Y21
Y, =% = — J1zga 16-55
Ve Yer yn + Y, ( )

Since y12 = 0, then Y; = y;; and Y, = y,s.
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Fig. 16-28 The y-parameters of the MC 1550 for Ve = 6.0V and Vge = 0V as
functions of frequency. (a) The parameter y,,, (b) the parameter y,,, (c) the param-
eter y;2. (Courtesy of Motorola, Inc.)

The average power P,, delivered by the current source to the two-port
is the power dissipated in the conductive part of Y, or

Puv = $Vi? Re [Vollt (16-56)

If Re [Y.q] becomes negative at some frequency w;, the network absorbs
negative power; in other words, power is supplied to the source by the network.
We note from Eq. (16-54) that if y;; =~ 0 and Re [y1;] > 0 and Re [Y,] > 0,
the circuit cannot oscillate.

t Re [Y,,] means the real part of Y., and V, is the rms value of the input voltage.
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The current gain Ar and voltage gain Ay are found in Prob. 16-37 to be
given by

Iz y2lYL
Ar=—F=— 6-
! I, Y1122 — Yoy + ynYe (16-57)
and
Vs Y21
Ay = 22— _ _Yun .
v Vi Yo2 + Y, (16 58)

A Practical Tuned Amplifier A hybrid monolithic circuit which
embodies the principles discussed above is indicated in Fig. 16-29. (For the
moment, assume that the audio generator V, is not present; Vo, = 0.) The
shaded block is the MC 1550 IC chip of Fig. 16-25. All other components are
discrete elements added externally. Resistors B; and R, bias the diode D1
(and hence determine the collector current of Q1). These resistors also estab-
lish the bias voltage for Q3. Resistors EB; and R, serve to “widen” the AGC
voltage range from 120 mV to approximately 850 mV, thus rendering the AGC
terminal less susceptible to external noise pickup.

Vage = Vee =
35V 60V

L Muned to
45 MHz
Fig. 16-29 A practical 45-MHz tuned amplifier (with
Vo = 0), or an RF modulator if V, £ 0. (Courtesy of
Motorola Semiconductor, Inc.)



564 / INTEGRATED ELECTRONICS Sec. 16-9

The source V, is a 45-MHz RI" (radio-frequency) generator whose resis-
tance is 50 Q. The transformers are wound with No. 32 wire on T12-2 cores;
T1 with 6:18 turns has a magnetizing inductance Ly = 1.1 uH, and T2 with
30:3 turns gives Ly = 2.5 pH. The variable capacitors in Fig. 16-29 are
adjusted so as to resonate with these inductors at 45 MHz.

For maximum power gain through an amplifier the source admittance
and load admittance must be selected to be the complex conjugates of the
input admittance Y; =~ yi1 and of the output admittance Y, = y.,, respec-
tively. In place of transformers, L.C networks may be used to obtain this
matching. In Fig. 16-30, the input network consisting of Ci, Cy, and L,
transforms the 50-Q resistance of the source into the complex conjugate of y1..
The values of Cy, C», and L, are calculated using techniques in Ref. 8. The out-
put network consists of C3, ('y, and L, and transforms the 50-2 load resistance
into the complex conjugate of ys.. The center frequency for this amplifier is
60 MHz, the bandwidth is 500 kHz, and the power gain is measured to be
30 dB.

Amplitude Modulator The RI' carrier signal V, may be varied in
amplitude by changing the AGC voltage. Hence, if an audio signal V, is
applied to terminal 10 in Fig. 16-29 so as to modify the AGC voltage, the
output will be the amplitude-modulated waveform indicated in Fig. 4-27.

The gain of the Q1-@3 cascode is proportional to |y, as indicated in
Eq. (16-58). The parameter y.; depends upon the collector current of @3,
which can be varied by changing Vagc. Figure 16-31 shows the variation of
|y21| versus Vage at the frequency of 45 MHz. From the curve we see that
between Viee = 2.75 V and Vuge = 4.25 V, |y is linear with Vyee. By
biasing the AGC line to 3.5 V (point B on the curve) and impressing an audio
sinusoidal signal V, on the base of Q2 (as indicated in Fig. 16-29), |y.i] will
vary sinusoidally. From Eq. (16-38) the gain Ay will also vary sinusoidally
with the audio signal. Thus the amplifier output will be an amplitude-
modulated signal.

r—o 1 90
C, == (40 pF)

C,=F (200 pF) X500
50 2

L, § 02 uH) Ly3(026 uH) | v,

C, T (33 pF)
04 6

Yl = yl‘l YL = y;ﬂ
(a) )

Fig. 16-30 Matching networks for maximum power transfer in a
60-MHz tuned amplifier (a) at the input and (b) at the output.

< (27 pF)
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16-10 A CASCODE VIDEO AMPLIFIER

A video amplifier, as opposed to a tuned amplifier, must amplify signals over
a wide band of frequencies, say up to 20 MHz. The MC 1550 can be used
as a cascode video amplifier (Fig. 16-32a) by avoiding tuned input and output
circuits. Between pins 1 and 4, 50 Q is inserted in order to properly terminate
the coaxial cable carrying the video signal. This small resistance has negligible
effect on the biasing of Q1. The load Ry is placed directly in the collector lead
of Q3. )

The small-signal analysis of this video amplifier can be made using the
approximate equivalent circuit of Fig. 16-32¢c. If both transistors @2 and @3
are operating in their active region, the collector of @1 sees the very small
input resistance (re||7e;) of two common-base stages in parallel. We can rep-
resent Q1 with its hybrid-II model, and due to the very low load on @1, we can
neglect the effect of C.. The video output is taken from the collector of @3,
which is operating as a common-base stage. We shall assume that Q3 can
be represented by a current source a3]s, where I; is the emitter signal current
of @3 and a; = 1 and is independent of frequency over the band of frequencies
under consideration. C, represents the capacitance from the collector of @1
and @3 to the substrate (ground).

From Fig. 16-32¢ we find (Prob. 16-42)

Va _ 030 m 1

v, 3T bbr
Tealsb ( 1 n 1 1 s(J,) (}7 + 1 + sgx) [L + s(C, + C;)]
Tor  Tore Tez  Tes L2
(16-59)
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three different values of V qc; (¢) ap

The MC 1550 used as

From Eq. (3-14) the emitter-base-

is given by r, = nVy¢/Ig, where Ig

(c)

a video amplifier; (b) frequency response for
proximate small-signal equivalent circuit.

diode incremental resistance re (re or 7.3)
is the quiescent emitter current.

EXAMPLE Design a video amplifier, using the circuit of Fig. 16-32 and the

MC 1550, to provide voltage gai
than 20 MHz when Ve = 0.

n Ay = V,/V; = —25 and bandwidth greater
Assume Vee =6 V, hy, = 50, ry = 50 €,

C,=5pF, C, =5pF, Ir, = 1 mA, and fr = 900 MHz.
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Solution The low-frequency voltagegain V,/V;isfound from Eq. (16-59) by letting
s = 0. When Vg = 0, transistor Q2 is cut off and all the collector current of
Q1 flows through Q3. Since Iz, = 0, then r,, = nVr/Igs = © and

VT 52 mV
Feg =1 — =

= = 52 Q at 25°C
153 1 mA

From Sec. 11-2 we obtain

g =£ﬂ—i—385x103 AV
" Ve 26
Thre = ﬁ/—' = _?50 Q=130 K
gm 385 X 1073
and
—3
== . 38.5 X 10 F = 6.80 pF
orfr 2 X 3.14 X 900 X 10°5
If we assume a3 = 1, we find from Eq. (16-59)
Vo 38.5 X 1073 1
Avo=Fileo ™ T Tmaxs0 (1 1 11
‘ ) X = X =
(50 * 1,300) 52" Ry
= —37.2 X 107°R,
Thus
Av, = —25 = =372 X 1073 X R,
or
25
R, =— X100 =6752
LT g2

The voltage transfer function of Eq. (16-59) has thl(e ])oles and the corre-
sponding 3-dB frequencies are

fi= . = L Hz = 23.6 MHz
2rRL(Cs + Cr) 2 X 3.14 X 675 X 10 X 1072

fom 1 - 1 Hz = 490 MHz
2mC. (rdlrm) 2 X 3.14 X 6.80 X 10-12 X 48
! 1
fa=— Hz = 610 MHz

~ 2nC, (TezHTa) 2% 3.14 X 5 X 10712 X 52

We conclude that f, is a dominant pole and fy = f, = 23.6 MHz. Figure 16-32b
shows measured data for three values of V6c. We see that, although we used a
simplified model to analyze the circuit, we obtained excellent agreement with
experiment.
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II. NONLINEAR ANALOG SYSTEMS

16-11 COMPARATORS

With the exception of amplitude modulation and automatic gain control, all
the systems discussed thus far in this chapter have operated linearly. The
remainder of the chapter is concerned with nonlinear op AMP functions.

The comparator, introduced in Sec. 4-6, is a circuit which compares an
input signal v;(f) with a reference voltage V. When the input »; exceeds Vg,
the comparator output v, takes on a value which is very different from the
magnitude of v, when v; is smaller than V. The pIFF AMP input-output curve
of Fig. 15-9 approximates this comparator characteristic. Note that the total
input swing between the two extreme output voltages is ~8Vr = 200 mV.
This range may be reduced considerably by cascading two DIFF amps as in
Fig. 15-11. This MC 1530 op AMP serves as a comparator if connected open-
loop, as shown in Fig. 16-33a. The transfer characteristic is given in Fig.
16-33b, and it is now observed that the change in output state takes place
with a variation in input of only 2 mV. Note that the input offset voltage
contributes an error in the point of comparison between v; and Vz of the order
of 1 mV. The reference Vg may be any voltage, provided that it does not
exceed the maximum common-mode range.

vy 6——- ®
MC1530 v,
U 0——
®
(a) b)

Fig. 16-33 (a) The MC 1530 operational amplifier as a comparator.
(b) The transfer characteristic.
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Fig. 16-34 A zero-crossing detector converts a sinusoid v; into a

square wave v,. The pulse waveforms v’ and vy, result if v, is fed
into a short time-constant RC circuit in cascade with a diode clipper.

Zero-crossing Detector If Vzis set equal to zero, the output will respond
almost discontinuously every time the input passes through zero. Such an
arrangement is called a zero-crossing detector.

Some of the most important systems using comparators will now be
listed. Other applications are discussed in Secs. 16-5 and 17-19.

Square Waves from a Sine Wave If the input to an op AMP comparator
is a sine wave, the output is a square wave. If a zero-crossing detector is
used, a symmetrical square wave results, as shown in Fig. 16-34c. This ideal-
ized waveform has vertical sides which, in reality, should extend over a range
of a few millivolts of input voltage v;.

Timing-markers Generator from a Sine Wave The square-wave output
v, of the preceding application is applied to the input of an RC series circuit.
If the time constant RC is very small compared with the period T of the sine-
wave input, the voltage v’ across R is a series of positive and negative pulses,
as indicated in Fig. 16-34d. If v’ is applied to a clipper with an ideal diode
(Fig. 16-34a), the load voltage v. contains only positive pulses (Fig. 16-34e).
Thus the sinusoid has been converted into a train of positive pulses whose spac-
ing is T. These may be used for timing markers (on the sweep voltage of a
cathode-ray tube, for example).
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Phasemeter The phase angle between two voltages can be measured by
a method based on the circuit of Fig. 16-34. Both voltages are converted into
pulses, and the time interval between the pulse of one wave and that obtained
from the second sine wave is measured. This time interval is proportional to
the phase difference. Such a phasemeter can measure angles from 0 to 360°.

Amplitude-distribution Analyzer A comparator is a basic building block
in a system used to analyze the amplitude distribution of the noise generated
in an active device or the voltage spectrum of the pulses developed by a nuclear-
radiation detector, etc. To be more specific, suppose that the output of the
comparator is 10 V if »; > Vi and 0 Vif v, < Vg. Let the input to the com-
parator be noise. A dc meter is used to measure the average value of the out-
put square wave. For example, if Vi is set at zero, the meter will read 10 V,
which is interpreted to mean that the probability that the amplitude is greater
than zero is 100 percent. If Vg is set at some value V; and the meter reads
7 V, this is interpreted to mean that the probability that the amplitude of the
noise is greater than V' is 70 percent, etc. In this way the cumulative ampli-
tude probability distribution of the noise is obtained by recording meter read-
ings as a function of Vpg.

Pulse-time Modulation If a periodic sweep waveform is applied to a
comparator whose reference voltage Vg is not constant but rather is modulated
by an audio signal, it is possible to obtain a succession of pulses whose relative
spacing reflects the input information. The result is a {ime-modulation system
of communication.

16-12 SAMPLE-AND-HOLD CIRCUITS?®

A typical data-acquisition system receives signals from a number of different
sources and transmits these signals in suitable form to a computer or a commu-
nication channel. A multiplexer (Sec. 17-5) selects each signal in sequence,
and then the analog information is converted into a constant voltage over the
gating-time interval by means of a sample-and-hold circuit. The constant
output of the sample-and-hold may then be converted to a digital signal
by means of an analog-to-digital (A/D) converter (Sec. 17-20) for digital
transmission.

A sample-and-hold circuit in its simplest form is a switch S in series with
a capacitor, as in Fig. 16-35a. The voltage across the capacitor tracks the
input signal during the time 7, when a logic control gate closes S, and holds
the instantaneous value attained at the end of the interval 7, when the control
gate opens S. The switch may be a relay (for very slow waveforms), a
sampling diode-bridge gate (Sec. 4-7), a bipolar transistor switeh,!® or a
MOSFET controlled by a gating signal. The MOSFET makes an excellent
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(a) (b)
Fig. 16-35 Sample-and-hold circvit. (a) Schematic, (b) practical.

chopper because its offset vollage when oN (~5 pV) is much smaller than that
of a bipolar junction transistor.

The circuit shown in Fig. 16-35b is one of the simplest practical sample-and-
hold circuits. A negative pulse at the gate of the p-channel MOSFET will
turn the switch oN, and the holding capacitor C will charge with a time con-
stant RonC to the instantaneous value of the input voltage. In the absence
of a negative pulse, the switch is turned oFF and the capacitor is isolated from
any load through the LM 102 op aAxp. Thus it will hold the voltage impressed
upon it. It is recommended that a capacitor with polycarbonate, poly-
ethylene, or Teflon dielectric be used. Most other capacitors do not retain
the stored voltage, due to a polarization phenomenon!! which causes the stored
voltage to decrease with a time constant of several seconds. Even if the
polarization phenomenon does not occur, the o¥r current of the switch (~1 nA)
and the bias current of the or amp will flow through C. Since the maximum
input bias current for the LM 102 is 10 nA, it follows that with a 10-uF capaci-
tance the drift rate during the HOLD perlod will be less than 1 mV/s.

Two additional factors influence the operation of the circuit: the reaction
time, called aperture time (typically less than 100 ns), which is the delay
between the time that the pulse is applied to the switch and the actual time
the switch closes, and the acquisition time, which is the time it takes for the
capacitor to change from one level of holding voltage to the new value of
input voltage after the switch has closed.

When the hold capacitor is larger than 0.05 p¥, an isolation resistor of
approximately 10 K should be included between the capacitor and the + input
of the op anp. This resistor is required to protect the amplifier in case the
output is short-circuited or the power supplies are abruptly shut down while
the capacitor is charged.

16-13 PRECISION AC/DC CONVERTERS!?

If a sinusoid whose peak value is less than the threshold or cutin voltage V,
(~0.6 V) is applied to the rectifier circuit of Fig. 4-6, we see that the output
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VR—L
(@) 1)
Fig. 16-36 (a) A precision diode. (b) A precision clamp.

is zero for all times. In order to be able to rectify millivolt signals, it is clearly
necessary to reduce 17,. By placing the diode in the feedback loop of an
op AMP, the cutin voltage is divided by the open-loop gain Ay of the amplifier.
Hence V, is virtually eliminated and the diode approaches the ideal rectifying
component. If in Fig. 16-36a the input v; goes positive by at least V,/Av,
then v exceeds V, and D conducts. Because of the virtual connection between
the noninverting and inverting inputs (due to the feedback with D on), v, = v..
Therefore the circuit acts as a voltage follower for positive signals (in excess of
approximately 0.1 mV). When v; swings negatively, D is oFF and no current
is delivered to the external load except for the small bias current of the LM
101A.

Precision Clamp By modifying the circuit of Fig. 16-36a, as indicated
in Fig. 16-36b, an almost ideal clamp (Sec. 4-5) is obtained. If »; < Vg, then
v is positive and D conducts. As explained above, under these conditions
the output equals the voltage at the noninverting terminal, or v, = Vg, If
v; > Vg, then ¢’ is negative, D is oFF, and v, = v;. In summary: The output
follows the input for »; > Vg and v, is clamped to Vg if v; is less than Vg by
about 0.1 mV. When D is reverse-biased in I'ig. 16-36a or b, a large differen-
tial voltage may appear between the inputs and the op AxP must be able to
withstand this voltage. Also note that when v; > Vg, the input stage satu-
rates because the feedback through D is missing.

Fast Half-wave Rectifier By adding R’ and D2 to Fig. 16-360 and
setting 1"x = 0, we obtain the circuit of Fig. 16-37a. If v; goes negative, D1
1s oN, D2 is oFF, and the circuit behaves as an inverting op axp, so that
v = —(R'/R)v.. If v;is positive, D1 is oFF and D2 is oN. Because of the
feedback through D2, a virtual ground exists at the input and v, = 0. If v,
1s a sinusoid, the circuit performs half-wave rectification. Because the ampli-
fier does not saturate, it can provide rectification at frequencies up to 100 kHz.

An equivalent alternative configuration to that in Fig. 16-37a is to ground
the left-hand side of R and to impress v; at the noninverting terminal. The
half-wave-rectified output now has a peak value of (R 4+ R’)/R times the
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AD2 =

ll'—-l
Ho

(@) b)

Fig. 16-37 (a) A half-wave rectifier. (b) A low-pass
filter which can be cascaded with the circuit in (a) to
obtain an average detector.

-

maximum sinusoidal input voltage. A full-wave system is indicated in Prob.
16-43.

Active Average Detector Consider the circuit of Fig. 16-37a to be
cascaded with the low-pass filter of Fig. 16-37b. If v; is an amplitude-modu-
lated carrier (Fig. 4-27), the R,C filter removes the carrier and v’ is proportional
to the average value of the audio signal. In other words, this configuration
represents an average detector.

Active Peak Detector If a capacitor is added at the output of the
precision diode of Fig. 16-36a, a peak detector results. The capacitor in
Fig. 16-38a will hold the output at ¢ = ¢’ to the most positive value attained
by the input v; prior to ¢, as indicated in Fig. 16-38b. This operation follows
from the fact that if v; > v,, the oP AMP output v’ is positive, so that D con-
ducts. The capacitor is then charged through D (by the output current of the
amplifier) to the value of the input because the circuit is a voltage follower.
When o; falls below the capacitor voltage, the op AMP output goes negative

Uo

(a) (b)

Fig. 16-38 (a) A positive peak detector. (b) An arbitrary input
waveform v; and the corresponding output v,.
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and the diode becomes reverse-biased. Thus the capacitor gets charged to the
most positive value of the input.

This circuit is a special case of a sample-and-hold circuit, and the capacitor
leakage current considerations given in Sec. 16-12 also apply to this configura-
tion. If the output is loaded, a buffer voltage follower should be used to pre-
vent the load from discharging C. To reset the circuit, a low-leakage switch
such as a MOSFET gate must be placed across the capacitor.

16-14 LOGARITHMIC AMPLIFIERS!?

In Fig. 16-39a there is indicated an op amp with the feedback resistor R’
replaced by the diode D1. This amplifier is used when it is desired to have
the output voltage proportional to the logarithm of the input voltage.

From Eq. (3-9) the volt-ampere diode characteristic is

I, = I(eV/Vr — 1) = LeVs/"Vr

provided that V,;/qaVy > 1 or I, > I,. Hence

V/ = nVT(lIl If — In Io) (16—60)
Since Iy = I, = V,/R due to the virtual ground at the amplifier input, then
Vo= —V;= —qVr (ln%‘ — In L,) (16-61)

We note from Eq. (16-61) that the output voltage V, is temperature-dependent
due to the scale factor V7 and to the saturation current I,. Both temperature
effects can be reduced by using the circuit of Fig. 16-39b, where the diodes D1
and D2 are matched, Ry is temperature-dependent, and the constant source I
is independent of T'.

(@) (d)

Fig. 16-39 (a) Logarithmic amplifier for positive input voltage V,. (b) Tempera-
ture-compensated amplifier.
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We have for this circuit, and using Eq. (16-61),

v, v,
V=Vp+V,= nVT(lnI —Inl, — lnﬁ— + In I.,) = —ﬂVTlnm
Thus the output voltage V, becomes

o _Brt Bt R V.
° = Ri + Br RI

The temperature dependence of Rr is selected to compensate approximately
for the factor nVy in Eq. (16-62).

7Vr In (16-62)

Logarithmic Amplifier Using Matched Transistors Instead of two
matched diodes, it is possible to use a matched pair of transistors connected
as in Fig. 16-40a¢ to remove from the expression for V, the factor n, whose
value normally depends on the current flowing through the diode. In Fig.
16-40a, Q1 is used as the feedback element around the first op amp. If we
neglect Veg1 — Viare with respect to Ve, and since Ip; < I¢s, then

Vcc ! _ V,, _ V_,_
Icz = —R:- dnd 1(;1 = RT-{-T: = ﬂil (16-63)
From Eq. (15-21) it follows that ’
VBE[ - VBEZ = ’VT In IC] - VT In I¢e = VT In (ZI; {E‘i) . (16—64)

Since the base of Q1 is grounded, the negative of the above voltage appears
at the noninverting terminal of the second operational amplifier, whose gain
is determined by resistors B; and R,. Hence

R, + Ral Ve Rs
R, 2R, Ve

The above transfer function of the amplifier is plotted in Fig. 16-40b for
various operating temperatures. It is seen that the dynamic range extends
over 5 mV to 50 V of input voltage, or 80 dB. From Eq. (16-65),

av, (R7 4+ Rs 43. 8
Vel —1—

vy = o ) = —0.026 X 555 = —2.20

Vo= —=Vr

(16-65)

which is in excellent agreement with the slope obtained from Fig. 16-400b.

Antilog Amplifier The amplifiers discussed above give an output V,
proportional to the natural logarithm of the input V,, or

Vo = K1 ln KQV; (16-66)

Sometimes we desire an output proportional to the antilogarithm (In—!)
of the input; that is,

Vo = K;In~! K,V, (16-67)
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Fig. 16-40 (a) Logarithmic amplifier. (b) Transfer characteris-
tic. (Courtesy of Fairchild Semiconductor, Inc.)

The circuit shown in Fig. 16-41 can be used as an antilog amplifier. If
we assume infinite input resistance for 4; and A4, as well as zero differential
input voltage for each operational amplifier, we obtain

R,
R+ R,

and since V, is the negative of the voltage across D2,

Vo= =V, 4+ Vi= —gVeln I, — In I,) + V. (16-68)

Vo= —9Vz(In I, — In I,) (16-69)
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Fig. 16-41 Antilog amplifier.

Combining Egs. (16-68) and (16-69) yields

L
I

IR’

14 v,

= ’r]VT ll’l = "7VT In (16-70)

R,
‘Ri+ R
because V, = I,R’. Finally, from Eq. (16-70) it follows that

R, 1
— p -1} . i -
Vo = R'I;In [ Ve (Rx+ RznVT>] (16-71)
Equation (16-71) is of the form given in Eq. (16-67).

We show in Prob. 16-45 that it is possible to raise the input V, to an
arbitrary power by combining log and antilog amplifiers. ~.

Logarithmic Multiplier The log and antilog amplifiers can be used for
the multiplication or division of two analog signals V,; and V,s. In Fig. 16-42

R
(o]
\ i Vo
PR o YV
R

Fig. 16-42 Logarithmic multiplier of two analog signals (V, =
KV V,).
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+ Voo

Va
Voltage-to-
O—— current
V., amplifier

Fig.16-43 Variable transconductance multiplier (V, = KV, V,,).

the logarithm of each input is taken, then the two logarithms are added, and
finally the antilog of the sum yields the product of the two inputs. Thus

V1 = K| Iﬂ V.] + K1 ll’! V,z = Kl ]n V,],V.z (16-72)
and
Vo = K2 In—t K3V1 = K2 In—! (KsK]_ In V.1V,2) (16-73)

If K3K1 = 1, then
Vo = KyVaVee (16-74)

The input signals can be divided if we subtract the logarithm of V,; from
that of V,, and then take the antilog. We must point out that the logarithmie
multiplier or divider is useful for unipolar inputs only. This is often called
one-quadrant operation. Other techniques!® are available for the accurate
multiplication of two signals.

Differential Amplifier Multiplier TFrom Eqs. (15-24) and (15-23) we
observe that the output voltage of a differential amplifier depends on the
current source I. If V,; is applied to one input and V,, is used to vary I, as
in Fig. 1643, the output will be proportional to the product of the two signals
VaV.. The device AD 530 manufactured by Analog Devices, Inc., is a com-
pletely monolithic multiplier/divider with basic accuracy of 1 percent and
bandwidth of 1 MHz. As a multiplier, the AD 530 has the transfer function
XY /10 and as a divider +10Z/X. The X, Y, and Z input levels are +10 V
for multiplication and the output is 10 V at 5 mA. As a divider, operation
is restricted to two quadrants (where X is negative) only.
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16-15 WAVEFORM GENERATORS?®

The operational amplifier comparator, together with an integrator, can be
used to generate a“square wave, a pulse, or a triangle waveform, as we now
demonstrate.

Square-wave Generator In Fig. 16-44a, the output v, is shunted to
ground by two Zener diodes connected back to back and is limited to either
+Vzeor —Va,if V, KV (Fig. 4-11). A fraction 8 = R;/(R, + R:) of the
output is fed back to the noninverting input terminal. The differential input
voltage v; is given by

v; = v. — B, (16-75)

From the transfer characteristic of the comparator given in Iig. 16-33 we see
that if v; is positive (by at least 1 mV), then v, = — Vz;, whereas if v, is nega-
tive (by at least 1 mV), then v, = 4+ V3,. Consider an instant of time when
v; < Qorv, < Bv, = BVz.. The capacitor C now charges exponentially toward
V22 through the integrating R’C combination. The output remains constant
at Vz; until v, equals +8V z,, at which time the comparator output reverses to
—Vzi. Now v, charges exponentially toward —V3z.. The output voltage
v, and capacitor voltage v, waveforms are shown in Fig. 16-44b for the special
case Vz1 = Vzo = Vz. If we let t = 0 when v, = —B8V; for the first half
cycle, we have

ve(f) = Vz[l — (1 + B)et/®C] (16-76)
+V,
Jv{{}x M R e s
B Uc
o
i } T T t
2
P rnsknsT o
—Vz
(a) ®

Fig. 16-44 (a) A square-wave generator. (b) Output and capacitor
voltage waveforms.
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Since at t = T/2, v.({) = +BVz, we find T, solving Eq. (16-76), to be given by

T = 2RCIn 8 (16-77)
1-8
Note that T is independent of V.

This square-wave generator is particularly useful in the frequency range
10 Hz to 10 kHz. At higher frequencies the delay time of the operational
amplifier as it moves out of saturation, through its linear range, and back to
saturation in the opposite direction, becomes significant. Also, the slew rate
of the operational amplifier limits the slope of the output square wave. The
frequency stability depends mainly upon the Zener-diode stability and the
capacitor, whereas waveform symmetry depends on the matching of the two
Zener diodes. If an unsymmetrical square wave is desired, then Vg, = Vg,.

The circuit will cperate in essentially the same manner as described above
if R = 0 and the avalanche diodes are omitted. However, now the amplitude
of the square wave depends upon the power supply voltage (£5.8 V for the
MC 1530, using +6 V supplies as in Seec. 15-5).

The circuit of Fig. 16-44 is called an astable multivibrator because it has
two quasistable states. The output remains in one of these states for a time
T, and then abruptly changes to the second state for a time T, and the cycle
of period T = T, + T repeats.

Pulse Generator A monostable multivibrator has one stable state and one
quasistable state. The circuit remains in its stable state until a triggering
signal causes a transition to the quasistable state. Then, after a time T, the
circuit returns to its stable state. Hence a single pulse has been generated,
and the circuit is referred to as a one-shot.

The square-wave generator of I'ig. 16-44 is modified in Fig. 16-45 to
operate as a monostable multivibrator by adding a diode (D1) clamp across C
and by introducing a narrow negative triggering pulse through D2 to the non-
inverting terminal. To see how the circuit operates, assume that it is in its
stable state with the output at v, = 4+ Vz and the capacitor clamped at

ve =V =07V

(the on voltage of D1 with gV > V,). If the trigger amplitude is greater
than gV; — V,, then it will cause the comparator to switch to an output
v, = —Vz. The capacitor will now charge through R’ toward — Vz because
D1 becomes reverse biased. When v, becomes more negative than —gV, the
comparator output swings back to + V2. The capacitor now starts charging
toward + Vz through R’ until v, reaches Vi and € becomes clamped again at
v. = Vi. In Prob. 16-48 we find that the pulse width T is given by

14 (Vi/V2)

T =RCln =5

(16-78)
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(a) (b)

Fig. 16-45 (o) Monostable multivibrator. (b) Output and capacitor voltage
waveforms.

If V2> V,and R, = Rj, s0 that 8 = %, then T = 0.69R’C. TFor short pulse
widths the switching times of the comparator become important and limit the
operation of the circuit. If R; = 0 and the Zener diodes are omitted, Eq.
(16-78) remains valid with Vz = Veo — Vegsas (Sec. 15-5).

Triangle-wave Generator We observe from Fig. 16-44b that v, has a
triangular waveshape but that the sides of the triangles are exponentials rather
than straight lines. To linearize the triangles, it is required that C be charged
with a constant current rather than the exponential current supplied through B
in Fig. 16-44b. In Fig. 16-46 an op aAMP integrator is used to supply constant
current to C so that the output is linear. Because of the inversion through the
integrator, this voltage is fed back to the noninverting terminal of the com-
parator in this circuit rather than to the inverting terminal as in Fig. 16-44.

When the comparator has reached either the positive or negative satura-
tion state, the matched Zener diodes will clamp the voltage V4 at either + V3
or —Vz Let us assume that Vo, = +Vzat¢ = f,. The current flowing into
the integrator is

Vz
+ = -~
=¥z (16-79)
and the integrator output becomes a negative—going ramp, or
+
w(®) = vt — g [ Tt = uw) - % t — t) (16-80)

The voltage at pin 3 of the threshold detector is, using superposition,

R5Vz +_ (R1 + Rg)vg(t)
EBi+ R:+ Ry Ri+ R+ Rs

vs(t) = (16-81)
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Fig. 16-46 (a) Practical triangle-wave generator. (b) Output waveform.
(Courtesy of National Semiconductor Corp.)

When v3(¢) goes through zero and becomes negative, the comparator output

changes to the negative-output state and V4 = —Vz At this time, ¢t = ¢,
v3(ty) = 0, or from Eq. (16-81) we find
- _ Rs 2
vo(t) = R+ R, Vz (16-82)
The current supplied to the integrator for ¢, > ¢t > {#; is
Ve
I— = - = _J+
Ay

and the integrator output v,(f) becomes a positive-going ramp with the same
slope as the negative-going ramp. At a time ¢, when

R;
R, + R,

the comparator switches again to its positive output and the cycle repeats.

vo(ta) = + Vz (16-83)
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The frequency of the triangle wave is determined from Eq. (16-80) and
Fig. (16-46) to be given by

Ri+ R,

f= 4(R; + R)RsC

(16-84)
The amplitude can be controlled by the ratio R;Vz/(R1 + R:). The positive
and negative peaks are equal if the Zener diodes are matched. It is possible
to offset the triangle with respect to ground if we connect a de voltage to the
inverting terminal of the threshold detector or comparator.

The practical circuit shown in Fig. 16-46 makes use of the LH 101 op ampP,
which is internally compensated for unity-gain feed-back. This monolithic
integrated op ampP has maximum input offset voltage of 5 mV and maximum
input bias current of 500 nA. For symmetry of operation the current into
the integrator should be large with respect to Iii., and the peak of the output
triangle voltage should be large with respect to the input offset voltage.

The design of monostable and astable generators using discrete com-
ponents is considered in detail in Ref. 3, Chap. 11. " One shots constructed
from logic gates are indicated in Prob. 17-57.

16-16 REGENERATIVE COMPARATOR (SCHMITT TRIGGER)!

As indicated in Fig. 16-33, the transfer characteristic of the MC1530 piFr
AMP makes the change in output from —35 V to +5 V for a swing of 2 mV
in input voltage. Hence the average slope of this curve or the large-signal
voltage gain Ay is Ay = 10/2 X 1073 = 5,000. (The incremental gain at the
center of the characteristic is calculated in Sec. 15-5 to be 8,670.) By employ-
ing positive (regenerative) voltage-series feedback, as is done in Figs. 16-44 and
16-45 for the astable and monostable multivibrators, the gain may be increased
greatly. Consequently the total output excursion takes place in a time inter-
val during which the input is changing by much less than 2 mV. Theo-
retically, if the loop gain —BAy is adjusted to be unity, then the gain with
feedback Ay, becomes infinite [Eq. (13-4)]. Such an idealized situation results
in an abrupt (zero rise time) transition between the extreme values of output
voltage. If a loop gain in excess of unity is chosen, the output waveform
continues to be virtually discontinuous at the comparison voltage. However,
the circuit now exhibits a phenomenon called hysterests, or backlash, which is
explained below.

The regenerative comparator of Fig. 16-47a is commonly referred to as a
Schmitt trigger (after the inventor of a vacuum-tube version of thiscircuit). The
input voltage is applied to the inverting terminal 2 and the feedback voltage
to the noninverting terminal 1. The feedback factor is 8 = Ry/(R: + R»).
For R, = 1002, R, = 10 K, and Ay = —5,000, the loop gain is

5,000

~BAy = 0.1 X 01 - 49.5> 1
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Assume that v; < vy, so that v, = +V, (+5 V). Then, using superposition,
we find from Fig. 16-47a that

e = R,V - R,V,
'""Ri+ R, R+ R,

If v; is now increased, then v, remains constant at V,, and v; = V; = constant

until v; = V. At this threshold, critical, or triggering voltage, the output regen-

eratively switches to v, = — V, and remains at this value as long as v; > V,.

This transfer characteristic is indicated in Fig. 16-47b. ’
The voltage at the noninverting terminal for v; > V; is

o RaVe RV,
'"Ri+R: Ri+R,™

For the parameter values given in Fig. 16-47 and with V, =5 V,
Vi=0994005=104V
Va=099 — 005 =094V

Note that V, < Vy, and the difference between these two values is called the
hysteresis V.

VH=V]—'V2:

=V, (16-85)

V. (16-86)

It

2R,V,
R, + R,
If we now decrease v;, then the output remains at —V, until »; equals

the voltage at terminal 1 or until v; = V, At this voltage a regenerative
transition takes place and, as indicated in Fig. 16-47¢, the output returns to

=010V . (16-87)
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+V, almost instantaneously. The complete transfer function is indicated in
Fig. 16-47¢, where the shaded portions may be traversed in either direction,
but the solid segments can only be obtained if »; varies as indicated by the
arrows. Note that because of the hysteresis, the circuit triggers at a higher
voltage for increasing than for decreasing signals.

We note above that transfer gain increases from 5,000 toward infinity as
the loop gain increases from zero to unity, and that there is no hysteresis as
long as —BAv < 1. However, adjusting the gain precisely to unity is not
feasible. The pirr aAMp parameters and, hence the gain Ay, are variable
over the signal excursion. Hence an adjustment which ensures that the maxi-
mum loop gain is unity would result in voltage ranges where this amplification
is less than unity, with a consequent loss in speed of response of the circuit.
Furthermore, the circuit may not be stable enough to maintain a loop gain of
precisely unity for a long period of time without frequent readjustment. In
practice, therefore, a loop gain in excess of unity is chosen and a small amount
of hysteresis is tolerated. In most cases a small value of Vg is not a matter
of concern. In other applications a large backlash range will not allow the
circuit to function properly. Thus if the peak-to-peak signal were smaller
than Vg, then the Schmitt circuit, having responded at a threshold voltage
by a transition in one direction, would never reset itself. In other words, once
the output has jumped to, say, V,, it would remain at this level and never
return to — V.. .

The most important use made of the Schmitt trigger is to convert a very
slowly varying input voltage into an output having an abrupt (almost dis-
continuous) waveform, occurring at a precise value of input voltage. This
regenerative comparator may be used in all the applications listed in Sec.
16-11. For example, the use of the Schmitt trigger as a squaring circuit is
illustrated in Fig. 16-48. The input signal is arbitrary except that it has a
large enough excursion to carry the input beyond the limits of the hysteresis
range Vy. The output is a square wave as shown, the amplitude of which is
independent of the peak-to-peak value of the input waveform. The output
has much faster leading and trailing edges than does the input.

The design of a Schmitt trigger from discrete components is explained in
detail in Ref. 3, Sees. 10-11 and 10-13.

Fig. 16-48 Response of the Schmitt trigger

to an arbitrary input signal.
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16-17 EMITTER-COUPLED LOGIC (ECL)'s

The transfer characteristic of the difference amplifier is discussed in Sec. 15-4.
We find that the emitter current remains essentially constant and that this
current is switched from one transistor to the other as the signal at the input
transistor varies from about 0.1 V below to 0.1 V above the reference voltage
Vs at the base of the second transistor (Fig. 15-9). Except for a very narrow
range of input voltage the output voltage takes on only one of two possible
values and, hence, behaves as a binary circuit. Hence the piFr aMr, which
is considered in detail in this chapter on analog systems, is also important as a
digital device. A logic family based upon this basic building block is called
emitter-coupled logic (ECL) or current-mode logic (CML). Since in the pIFF
amp clipper or comparator neither transistor is allowed to go into saturation,
the ECL is the fastest of all logic families (Table 6-5); a propagation delay
time as low as 1 ns per gate is possible. The high speed (and high fan out)
attainable with ECL is offset by the increased power dissipation per gate
relative to that of the saturating logic families.

A 2-input or (and also NoR) gate is drawn in Fig. 16-49a. This circuit
is obtained from Fig. 15-6 by using two transistors in parallel at the input.
Consider positive logic. If both A and B are low, then neither Q1 nor Q2
conducts whereas @3 is in its active region. Under these circumstances Y is
low and Y’ is high. If either A or B is high, then the emitter current switches
to the input transistor the base of which is high, and the collector current of
Q3 drops approximately to zero. Hence Y goes high and ¥’ drops in voltage.
Note that or logic is performed at the output ¥ and nNor logic at ¥”, so that
Y' = ¥. The logic symbol for such an or gate with both true and false
outputs is indicated in Fig. 16-49b. The availability of complementary out-

Vee

Y (OR)

Y (NOR)

(@) —Vgg (b)

Fig.16-49 (a) birr amp converted into a 2-input emitter-
coupled logic circuit. (b) The symbol for a 2-input
Oor/NOR gate.
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Fig. 16-50 A 3-input ECL or/Nor gate, with no dc-level shift between input and out-
put voltages. ‘

puts is clearly an advantage to the logic design engineer since it avoids the
necessity of adding gates simply as inverters.

One of the difficulties with ECL topology of Fig. 16-49¢ is that the V(0)
and V(1) levels at the outputs differ from those at the inputs. Hence emitter
followers Q5 and Q6 are used at the outputs to provide the proper de-level
shifts. The basic Motorola ECL 3-input gate is shown in Fig. 16-50. The
reference voltage — Vzp is obtained from a temperature-compensated network
(not indicated). The quantitative operation of the gate is given in the follow-
ing illustrative problem.

EXAMPLE (a) What are the logic levels at output Y of the ECL gate of Fig.
16-50? Assume a drop of 0.7 V between base and emitter of a conducting tran-
sistor. (b) Calculate the noise margins. (c¢) Verify that a conducting transister
is in its active region (not in saturation). (d) Calculate R so that the logic levels
at Y’ are the complements of those at Y. (e) Find the average power dissipated
by the gate.

Solution (a) If all inputs are low, then assume transistors @1, @2, and @3 are
cut off and Q4 is conducting. The voltage at the common emitter is

Ve=—115—-07=—-185V
The current I in the 1.18-K resistance is

_ —1.85+5.20
1.18

= 2.84 mA
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Neglecting the base current compared with the emitter current, I is the current
in the 300-Q resistance and the output voltage at Y is

vy = —0.31] — Vpes = —(0.3)(2.84) — 0.7 = —1.55V = V(0)

If all inputs are at V(0) = —1.55 V and Vg = —1.85 V, then the base-to-
emitter voltage of an input transistor is

Vee = —1.554+1.85 =030V

Since the cutin voltage is Vg cpn = 0.5 V (Table 5-1), then the input transistors
are nonconducting, as was assumed above.

If at least one input is high, then assume that the current in the 1.18-K resis-
tance is switched to R, and Q4 is cut off. The drop in the 300-Q resistance is
then zero. Since the base and collector of @5 are effectively tied together,
Q5 now behaves as a diode. Assuming 0.7 V across @5 as a first approximation,
the diode current is (5.20 — 0.7)/1.5 = 3.0 mA. From Fig. 7-19a the diode
voltage for 3.0 mA is 0.75 V. Hence

vy = —0.75 V=T(@1)
If one input is at —0.75 V, then Vg = —0.75 — 0.7 = —1.45 V, and
Vees = —1.15+145 =030V

which verifies the assumption that @4 is cutoff; since Vg, cuun = 0.5 V.

Note that the total output swing between the two logic levels is only 1.55 —
0.75 = 0.80 V (800 mV). This voltage is much smaller than the value (in excess
of 4 V) obtained with a DTL or TTL gate.

(8) If all inputs are at V(0), then the calculation in part (a) shows that an
input transistor is within 0.50 — 0.30 = 0.20 V of cutin. Hence a positive noise
spike of 0.20 V will cause the gate to malfunction.

If one input is at V(1), then we find in part () that Vses = 0.30 V. Hence
a negative noise spike at the input of 0.20 V drops Vr by the same amount and
brings Ves to 0.5 V, or to the edge of conduction. Note that the noise margins
are quite small (+200 mV).

(¢) From part (a) we have that, when @4 is conducting, its collector voltage
with respect to ground is the drop in the 300-Q resistance, or V¢y = —(0.3)(2.84) =
—0.85 V. Hence the collector junction voltage is

Vess = Ves — Ve = —08541.15 = 4030V

For an n-p-n transistor this represents a reverse bias, and @4 must be in its active
region.

If any input, say 4, is at V(1) = —0.75 V = Vj, then Q1 is conducting
and the output ¥’ = ¥ = V(0) = —1.55 V. The collector of Q1 is more positive
than V(0) by Vggs, or

Ver= —1.55+4+07 = —085V
and

VCB] = V01 - an = —0.85 + 0.75 = —-0.10 \'%
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For an n-p-n transistor this represents a forward bias, but one whose magnitude is
less than the cutin voltage of 0.5 V. Therefore Q1 is not in sataration; it is in its
active region.

(d) If input A is at V (1), then @1 conducts and @4 is orr. Then

Ve=V(1) — Vasr = =075 - 07 = —145V

_Vs+ Ves _ —1.45+45.20
1.18 1.18

In part (c) we find that, if ¥’ = ¥, then V¢i = —0.85 V. This value represents
the drop across R if we neglect the base current of Q1. Hence

0.85

= 3.17 mA

=——=021K=270Q
3.17
This value of R ensures that, if an input is (1), then ¥’ = V(0). If all inputs
are at V(0) = —1.55 V, then the current through R is zero and the output is

—0.75 V = V(1), independent of R.

Note that, if I had remained constant as the input changed state (true
current-mode switching), then R would be identical to the collector resistance
(300 Q) of Q4. The above calculation shows that R is slightly smaller than this
value.

(e) If the input is low, I = 2.84 mA (part a), whereas if the input is high,

= 3.17 mA (part d). The average I is 3(2.84 + 3.17) = 3.00 mA. Since
V() = —0.75 Vand V(1) = —1.55 V, the currents in the two emitter followers
are

5.20 — 0.75 — 2.06 mA and 520 — 1.55 — 240 mA

1.50 1.50
The total power supply current drain is 3.00 + 2.96 + 2.40 = 8.36 mA and the
power dissipation is (5.20)(8.36) = 43.5 mW.

Note that the current drain from the power supply varies very little as
the input switches from one state to the other. Hence power line spikes (of
the type discussed in Sec. 6-12 for TTL gates) are virtually nonexistent.

The input resistance can be considered infinite if all inputs are low so
that all input transistors are cut off. If an input is high, then Q4 is oFF,
and the input resistance corresponds to a transistor with an emitter resistor
R, = 1.18 K, and from Eq. (8-55) a reasonable estimate is B; =~ 100 K. The

Y,
A
Fig. 16-51 An implied-or connection at the B:g—;
*—0 —
output of two ECL gates. c Y,|Y=T+T,
D % |
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output resistance is that of an emitter-follower (or a diode) and a reasonable
value is B, = 15 Q.

If the outputs of two or more ECL gates are tied together as in Fig. 16-51,
then wired-or logic (Sec. 6-10) is obtained (Prob. 16-53). Open-emitter gates
are available for use in this application.

Summary The principal characteristics of the ECL gate are summarized
below:

Advantages

1. Since the transistors do not saturate, then the highest speed of any
logic family is available. )
2. Since the input resistance is very high and the output resistance is very
low, a large fan out is possible.
. Complementary outputs are available.
. Current switching spikes are not present in the power supply leads.
. Outputs can be tied together to give the implied-or function.
There is little degradation of parameters with variations in temperature.
. The number of functions available is high.
. Easy data transmission over long distances by means of balanced
wxsted— air 50-Q lines is possible.!®

00\1?:0!#-\03

Dzisadvantages

1. A small voltage difference (800 mV) exists between the two logic levels
and the noise margin is only +200 mV.

2. The power dissipation is high relative to the other logic families.

3. Level shifters are required for interfacing with other families.

4. The gate is slowed down by heavy capacitive loading.
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REVIEW QUESTIONS

16-1 Indicate an op aMP connected as (a) an tnverter, (b) a scale changer, (c) a
phase shifter, and (d) an adder.

16-2 Draw the circuit of a voltage-to-current converter if the load is (a) ﬂoatmg and
(b) grounded.

16-3 Draw the circuit of a current-to-voltage converter. Explain its operation.

16-4 Draw the circuit of a dc voltage follower and explain its operation.

16-5 Draw the circuit of a de differential amplifier having (a) low input resistance
and (b) high input resistance.

16-6 Draw the circuit of an ac voltage follower having very high input resistance.
Explain its operation.

16-7 Draw the circuit of an op amp integrator and indicate how to apply the
initial condition. Explain its operation.

16-8 Sketch the idealized characteristics for the following filter types: (a) low-
pass, (b) high-pass, (c) bandpass, and (d) band-rejection.

16-9 Draw the prototype for a low-pass active-filter section of (a) first order, (b)
second order, and (c) third order.

16-10 (@) Obtain the frequency response of an RLC circuit in terms of w, and Q.
(b) Verify that the bandwidth is given by f,/Q. (c) What is meant by an active
resonant bandpass filter?
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16-11 (a) A signal V,isapplied to the inverting terminal (2) of an op Amp through
Z, and to the noninverting terminal (1) through Z,. From (1) to ground is an imped-
ance Zy, and between (2) and the output is Z,. Derive the expression for the gain.
(b) How should Z,, Z,, Z;, and Z, be chosen so that the circuit behaves as a delay
equalizer?

16-12 (a) Sketch the basic building block for an IC tuned amplifier. (b)
Explain how automatic gain control (AGC) is obtained. (¢) Why does AGC not
cause detuning?

16-13 Define the y-parameters (@) by equations and (b) in words. (c¢) For a
cascode circuit which y-parameter is negligible?

16-14 Draw the circuit of an amplitude modulator and explain its operation.

16-15 (@) Draw the circuit of an IC video amplifier with AGC. (b) Sketch the
small-signal model.

16-16 (@) What does an IC comparator consist of? (&) Sketch the transfer
characteristic and indicate typical voltage values.

16-17 Sketch the circuit for converting a sinusoid (a) into a square wave and (b)
into a series of positive pulses, one per cycle.

16-18 Explain how to measure the phase difference between two sinusoids.

16-19 Sketch a sample-and-hold circuit and explain its operation.

16-20 Sketch the circuit of a precision (a) diode and (b) clamp and explain their
operation.

16-21 (@) Sketch the circuit of a fast half-wave rectifier and explain its operation.
(b) How is this circuit converted into an average detector?

16-22 Sketch the circuit of a peak detector and explain its operation.

16-23 (a) Sketch the circuit of a logarithmic amplifier using one op amp and
explain its operation. (b) More complicated logarithmic amplifiers are given in Sec.
16-14. What purpose is served by these circuits?

16-24 In schematic form indicate how to multiply two analog voltages with log-
antilog amplifiers.

16-25 Explain how to multiply two analog voltages using a DIFF AMP.

16-26 (a) Draw the circuit of a square-wave generator using an op amMp. (b)
Explain its operation by drawing the capacitor voltage waveform. (c¢) Derive the
expression for the period of a symmetrical waveform.

16-27 (a) Draw the circuit of a pulse generator (a monostable multivibrator)
using an op aMP. (b) Explain its operation by referring to the capacitor waveform.

16-28 (a) Draw the circuit of a triangle generator using a comparator and an
integrator. (b) Explain its operation by referring to the output waveform. (c) What
is the peak amplitude?

16-29 (a) Sketch a regenerative comparator system and explain its operation.
(b) What parameters determine the loop gain? (¢) What parameters determine the
hysteresis? (d) Sketch the transfer characteristic and indicate the hysteresis.

16-30 (a) Sketch a 2-input or (and also Nor) ECL gate. (b)) What parameters
determine the noise margin? (¢) Why are the two collector resistors unequal? (d)
Explain why power line spikes are virtually nonexistent.

16-31 List and discuss at least four advantages and four disadvantages of the
ECL gate.
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1-1

1-3

(a) The distance between the plates of a plane-parallel capacitor is 1 em. An
electron starts at rest at the negative plate. If a direct voltage of 1,000 V
is applied, how long will it take the electron to reach the positive plate?

(b)) What is the magnitude of the force which is exerted on the electron at the
beginning and at the end of its path?

" (¢) What is its final velocity?

(d) If a 60-Hz sinusoidal voltage of peak value 1,000 V is applied, how long will
the time of transit be? Assume that the electron is released with zero velocity
at the instant of time when the applied voltage is passing through zero. HinT:
Expand the sine function into a power series. Thus sin 8 = 6 — 63/3! +
05/5' —_ e

The plates of a parallel-plate capacitor are d m apart. At ¢ = 0 an electron is
released at the bottom plate with a velocity », (meters per second) normal to the
plates. The potential of the top plate with respect to the bottom is — V,, sin wt.
(a) Find the position of the electron at any time ¢.

(b) Find the value of the electric field intensity at the instant when the velocity
of the electron is zero.

An electron is released with zero initial velocity from the lower of a pair of hori-
zontal plates which are 3 ecm apart. The accelerating potential between these
plates increases from zero linearly with time at the rate of 10 V/us. When
the electron is 2.8 ¢m from the bottom plate, a reverse voltage of 50 V replaces
the linearly rising voltage.

(a) What is the instantaneous potential between the plates at the time of the
potential reversal?

(b) With which electrode does the electron collide?

(¢) What is the time of flight?

(d) What is the impact velocity of the electron?

A 100-eV hydrogen ion is released in the center of the plates, as shown in the
figure. The voltage between the plates varies linearly from 0 to 50 V in 1077 5
and tken drops immediately to zero and remains at zero. The separation
between the plates is 2 em. If the ion enters the region between the plates at

765
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time ¢ = 0, how far will it be displaced from the X axis upon emergence from
between the plates?

—

Vo —> 2cm

1-5

1 Prob.1-4

I-——5cm———-4

Electrons are projected into the region of constant electric field intensity of
magnitude 5 X 10® V/m that exists vertically. The electron-emitting device
makes an angle of 30° with the horizontal. It ejects the electrons with an
energy of 100 eV.

75— —3cm——0H
L90°
€
d Prob. 1-5
vD
30°

1-6

1.7

1.8

(a) How long does it take an electron leaving the emitting device to pass through

a hole H at a horizontal distance of 3 em from the position of the emitting device?

Refer to the figure. Assume that the field is downward.

(b) What must be the distance d in order that the particles emerge through the

hole? :

(c) Repeat parts a and b for the case where the field is upward.

(a) An electron is emitted from an electrode with a negligible initial velocity and

is accelerated by a potential of 1,000 V. Calculate the final velocity of the

particle.

(b) Repeat the problem for the case of a deuterium ion (heavy hydrogen ion—

atomic weight 2.01) that has been introduced into the electric field with an initial

velocity of 10° m/s.

An electron having an initial kinetic energy of 1071¢ J at the surface of one of

two parallel-plane electrodes and moving normal to the surface is slowed down

by the retarding field caused by a 400-V potential applied between the electrodes.

(a) Will the electron reach the second electrode?

(b) What retarding potential would be required for the electron to reach the
" second electrode with zero velocity?

In a certain plane-parallel diode the potential V is given as a function of the

distance = between electrodes by the equation

V = kat

where k is a constant.
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(a) Find an expression for the time it will take an electron that leaves the elec-
trode with the lower potential with zero initial velocity to reach the electrode
with the higher potential, a distance d away.

(b) Find an expression for the velocity of this electron.

1-9 The essential features of the displaying tube of an oscilloscope are shown in
the accompanying figure. The voltage difference between K and A is V, and
between P, and Pyis V,. Neither electric field affects the other one. The elec-
trons are emitted from the electrode K with initial zero velocity, and they pass

;4 through a hole in the middle of electrode A. Because of the field between P, and

; P, they change direction while they pass through these plates and, after that,

| move with constant velocity toward the screen S. The distance between plates

is d.

Y
le— |, —— >
K - < g,
o da 9 = 1
Prob. 1-9 N X
B
L
Screen
L
-+
v,

(@) Find the velocity v, of the electrons as a function of V, as they cross 4.

(b) Find the Y-component of velocity », of the electrons as they come out of
the field of plates P, and P, as a function of V,, Iy, d, and v..

(c) Find the distance from the middle of the screen (d,), when the electrons
reach the screen, as a function of tube distances and applied voltages.

(d) For V. =1.0kV,and V, = 10 V, Iy = 1.27 ¢cm, d = 0.475 c¢m, and [, =
19.4 ¢m, find the numerical values of v, v,, and d,.

() If we want to have a deflection of d, = 10 cm of the electron beam, what
must be the value of V,?

1-10 A diode consists of a plane emitter and a plane-parallel anode separated by a dis-
tance of 0.5 cm. The anode is maintained at a potential of 10 V negative with
respect to the cathode.

(a) If an electron leaves the emitter with a speed of 10® m/s, and is directed
toward the anode, at what distance from the cathode will it intersect the poten-
tial-energy barrier?

(b) With what speed must the electron leave the emitter in order to be able to
reach the anode?

1-11 A particle when displaced from its equilibrium position is subject to a linear
restoring force f = —kz, where z is the displacement measured from the equi-
librium position. Show by the energy method that the particle will execute
periodic vibrations with a maximum displacement which is proportional to the
square root of the total energy of the particle.
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1-12

1-13

1-15

1-16
117

1-18

A particle of mass m is projected vertically upward in the earth’s gravitational
field with a speed v,.

(a) Show by the energy method that this particle will reverse its direction at the
height of v,2/2g, where ¢ is the acceleration of gravity.

(b) Show that the point of reversal corresponds to a “collision” with the poten-
tial-energy barrier.

(a) Prove Eq. (1-13).

() For the hydrogen atom show that the possible radii in meters are given by

h2e,n? )
r = —

wmg? /
where n is any integer but not zero. For the ground state (n = 1) show that
the radius is 0.53 A.
Show that the time for one revolution of the electron in the hydrogen atom in
a circular path about the nucleus is

T m§q2
42 e(— )}

where the symbols are as defined in Sec. 1-4.

For the hydrogen atom show that the reciprocal of the wavelength (called the
wave number) of the spectral lines is given, in waves per meter, by

1_p(l_1
A nf 7'l12

where n; and n. are integers, with n, greater than n,, and R = mq*/8¢,2%h% =
1.10 X 107 m™! is called the Rydberg constant.

If n, = 1, this formula gives a series of lines in the ultraviolet, called the
Lyman sertes. If n, = 2, the formula gives a series of lines in the visible, called
the Balmer series. Similarly, the series for n, = 3 is called the Paschen series.
These predicted lines are observed in the hydrogen spectrum.

Show that Eq. (1-14) is equivalent to Eq. (1-11).

(a) A photon of wavelength 1,026 X is absorbed by hydrogen, and two other
photons are emitted. If one of these is the 1,216 A line, what is the wavelength
of the second photon?

(b) If the result of bombardment of the hydrogen was the presence of the
fluorescent lines 18,751 and 1,026 f&, what wavelength must have been present
in the bombarding radiation?

The seven lowest energy levels of sodium vapor are 0, 2.10, 3.19, 3.60, 3.75, 4.10,
and 4.26 eV. A photon of wavelength 3,300 A is absorbed by an atom of the
vapor.

(a) What are all the possible fluorescent lines that may appear?

(b) If three photons are emitted and one of these is the 11,380-/1 line, what are
the wavelengths of the other two photons?

(c) Between what energy states do the transitions take place in order to produce
these lines?
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1-19

1-20

1-21

1-22

1-23

1-24

1-25

(a) With what speed must an electron be traveling in a sodium-vapor lamp in
order to excite the yellow line whose wavelength is 5,893 A7

(b) What should be the frequency of a photon in order to excite the same yellow
line?

(¢) What would happen if the frequency of the photon was 530 or 490 THz
(T = Tera = 10?)?

(d) What should be the minimum frequency of the photon in order to ionize
an unexcited atom of sodium vapor?

(¢) What should be the minimum speed of an electron in order to ionize an
unexcited atom of sodium vapor? Ionization of sodium vapor: 5.12 V.

An x-ray tube is essentially a high-voltage diode. The electrons from the hot
filament are accelerated by the plate supply voltage so that they fall upon the
anode with considerable energy. They are thus able to effect transitions among
the tightly bound electrons of the atoms in the solid of which the target (the
anode) is constructed.

(a) What is the minimum voltage that must be applied across the tube in order
to produce x-rays having a wavelength of 0.5 A2

() What is the minimum wavelength in the spectrum of an x-ray tube across
which is maintained 60 kV?

Argon resonance radiation corresponding to an energy of 11.6 eV falls upon
sodium vapor. If a photon ionizes an unexcited sodium atom, with what speed
is the electron ejected? The ionization potential of sodium is 5.12 eV.

A radio transmitter radiates 1,000 W at a frequency of 10 MHz.
(a) What is the energy of each radiated quantum in electron volts?
() How many quanta are emitted per second?

. (¢) How many quanta are emitted in each period of oscillation of the electro-

magnetic field?
(d) If each quantum acts as a particle, what is its momentum?

What is the wavelength of (a) a mass of 1 kg moving with a speed of 1 m/s,
(b) an electron which has been accelerated from rest through a potential differ-
ence of 10 V?

Classical physics is valid as long as the physical dimensions of the system are
much larger than the De Broglie wavelength. Determine whether the particle
is classical in each of the following cases:

(a) An electron accelerated through a potential of 300 V in a device whose dimen-
sions are of the order of 1 em.

(b) An electron in the electron beam of a cathode-ray tube (anode-cathode
voltage = 25 kV).

(¢) The electron in a hydrogen atom.

A photon of wavelength 1,216 A excites a hydrogen atom which is at rest.
Calculate

(a) The photon momentum imparted to the atom.

(b) The energy corresponding to this momentum and imparted to the hydrogen
atom.

(c) The ratio of the energy found in part b to the energy of the photon. HiINT:
Use conservation of momentum.
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CHAPTER 2

21

22

2-3

2-5

2-6

2-7

2-9

2-10

2-n

Prove that the concentration n of free electrons per cubic meter of a metal is

given by

dv Ay X 108
AM A

where d = density, kg/m?
v = valence, free electrons per atom
A = atomic weight
M = weight of atom of unit atomic weight, kg (Appendlx A)
A, = Avogadro’s number, molecules/mole

The specific density of tungsten is 18.8 g/cm?, and its atomic weight is 184.0.
Assume that there are two free electrons per atom. Calculate the concentration
of free electrons.

(a) Compute the conductivity of copper for which p = 34.8 cm?/V-s and
d = 8.9 g/ecm3. Use the result of Prob. 2-1.

(b) If an electric field is applied across such a copper bar with an intensity of
10 V/cm, find the average velocity of the free electrons.

Compute the mobility of the free electrons in aluminum for which the density
is 2.70 g/cm3 and the resistivity is 3.44 X 107° Q-cm. Assume that aluminum
has three valence electrons per atom. Use the result of Prob. 2-1.

The resistance of No. 18 copper wire (diameter = 1.03 mm) is 6.51 Q per 1,000 ft.
The concentration of free electrons in copper is 8.4 X 10?8 electrons/m3. If
the current is 2 A, find the (a) drift velocity, (b) mobility, (¢) conductivity.
(a) Determine the concentration of free electrons and holes in a sample of
germanium at 300°K which has a concentration of donor atoms equal to 2 X 104
atoms/cm3 and a concentration of acceptor atoms equal to 3 X 10 atoms/cm?.
Is this p- or n-type germanium? In other words, is the conductivity due pri-
marily to holes or to electrons?

(b) Repeat part a for equal donor and acceptor concentrations of 10! atoms/cm?3.
Is this p- or n-type germanium?

(c) Repeat part a for donor concentration of 10'® atoms/em? and acceptor con-
centration 10'* atoms/cm3.

(a) Find the concentration of holes and of electrons in p-type germanium at
300°K if the conductivity is 100 (@2-ecm)~2.

(b) Repeat part a for n-type silicon if the conductivity is 0.1 (@-cm)~1

(a) Show that the resistivity of intrinsic germanium at 300°K is 45 Q-cm.

(b) If a donor-type impurity is added to the extent of 1 atom per 10® germanium
atoms, prove that the resistivity drops to 3.7 Q-cm.

(a) Find the resistivity of intrinsic silicon at 300°K.

(b) If a donor-type impurity is added to the extent of 1 atom per 10® silicon
atoms, find the resistivity.

Consider intrinsic germanium at room temperature (300°K). By what percent
does the conductivity increase per degree rise in temperature?

Repeat Prob. 2-10 for intrinsic silicon.
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2-12 Repeat Prob. 2-6a for a temperature of 400°K, and show that: the sample is
essentially intrinsic.

2-13 A sample of germanium is doped to the extent of 10'* donor atoms/ecm?® and
7 X 1013 acceptor atoms/cm3. At the temperature of the sample the resistivity
of pure (intrinsic) germanium is 60 Q-cm. If the applied electric field is 2 V/cm,
find the total conduction current density.

2-14 (a) Find the magnitude of the Hall voltage Vy in an n-type germanium bar
used in Fig. 2-10, having majority-carrier concentration Np = 107/cm3,
Assume B, = 0.1 Wb/m?, d = 3 mm, and & = 5 V/cm.

(b)) What happens to Vy if an identical p-type germanium bar having N, =
10'7/cm3 is used in part a?

2-15 The Hall effect is used to determine the mobility of holes in a p-type silicon bar
used in Fig. 2-10. Assume the bar resistivity is 200,000 Q-cm, the magnetic
field B, = 0.1 Wb/m?, and d = w = 3 mm. The measured values of the cur-
rent and Hall voltage are 10 uA and 50 mV, respectively. Find u,.

} 2-16 A certain photosurface has a spectral sensitivity of 6 mA/W of incident radia-
tion of wavelength 2,537 A. How many electrons will be emitted photoelec-
trically by a pulse of radiation consisting of 10,000 photons of this wavelength?

2-17 (a) Consider the situation depicted in Fig. 2-13 with the light turned on. Show
that the equation of conservation of charge is

D s S

S ki ettt

dp p_ P
dt+r T

where the time axis in Fig. 2-13 is shifted to ¢'.
(b) Verify that the concentration is given by the equation

p =7+ (po— D"

2-18 The hole concentration in a semiconductor specimen is shown.
(a) Find an expression for and sketch the hole current density J,(z) for the case
in which there is no externally applied electric field.

p(0)

Prob. 2-18 p(x)

i

w x

(b) Find an expression for and sketch the built-in electric field that must exist
if there is to be no net hole current associated with the distribution shown.

(¢) Find the value of the potential between the points z = 0 and =z = 1V if
p(0)/p, = 10°
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2-19

2-20

20

Given a 20 Q-cm n-type germanium bar with material lifetime of 100 us, cross
section of 1 mm?, and length of 1 em. One side of the bar is illuminated with
101% photons/s. Assume that each incident photon generates one electron-hole
pair and that these are distributed uniformly throughout the bar. Find the
bar resistance under continuous light excitation at room temperature.

(a) Consider an open-circuited graded semiconductor as in Fig. 2-17a. Verify
the Boltzmann equation for electrons [Eq. (2-61)].

(b) For the step-graded semiconductor of Fig. 2-17b verify the expression for the
contact potential V, given in Eq. (2-63), starting with J, = 0.

(a) Consider the step-graded germanium semiconductor of Fig. 2-17b with
Np = 103N 4 and with N4 corresponding to 1 acceptor atom per 10® germanium
atoms. Calculate the contact difference of potential V, at room temperature.
(b) Repeat part a for a silicon p-n junction.

CHAPTER 3

3-1

3-2

3-3
3-4

3-5

(@) The resistivities of the two sides of a step-graded germanium diode are 2 2-cm
(p side) and 1 Q-cm (n side). Calculate the height E, of the potential-energy
barrier.

(b) Repeat part a for a silicon p-n junction.

(@) Sketch logarithmic and linear plots of carrier concentration vs. distance for
an abrupt silicon junction if Np = 10'* atoms/cm?® and N, = 10'® atoms/cm?,
Give numerical values for ordinates. Label the n, p, and depletion regions.
(b) Sketch the space-charge electric field and potential as a function of distance
for this case (Fig. 3-1).

Repeat Prob. 3-2 for an abrupt germanium junction.

(a) Consider a p-n diode operating under low-level injection so that p, < n,.
Assuming that the minority current is due entirely to diffusion, verify that the
electric field in the n side is given by

- I + (Do/Dp — 1)1 pa(x)

&(x
® qnua.A

(b) Using this value of &, find the next approximation to the drift hole current
and show that it may indeed be neglected compared with the diffusion hole
current.

(c) Sketch the following currents as a function of distance in the n side: (i) total
diode current; (ii) minority-carrier current; (iii) majority diffusion current;
(iv) majority drift current; (v) total majority-carrier current.

Starting with Eq. (3-5) for I,, and the corresponding expression for I,,, prove
that the ratio of hole to electron current crossing a p-n junction is given by

I;n(©) _ 9L
I.,(0) 0.,

where o,(c,) = conductivity of p(n) side. Note that this ratio depends upon
the ratio of the conductivities. For example, if the p side is much more heavily
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37

3-8

3-9

3-10

3-11

3-12

3-13

doped than the n side, the hole current will be much larger than the electron
current crossing the junction.

(a) Prove that the reverse saturation current in a p-n diode is given by

D D
Io = .4 ? d ,‘2
7 (L,,N,, + LnNA) "

(b) Starting with the expression for I, found in part a, verify that the reverse
saturation current is given by

I)G'.‘2 1 1
I, = AVy 2
"1+ by (L,,cr,, + L,ﬁ,,)

where o,(¢;) = conductivity of n(p) side

g; = conductivity of intrinsic material

b = u./pp
(@) Using the result of Prob. 3-6, find the reverse saturation current for a
germanium p-n junction diode at room temperature, 300°K. The cross-sectional
area is 4.0 mm?, and

o, = 1.0 (R-cm)~t o, = 0.1 (-¢cm)~? L,=1L,=0.15¢cm

Other physical constants are given in Table 2-1.

(b) Repeat part a for a silicon p-n junction diode. Assume L, = L, = 0.01 ¢m
and ¢, = ¢, = 0.01 (2-cm)~1.

Find the ratio of the reverse saturation current in germanium to that in silicon,
using the result of Prob. 3-6. Assume L, = L, = 0.1 em and o, = o, = 1.0
(Q-cm)~! for germanium, whereas the corresponding values are 0.01 cm and
0.01 (2-cm)~! for silicon. See also Table 2-1.

(a) For what voltage will the reverse current in a p-n junction germanium diode
reach 90 percent of its saturation value at room temperature?

(b) What is the ratio of the current for a forward bias of 0.05 V to the current
for the same magnitude of reverse bias?

(¢) If the reverse saturation current is 10 pA, calculate the forward currents for
voltages of 0.1, 0.2, and 0.3 V, respectively.

(a) Evaluate n in Eq. (3-9) from the slope of the plot in Fig. 3-8 for T = 25°C.
Draw the best-fit line over the current range 0.01 to 10 mA.

(b) Repeat for T = —55 and 150°C.

(a) Calculate the anticipated factor by which the reverse saturation current
of a germanium diode is multiplied when the temperature is increased from
25 to 80°C.

(&) Repeat part a for a silicon diode over the range 25 to 150°C.

It is predicted that, for germanium, the reverse saturation current should
increase by 0.11°C~1. It is found experimentally in a particular diode that at a
reverse voltage of 10 V, the reverse current is 5 uA and the temperature depend-
ence is only 0.07°C~1. What is the leakage resistance shunting the diode?

A diode is mounted on a chassis in such a manner that, for each degree of tem-
perature rise above ambient, 0.1 mW is thermally transferred from the diode
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3-14

3.15

3-16

3-17

318

3-19

3-20

3

to its surroundings. (The ‘‘thermal resistance’”’ of the mechanical contact
between the diode and its surroundings is 0.1 mW/°C.) The ambient tempera-
ture is 25°C. The diode temperature is not to be allowed to increase by more
than 10°C above ambient. If the reverse saturation current is 5.0 pA at 25°C
and increases at the rate 0.07°C~1, what is the maximum reverse-bias voltage
which may be maintained across the diode?

A silicon diode operates at a forward voltage of 0.4 V. Calculate the factor by
which the current will be multiplied when the jtemperature is increased from
25 to 150°C. Compare the result with the plot of Fig. 3-8.

An ideal germanium p-n junction diode has at a temperature of 125°C a reverse
saturation current of 30 uA. At 'a temperature of 125°C find the dynamic resis-
tance for a 0.2 V bias in (a) the forward direction, (b) the reverse direction.
Prove that for an alloy p-n junction (with N4 << Np), the width W of the deple-
tion layer is given by

W= (26;!ij>§
Ty

where V; is the junction potential under the condition of an applied diode voltage
Va.

(a) Prove that for an alloy silicon p-n junction (with N4 << Np), the depletion-
layer capacitance in picofarads per square centimeter is given by

N.\}
Cr =29 X104 (T/:)

i

(b) If the resistivity of the p material is 3.5 Q-cm, the barrier height V, is
0.35 V, the applied reverse voltage is 5 V, and the cross-sectional area is circular
of 40 mils diameter, find C7r.

(a) For the junction of Fig. 3-10, find the expression for the & and V as a func-
tion of z in the n-type side for the case where N4 and Np are of comparable
magnitude. HiINT: Shift the origin of  so that z = 0 at the junction.

(b) Show that the total barrier voltage is given by Eq. (3-21) multiplied by
N4/(Na+ Np) and with W = W, + W,.

(¢) Prove that Cr = [qN4Npe/2(N4 + Np)pV-1

(d) Prove that Cr = eAd/(W, + W,).

Reverse-biased diodes are frequently employed as electrically controllable vari-
able capacitors. The transition capacitance of an abrupt junction diode is
20 pF at 5 V. Compute the decrease in capacitance for a 1.0-V increase in bias.
Calculate the barrier capacitance of a germanium p-n junction whose area is
1 mm by 1 mm and whose space-charge thicknessis 2 X 10~4cm. The dielectric
constant of germanium (relative to free space) is 16.

The zero-voltage barrier height at an alloy-germanium p-n junction is 0.2 V.
The concentration N 4 of acceptor atoms in the p side is much smaller than the
concentration of donor atoms in the n material, and N, = 3 X 10?° atoms/m?.
Calculate the width of the depletion layer for an applied reverse voltage of
(@) 10 V and (b) 0.1 V and (c) for a forward bias of 0.1 V. (d) If the cross-
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sectional area of the diode is 1 mm?, evaluate the space-charge capacitance
corresponding to the values of applied voltage in (a) and (b).

3-22 (a) Consider a grown junction for which the uncovered charge density p varies
linearly with distance. If p = ax, prove that the barrier voltage V, is given by

_aW?

77 12¢
(b) Verify that the barrier capacitance Cr is given by Eq. (3-23)

3-23 Given a forward-biased silicon diode with I = 1 mA. If the diffusion capaci-
tance is Cp = 1 uF, what is the diffusion length L,? Assume that the doping of
the p side is much greater than that of the n side.

3-24 The derivation of Eq. (3-28) for the diffusion capacitance assumes that the p
side is much more heavily doped than the » side, so that the current at the junc-
tion is entirely due to holes. Derive an expression for the total diffusion capaci-
tance when this approximation is not made.

3-25 (a) Prove that the maximum electric field §. at a step-graded junction with
N4> Npis given by

o _ 2V
w

(b) It is found that Zener breakdown occurs when &, = 2 X 10 V/m = §,.
Prove that Zener voltage V, is given by
_ €82
2qND

Note that the Zener breakdown voltage can be controlled by controlling the
concentration of donor ions.

3-26 (a) Zener breakdown oceurs in germanium at a field intensity of 2 X 107 V/m.
Prove that the breakdown voltage is Vz = 51/0,, where o, is the conductivity
of the p material in (Q-em)~'. Assume that N,<< Np.

(b) If the p material is essentially intrinsic, calculate V.

(c) For a doping of 1 part in 10® of p-type material, the resistivity drops to
3.7 Q-cm. Calculate V2.

(d) For what resistivity of the p-type material will Vz; = 1 V?

3-27 (a) Two p-n germanium diodes are connected in series opposing. A 5-V battery
is impressed upon this series arrangement. Find the voltage across each junction
at room temperature. Assume that the magnitude of the Zener voltage is
greater than 5 V.

Note that the result is independent of the reverse saturation current. Is it
also independent of temperature?

HinT: Assume that reverse saturation current flows in the circuit, and then
justify this assumption.
(b) If the magnitude of the Zener voltage is 4.9 V, what will be the current in
the circuit? The reverse saturation current is 5 uA.

3-28 The Zener diode can be used to prevent overloading of sensitive meter move-
ments without affecting meter linearity. The circuit shown represents a dc
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voltmeter which reads 20 V full seale. The meter resistance is 560 £, and
R, 4 R, = 99.5 K. 1If the diode is a 16-V Zener, find R; and R, so that, when
Vi > 20V, the Zener diode conducts and the overload current is shunted away
from the meter.

R:
= 5600

Prob. 3-28

200pA
full scale

3-29

3-30

Prob. 3

3-31

3:32

3-33

A series combination of a 15-V avalanche diode and a forward-biased silicon
diode is to be used to construct a zero-temperature-coefficient voltage reference.
The temperature coeflicient of the silicon diode is —1.7 mV/°C. Express in
percent per degree centigrade the required temperature coefficient of the Zener
diode.

The saturation currents of the two diodes are 1 and 2 uA. The breakdown
voltages of the diodes are the same and are equal to 100 V.

(a) Calculate the current and voltage for each diodeif V=90 Vand V = 110 V.
(b) Repeat part a if each diode is shunted by a 10-MI resistor.

+ lh
' !

Prob. 3-31

(a) The avalanche diode regulates at 50 V over a range of diode currents from
5 to 40 mA. The supply voltage V = 200 V. Calculate R to allow voltage
regulation from a load current I', = 0 up to .., the maximum possible value
of In.. What is I.?

(b) If R is set as in part a and the load current is set at I, = 25 mA, what are
the limits between which ¥V may vary without loss of regulation in the circuit?
(a) Consider a tunnel diode with N = N, and with the impurity concentration
corresponding to 1 atom per 10% germanium atoms. At room temperature calcu-
late (i) the height of the potential-energy barrier under open-circuit conditions
(the contact potential energy), (ii) the width of the space-charge region.

(b) Repeat part a if the semiconductor is silicon instead of germanium.

The photocurrent I in a p-n junction photodiode as a function of the distance
of the light spot from the junction is given in Fig. 3-22. Prove that the slopes
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3-34

of In I versus z are —1/L, and —1/L,, respectively, on the n and p sides. Note
that L, represents the diffusion length for holes in the n material.

(a) For the type LS 223 photovoltaic cell whose characteristics are given in
Fig. 3-23, plot the power output vs. the load resistance Ry.

(b) What is the optimum value of R,?

CHAPTER 4

4-1

4-3

4-4

b 45

(a) In the circuit of Prob. 3-27, the Zener breakdown voltage is 2.0 V. The
reverse saturation current is 5 wA. If the silicon diode resistance could be
neglected, what would be the current?
(b) If the ohmiic resistance is 100 Q, what is the current?

Norte: Answer part b by plotting Eq. (3-9) and drawing a load line. Verify
your answer analytically by a method of successive approximations.
A p-n germanium junction diode at room temperature has a reverse satura-
tion current of 10 A, negligible ohmic resistance, and a Zener breakdown voltage
of 100 V. A 1-K resistor is in series with this diode, and a 30-V battery is
impressed across this combination. Find the current (a) if the diode is forward-
biased, (b) if the battery is inserted into the circuit with the reverse polarity.
(¢) Repeat parts a and b if the Zener breakdown voltage is 10 V.,
Each diode is described by a linearized volt-ampere characteristic, with incre-
mental resistance r and offset voltage V,. Diode D1 is germanium with vV, =

VN '
l R
+
D1 D2

Prob. 4-3 100V _‘[

0.2 Vand r = 20 Q, whereas D2 is silicon with V', = 0.6 Vandr = 159Q. Find
the diode currents if (a) R = 10 K, (b)) R =1 K.

The photodiode whose characteristics are given in Fig. 3-21 is in series with a
30-V supply and a resistance R. If the illumination is 3,000 fe, find the current
for (a) R =0, (b)) R =50 K, (¢) R =100 K.

(a) For the application in Sec. 4-3, plot the voltage across the diode for one
cycle of the input voltage »,. Let V,, =24V V, =06V, B, =10 Q, and
R, =100 Q.

(b) By direct integration find the average value of the diode voltage and the load
voltage. Note that these two answers are numerically equal and explain why.
Calculate the break region over which the dynamie resistance of a diode is multi-
plied by a factor of 1,000.

For the diode clipping circuit of Fig. 4-9a assume that Vi, = 10 V, »; = 20 sin o,
and that the diode forward resistance is R; = 100 @ while R, = « and V, = 0.
Neglect all capacitances.  Draw to scale the input and outpuf, waveforms and
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label the maximum and minimum values if () R = 100 2, () R = 1 K, and (¢)
R =10 K.

4-8 Repeat Prob. 4-7 for the case where the reverse resistance is B, = 10 K.

4-9 1In the diode clipping circuit of Fig. 4-9a¢ and d, v; = 20 sin 0!, R = 1 K, and
Ve = 10 V. The reference voltage is obtained from a tap on a 10-K divider
connected to a 100-V source. Neglect all capacitances. The diode forward
resistance is 50 @, B, = «,and V, = 0. In both cases draw the input and out-
put waveforms to scale. Which circuit is the better clipper? HinT: Apply
Thévenin’s theorem to the reference-voltage divider network.

4-10 A symmetrical 5-kHz square wave whose output varies between +10 and —10V
is impressed upon the clipping circuit shown. Assume K, = 0, R, = 2 M, and

LS S

U,

o Prob. 4-10

] b |

V, = 0. Sketch the steady-state output waveform, indicating numerical values
of the maximum, minimum, and constant portions.

4-11 TFor the clipping circuits shown in Fig. 4-9b and d derive the transfer character-
istic v, versus »;, taking into account R, and V, and considering R, = .

412 The clipping circuit shown employs temperature compensation. The dec voltage
source V., represents the diode offset voltage; otherwise the diodes are assumed
to be ideal with By = 0 and R, = .

Prob. 4-12 -

(a) Sketch the transfer ecurve v, versus v;.
(b) Show that the maximum value of the input voltage v; so that the current in
D2 is always in the forward direction is

R
Vi,max = Ve + E; (VR - V‘y)
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413

4-14

(c) What is the temperature dependence of the point on the input waveform at
which clipping occurs?

(a) In the clipping circuit shown, D2 compensates for temperature variations.
Assume that the diodes have infinite back resistance, a forward resistance of 50 {,
and a break point at the origin (V, = 0). Calculate and plot the transfer char-
acteristic v, against v;. Show that the circuit has an extended break point, that
is, two break points close together.

D1 '
+l D2 j+ *T R b1 74,
v; (51:() v, v; Uy
_L -I 10V l_ _L -]- A J)_
Prob. 4-13 Prob. 4-14

(b) Find the transfer characteristic that would result if D2 were removed and the
resistor B were moved to replace D2.

(c) Show that the double break of part a would vanish and only the single break
of part b would appear if the diode forward resistances were made vanishingly
small in comparison with R.

(a) In the peak clipping circuit shown, add another diode D2 and a resistor R’
in a manner that will compensate for drift with temperature.

(b) Show that the break point of the transmission curve occurs at Vz. Assume
R, > R> R,

(c) Show that if D2 is always to remain in conduction it is necessary that

Vi < Vimax = Ve + g Ve —Vy)

(@) The input voltage v; to the two-level clipper shown in part a of the figure
varies linearly from 0 to 150 V. Sketch the output voltage v, to the same time
scale as the input voltage. Assume ideal diodes.

(b) Repeat (a) for the circuit shown in part b of the figure.

+I % % + +| 100K ‘ % +

100K 200K ) 200K

_L -[ 25V T 100V l_ _l ]- 100V ]- 25V l
@ ®

Prob. 4-15
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4-16 The circuit of Fig. 4-10a is used to “‘square” a 10-kHz input sine wave whose
peak value is 50 V. It is desired that the output voltage waveform be flat for
90 percent of the time. Diodes are used having a forward resistance of 100 Q
and a backward resistance of 100 K.
(a) Find the values of Vg, and Vg,.
(b) What is a reasonable value to use for R?

4-17 (a) The diodes are ideal. Write the transfer characteristic equations (v, as a
function of v;).
(b) Plot v, against v;, indicating all intercepts, slopes, and voltage levels.
(c) Sketch v, if v; = 40 sin wt. Indicate all voltage levels.

NV
+ M 10K 10K D2 +
Yi 10K Y Prob. 4-17

418 (a) Repeat Prob. 4-17 for the circuit shown.
(b) Repeat for the case where the diodes have an offset voltage V, =1 V.

0. U, Prob. 4-18

4-19  Assume that the diodes are ideal. Make a plot of v, against v; for the range of
v; from 0 to 50 V. Indicate all slopes and voltage levels. Indicate, for each
region, which diodes are conducting.

D1 D2 +

y - 10K %K %  Prob. 4-19
- -1-6V ]-20V l—

4-20 The triangular waveform shown is to be converted into a sine wave by using
clipping diodes. Consider the dashed waveform sketched as a first approxima-
tion to the sinusoid. The dashed waveform is coincident with the sinusoid at 0°,
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30°, 60°, etc: Devise a circuit whose output is this broken-line waveform when
the input is the triangular waveform. Assume ideal diodes and calculate the
values of all supply voltages and resistances used. The peak value of the sinusoid
is 50 V.

Prob. 4-20

M oy
0 30 60 90 120 150 180,210 240 270 300 330,360
Degrees

4-21 Construct circuits which exhibit terminal characteristics as shown in parts a and
b of the figure.

P
/ / v v
| d

(@) (®)

Prob. 4-21

4-22 The diode-resistor comparator of Fig. 4-13 is connected to a device which
responds when the comparator output attains a level of 0.1 V. The input is a
ramp which rises at the rate 10 V/us. The germanium diode has a reverse sat-
uration current of 1 wA. Initially, R =1 K and the 0.1-V output level is
attained at a time ¢ = ¢;. If we now set B = 100 K, what will be the correspond-
ing change in ,? Vg = 0.

4-23 For the four-diode sampling gate of Fig. 4-14 consider that v, is at its most nega-
tive value, say,v, = —V,. Then verify that the expressions for Vy, g, and Ve min
given in Egs. (4-7) and (4-8) remain valid.

4-24 A balancing voltage divider is inserted between D3 and D4 in Fig. 4-14 so as to
give zero output voltage for zero input. If the divider is assumed to be set at its
midpoint, if its total resistance is R, and if R and R, are both much less than R,
or R;, show that

R R
Vc min = V. 2 == 1 —_—
e () (i)
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4-25 (a) Explain qualitatively the operation of the sampling gate shown. The supply
voltage V is constant. The control voltage v. is the square wave of Fig. 4-14b.
Assume ideal diodes with V., = 0, R; = 0, and R, = «». HiNT: Whenv. = V.,
the diodes D1 and D2 conduct (if V > V) and D3 and D4 are orr. If
ve = —V,, then D3 and D4 conduct and D1 and D2 are oFF.

Verify the following relationships:

R, R,

b)) Vain = — ———=V
®) Vn R: R, + 2R,

where R, = R.||R..

Vo ZRL R1
© % R: Ri+ 2R
@ Vomia = Voo R,

-V
R. + R, R. + R,

(e) Vc.min = AV:

RC
+V
D1 D2 R,
P, P,
Ue O'—K ¢ l\/\/\l - Ve
D3 R, : R, D4
Prob. 4-25

4-26 A diode whose internal resistance is 20 Q is to supply power to a 1,000- load
from a 110-V (rms) source of supply. Calculate (a) the peak load current, (b)
the dc load current, (¢) the ac load current, (d) the dc diode voltage, (¢) the total
input power to the circuit, (f) the percentage regulation from no load to the given
load.

4-27 Show that the maximum dc output power Py, = Va.l4o in a half-wave single-
phase circuit occurs when the load resistance equals the diode resistance R;.

4-28 The efficiency of rectification #, is defined as the ratio of the dc output power
2%
P4, = Vi lq, to the input power P; = (1/2w) ﬁ) vt da.
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4-31

4-32

4-33

4-34

| 435

c PROBLEMS / 783

(a) Show that, for the half-wave-rectifier circuit,

40.6

“1¥ R R, 7

7

(b) Show that, for the full-wave rectifier, 5, has twice the value given in part a.

Prove that the regulation of both the half-wave and the full-wave rectifier is
given by

% regulation = —R‘-' = 1009
R,

(a) Prove Eqgs. (4-21) and (4-22) for the de voltage of a full-wave-rectifier circuit.
(b) Find the dec voltage across a diode by direct integration.

A full-wave single-phase rectifier consists of a double-diode vacuum tube, the
internal resistance of each element of which may be considered to be constant and
equal to 500 . These feed into a pure resistance load of 2,000 Q. The secon-
dary transformer voltage to center tap is 280 V. Calculate (a) the dc load cur-
rent, (b) the direct current in each tube, (c) the ac voltage across each diode, (d)
the dc output power, (¢) the percentage regulation.

In the full-wave single-phase bridge, can the transformer and the load be inter-
changed? Explain carefully.

A 1-mA dc meter whose resistance is 10 © is calibrated to read rms volts when
used in a bridge circuit with semiconductor diodes. The effective resistance of
each element may be considered to be zero in the forward direction and infinite
in the inverse direction. The sinusoidal input voltage is applied in series with a
5-K resistance. What is the full-scale reading of this meter?

The circuit shown is a half-wave voltage doubler. Analyze the operation of this
circuit. Calculate (@) the maximum possible voltage across each capacitor, (b)
the peak inverse voltage of each diode. Compare this circuit with the bridge
voltage doubler of Fig. 4-22. In this circuit the output voltage is negative with
respect to ground. Show that if the connections to the cathode and anode of
each diode are interchanged, the output voltage will be positive with respect
to ground.

Prob. 4-34

\
iE
Y

-g’
[
4

o)

(o)
Input m 1
4 ' By
=

The circuit of Prob. 4-34 can be extended from a doubler to a quadrupler by
adding two diodes and two capacitors as shown. In the figure, parts a and b are
alternative ways of drawing the same circuit.
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(a) Analyze the operation of this circuit.

(b) Answer the same questions as asked in Prob. 4-34.

(¢) Generalize the circuit of this and of Prob. 4-34 so as to obtain n-fold multi-
plication when n is any even number. In particular, sketch the circuit for sixfold
multiplication.

(d) Show that n-fold multiplication, with n odd, can also be obtained provided
that the output is properly chosen.

Tripler
ﬁ?‘- Cl

=C. o
D2 D4
C,s Input I“ [
Output D3
|
= € c2 C
Input {“
i j+ Quadrupler
L ©
(a) (b)
Prob. 4-35
4-36 A single-phase full-wave rectifier uses a semiconductor diode. The transformer

voltage is 35 V rms to center tap. The load consists of a 40-uF capacitance in
parallel with a 250-Q resistor. The diode and the transformer resistances and
leakage reactance may be neglected.

(a) Calculate the cutout angle.

(b) Plot to scale the output voltage and the diode current as in Fig. 4-25. Deter-
mine the cutin point graphically from this plot, and find the peak diode current
corresponding to this point.

(c) Repeat parts a and b, using a 160-uF instead of a 40-uF capacitance.

CHAPTER 5

5-1

(¢) Show that for an n-p-n silicon transistor of the alloy type in which the
resistivity ps of the base is much larger than that of the collector, the punch-
through voltage V is given by V = 6.1 X 103W 32/ps, where V is in volts, ps in
ohm-centimeters, and W in mils. For punch-through, W = Wpin Fig. 5-8a.
(b) Calculate the punch-through voltage if W = 1 um and ps = 0.5 Q-cm.

The transistor of Fig. 5-3a has the characteristics given in Figs. 5-6 and 5-7.
Let Vcc = 6V, RL = 200 Q, and IE =15 mA.

(a) Find Ic and Vca.
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(b) Find Ves and V.
(c) If Ig changes\)y Alg = 10 mA symmetrically around the point of part a and
with constant V¢, find the corresponding/change in I¢.

5-3 The CB transistor used in the circuit of Fig. 5-3a has the characteristics given in
Figs. 5-6 and 5-7. Let Ic = —20 mA, Vep = —4 V, and B, = 200 Q.
(a) Find V¢e and Ig.
(b) If the supply voltage Vcc decreases from its value in part a by 2 V while Ig
retains its previous value, find the new values of /¢ and V¢s.

5-4 The CE transistor used in the circuit shown has the characteristics given in Figs.
5-10 and 5-11.
(a) Find Vg if Vee =10V, Veg = —1 V,and B, = 250 Q.
®) If Vee = 10V, find Rrsothat Ic = —20 mA and Veg = —4 V. Find Vas.

VE

aE

5-5 If a =0.98and Ve = 0.7V, find R, in the circuit shown for an emitter current
Iy = —2 mA. Neglect the reverse saturation current.

Prob. 5-4

Ven T

Prob. 5-5

5-6 (a) Find R, and R, in the circuit of Fig. 5-12a if Vee = 10 Vand Vs = 5V, so
that I¢ = 10 mA and Vee = 5 V. A silicon transistor with 8 = 100, Ve =
0.7 V, and negligible reverse saturation current is under consideration.
() Repeat part a if a 100-2 emitter resistor is added to the circuit.
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5-7 In the circuit shown, Vec =24 V, R. = 10 K, and R. = 270 Q. If a silicon
transistor is used with 8 = 45 and if Ve =5V, w R. Neglect the reverse
saturation current. :

Vee

o——) Prob. 5-7 /

5-8 For the circuit shown, transistors Q1 and Q2 operate in the active region with
Vaer = Vege = 0.7 V, 8, =100, and B, = 50. The reverse saturation cur-
rents may be neglected.

(a) Find the currents Igs, Iy, Is, Ica, Ipr, Lcy, and Iy
(b) Find the voltages V,; and V..

Prob. 5-8

5-9 (a) The reverse saturation current of the germanium transistor in Fig. 5-13 is
2 pAat room temperature (25°C) and increases by a factor of 2 for each tempera-
ture increase of 10°C. The bias Vzp = 5 V. Find the maximum allowable
value for Rp if the transistor is to remain cut off at a temperature of 75°C.
®) If Ver = 1.0 V and R = 50 K, how high may the temperature increase
before the transistor comes out of cutoff?

5-10 From the characteristic curves for the type 2N404 transistor given in Fig. 5-14,
find the voltages Vge, Vcir, and Ve for the circuit shown.
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-9V

1K
Prob. 510 30K

2N404

~

5-11 A silicon transistor with Vg, = 0.8V, 8 = hrg = 100, Ve, = 0.2 Vis used
in the circuit shown. Find the minimum value of R, for which the transistor
remains in saturation.

10V

Prob. 511 200K

5-12 For the circuit shown, assume 8 = hrz = 100.
(a) Find if the silicon transistor is in cutoff, saturation, or in the active region.
(®) Find V..
(¢) Find the minimum value for the emitter resistor R, for which the transistor
operates in the active region.

-10V

Prob. 5-12
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513

5-14

If the silicon transistor used in the circuit shown has a minimum value of 8 = hyg
of 30 and if Icso = 10 nA at 25°C:

(a) Find V, for V; = 12 V and show that @ is in saturation.

(b) Find the minimum value of R, for which the transistor in part a is in the
active region.

() f Ry =15Kand V;, = 1V, find V, and show that Q is at cutoff.

(d) Find the maximum temperature at which the transistor in part ¢ remains
at cutoff.

12V

Prob. 5-13

-12V

Silicon transistors with Arz = 100 are used in the circuit shown. Neglect the
reverse saturation current.

(a) Find V, when V; = 0 V. Assume Q1 is ofF and justify the assumption.
(b) Find V, when V; = 6 V. Assume 2 is oFF and justify this assumption.

12V

I

Prob. 5-14
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5-15 For the circuit shown, a; = 0.98, ay = 0.96, Vec =24 V, R, =120 @, and
I = —100 mA. Neglecting the reverse saturation currents, determine (a) the
currents Ici, I, Ig1, Ica, Ips, and Ic; (b) Ver; (¢) Ic/Is, Ic/Ik.

0 Vee

Icl

Prob. §-15

5-16 Derive from Eqgs. (5-24) and (5-25) the explicit expressions for I¢ and I in terms
of Ve and Ve,

5-17 (a) Derive Eqgs. (5-29) and (5-30).
(b) Derive Eq. (5-31).

5-18 Draw the Ebers-Moll model for an n-p-n transistor.

5-19 (a) Show that the exact expression for the CE output characteristics of a p-n-p
transistor is

Ico + anlp — Ic(1 — ay)
Ver=VelmZ + vyl
. r “aN+ o Igo+ In+ Ic(1 — ay)

(b) Show that this reduces to Eq. (5-31) if I5 > Ixo and Is > Ico/an.

5-20 (a) A transistor is operating in the cutoff region with both the emitter and
collector junctions reverse-biased by at least a few tenths of a volt. Prove that
the currents are given by

Iro(l — an)

Jp = -Zor T an)
1 — anNay

1o = Ico(l — ain)
e = 2 T
1 — aNoy

(b) Prove that the emitter-junction voltage required just to produce cutoff
(Ir = 0 and the collector back-biased) is

VE = VT In (1 - aN)

5-21 (a) Find the collector current for a transistor when both emitter and collec-
tor junctions are reverse-biased. Assume Ico = 5 wA, [ro = 3.57 A, and
ay = 0.98.
(b) Find the emitter current Ir under the same conditions as in part a.
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5-22

523

5-24

5-25

5-26

527

5-28

Show that the emitter volt-ampere characteristic of a transistor in the active
region is given by

Ig == Igeva/vr

where I = —Irgo/(1 — anas). Note that this characteristic is that of a p-n
junction diode.

(a) Given an n-p-n transistor for which (at room temperature) anx = 0.98,
Ico =2 pA, and Ixo = 1.6 pA. A common-emitter connection is used, and
Vee =12 V and R, = 4.0 K. What is the minimum base current required in
order that the transistor enter its saturation region?

() Under the conditions in part a, find the voltages across each junction between
each pair of terminals if the base-spreading resistance 7y is neglected.

(c¢) Repeat part b if the base current is 200 pA.

(d) How are the above results modified if 7 = 250 Q?

Plot the emitter current vs. emitter-to-base voltage for a transistor for which
ay = 0.98, Ico = 2 uA, and Igo = 1.6 A if (a) Vo = 0, (b) V¢ is back-biased
by more than a few tenths of a volt. Neglect the base-spreading resistance.
Plot carefully to scale the common-emitter characteristic I¢/I5 versus Vee for a
transistor with ay = 0.90 = a;.

Show that
I I
Ices = 0 Iceo = i
1 - anyoy 1-— ay
A common method of calculating ay and a; is by measurement of I¢co, Icxo, and

Ices. Show that

(@ aw = femo=Teo gy 1 = Teo/oxs
Icro 1 — Ico/Icko

The collector leakage current is measured as shown in the figure, with the emitter
grounded and a resistor R connected between base and ground. If this current
is designated as Icgr, show that

Ico(l + IeoR/Vr)
1 — axar + (IeoR/Vr)(1 — an)

IL‘ER =

Vee
llu:n

Prob. 5-28
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5-29 For the circuit shown, verify that V, = V¢c when
Vee ay 1 — a; Vee Bn
. R. ( + ar 1 - aN) R. ( ﬁ])

Under these conditions the basc current exceeds the emitter current.

VCC

Prob. 5-29

s
<

5-30 For the circuit shown, prove that the floating emitter-to-base voltage is given by

+T
Prob. 5-30 Virr
=

5-31 For the “floating-base’” connection shown, prove that

Vesr =Vrln (1 - aN)

Neglect 7.

L" 5V
+

i

2——a~

Jop = — ¥
cT (1 _aN)z co

Assume that the transistors are identical.

Prob. 5-31
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5-32 (a) Show that if the collector junction is reverse-biased with {Vca| 3> Vr, the
voltage Vg is related to the base current by

Vee = IB("W + ild )
l—a,v

+ { IcoRg + Vel [1 + I5(1 — ayar) + ax(l — 01!)]]

1 —an Teo(l — an) a{l — ay)

where 7y, is the base-spreading resistance, and R is the emitter-body resistance.
(b) Show that Vee = Is(rw + Re) + Vr(1 4+ Ip/Ig) if the collector is open-
circuited.

5-33 A transistor is operated at a forward emitter current of 2 mA and with the collec-
tor open-circuited. Find (a) the junction voltages V¢ and Vi, (b) the collector-
to-emitter voltage Veg. Assume Ico = 2 A, Iro = 1.6 uA, axy = 0.98. Isthe
transistor operating in saturation, at cutoff, or in the active region?

5-34 Photodiode 1N77 (Fig. 3-21) is used in the circuit shown. R represents the
coil resistance of a relay for which the current required to close the relay is 6 mA.
The transistor used is silicon with Vg = 0.7 V and hrg = 100.

Vee =20V
|
Vo
+ Prob. 5-34
lI
50K Ve
Relay coil
N R, =2K
L

(a) Find the voltage V), at which switching of the relay occurs.

(b) Find the minimum illumination required to close the relay.

(c) If the relay coil is placed directly in series with the phototransistor of Fig.
5-25 across 20 V, find the illumination intensity required to close the relay.

CHAPTER 6

6-1 Convert the following decimal numbers to binary form: (a) 671, (b) 325, (c) 152.
6-2 The parameters in the diode or circuit of Fig. 6-3 are V(0) = +12V, V(1) =
—2V,R,=600Q R=10K, R, =0, R, = o, and V, = 0.6 V. Calculate
the output levels if one input is excited and if (@) Ve = +12V, (b)) Ve = +10V,
(¢) Ve = 414V, ,and (d) Vr = 0 V. For which of these cases is the or function
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6-48

6-49

6-50

For an RTL IC positive NoR gate prove that the maximum fan-out can be
approximated by the formula

06 R,
Ntnlx hFE.mm hFE,mln VCC Ra
The inputs of the RTL IC positive Nor gate shown in Fig. 6-29 are obtained
from the outputs of similar gates and the outputs drive similar gates. If the
supply voltage of the system is 5 V and the temperature range for proper opera-
tion of the gate is —50 to 150°C, calculate the maximum permissible values of the
resistances. Assume hrg = 30 at —50°C, Icgo = 10 nA at 25°C, and the
desired fan-out is 10.
Verify that the DCTL circuit shown with the fan-in transistors in series satisfies
the NAND operation. Assume that for the silicon transistors, Veg .. = 0.2 V and
Ve = 0.8 V. Calculate the collector currents in each transistor when all
inputs are high. The input to each base is taken from the output of a similar
gate.

15V

Prob. 6-50

]

U

CHAPTER 7

7-1 (@) Verify that Eq. (7-3) meets the stated boundary conditions.
(b) Verify that Eq. (7-5) satisfies the diffusion equation (7-2) and that it meets
the stated boundary conditions.

7-2 A silicon wafer is uniformly doped with phosphorus to a concentration of
10** cm™3. Refer to Table 2-1 on page 29. At room temperature (300°K) find
(a) The percentage of phosphorus by weight in the wafer.
(b) The conductivity and resistivity.
(¢) The concentration of boron, which, if added to the phosphorus-doped wafer,
would halve the conductivity.

7-3 (a) Using the data of Fig. 7-8, calculate the percent maximum concentration

of arsenic (atoms per cubic centimeter) that can be achieved in solid silicon. The



7-4

7-5

7-6

7-7
7-8
7-9

7-10

L 7-11
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concentration of pure silicon may be calculated from the data in Table 2-1 on
page 29.

() Repeat part a for gold.

(a) How long would it take for a fixed amount of phosphorus distributed over
one surface of a 25-um-thick silicon wafer to become substantially uniformly dis-
tributed throughout the wafer at 1300°C? Consider that the concentration is
sufficiently uniform if it does not differ by more than 10 percent from that at the
surface.

(b) Repeat part a for gold, given that the diffusion coefficient of gold in silicon s
1.5 X 10~¢ cm?/s at 1300°C.

Show that the junction depth z; resulting from a Gaussian impurity diffusion
into an oppositely doped material of background concentration N p¢ is given by

Q2 ]
z; =(2DtIn —_—
Ngcﬂ'Dt

A uniformly doped n-type silicon substrate of 0.1 Q-cm resistivity is to be
subjected to a boron diffusion with constant surface concentration of 4.8 X
10" cm™3. The desired junction depth is 2.7 um.

(a) Calculate the impurity concentration for the boron diffusion as a function of
distance from the surface.

(b) How long will it take if the temperature at which this diffusion is conducted
is 1100°C?

(¢) An n-p-n transistor is to be completed by diffusing phosphorus at a surface
concentration of 102! cm=3. If the new junction is to be at a depth of 2 um,
calculate the concentration for the phosphorus diffusion as a function of distance
from the surface.

(d) Plot the impurity concentrations (log scale) vs. distance (linear scale) for
parts @ and ¢, assuming that the boron stays put during the phosphorus diffusion.
Indicate emitter, base, and collector on your plot.

(e) If the phosphorus diffusion takes 30 min, at what temperature is the appa-
ratus operated? .

List in order the steps required in fabricating a monolithic silicon integrated
transistor by the epitaxial-diffused method. Sketch the cross section after each
oxide growth. Label materials clearly. No buried layer is required.

Sketch to scale the cross section of a monolithic transistor fabricated on a 5-mil-
thick silicon substrate. Hint: Refer to Sec. 7-1 and Figs. 7-12 and 7-13 for
typical dimensions.

Sketch the five basic diode connections (in circuit form) for the monolithic
integrated circuits. Which will have the lowest forward voltage drop? Highest
breakdown voltage?

If the base sheet resistance can be held to within +10 percent and resistor
line widths can be held to +0.1 mil, plot approximate tolerance of a diffused
resistor as a function of line width w in mils over the range 0.5 < w < 5.0.
(Neglect contact-area and contact-placement errors.)

A 1-mil-thick silicon wafer has been doped uniformly with phosphorus to a con-
centration of 10!® ¢em™3, plus boron to a concentration of 2 X 10'* em™3. Find
its sheet resistance.
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7-12 (a) Calculate the resistance of a diffused crossover 4 mils long, 1 mil wide, and
2 pm thick, given that its sheet resistance is 2.2 @/square. ‘
(b) Repeat part a for an aluminum metalizing layer 0.5 um thick of resistivity
2.8 X 107¢ Q-cm. Note the advantage of avoiding diffused crossovers.

7-13 (a) What is the minimum number of isolation regions required to realize in
monolithic form the logic gate shown?
(b) Draw a monolithic layout of the gate in the fashion of Fig. 7-25b.

é Rz
R,

{le
9 '/
o Q2
AN
6 7 8 1 5 4
Q6 Q5 Q4 Q1 +—o ¢———0
10

o é §R. gns

Prob. 7-13

7-14  Repeat Prob. 7-13 for the difference amplifier shown.

Y 2
1 R
o— 7 4
Q1
Q2
R, Prob. 7-14
Q5
R, R,
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7-15 For the circuit shown, find (a) the minimum number, (b) the mazimum number,

of isolation regions.

Prob. 7-15

7-16 For the circuit shown, (a) find the minimum number of isolation regions, and

7-17

7-18

7-19

(b) draw a monolithic layout in the fashion of Fig. 7-26, given that (i) @1, Q2,
and Q3 should be single-base-stripe, 1- by 2-mil emitter, transistors, (ii) Ry = R, =
Rs; =400 Q, R, = 600 Q. Use 1-mil-wide resistors.

R,

oo,

Q1 Q@2 Qs

Prob. 7-16

An integrated junction capacitor has an area of 1,000 mils? and is operated at a
reverse barrier potential of 1 V. The acceptor concentration of 10!5 atoms/cm?
is much smaller than the donor concentration. Calculate the capacitance.

A thin-film capacitor has a capacitance of 0.4 pF/mil2. The relative dielectric
constant of silicon dioxide is 3.5. What is the thickness of the SiO; layer in
angstroms?

The n-type epitaxial isolation region shown is 8 mils long, 6 mils wide, and
1 mil thick and has a resistivity of 0.1 @-cm. The resistivity of the p-type
substrate is 10 Q-cm. Find the parasitic capacitance between the isolation
region and the substrate under 5-V reverse bias. Assume that the sidewalls
contribute 0.1 pF/milz.
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p" isolation diffusion
(5 x 102°cm™)

Prob. 7-19 ~
Dp-type substrate

n-type isolation region

Note: In the problems that follow, indicate your answer by giving the letter of the
statement you consider correct.
7-20 The typical number of diffusions used in making epitaxial-diffused silicon inte-
grated circuits is (a) 1, (b) 2, (c) 3, (d) 4, (e) 5.
7-21 The “buried layer’” in an integrated transistor is (a) p* doped, (b) located in the
base region, (¢) n* doped, (d) used to reduce the parasitic capacitance.

7-22 Epitaxial growth is used in integrated circuits (ICs)
(a) To grow selectively single-crystal p-doped silicon of one resistivity on a
p-type substrate of a different resistivity.
() To grow single-crystal n-doped silicon on a single-crystal p-type substrate.
(¢) Because it yields back-to-back isolating p-n junctions.
(d) Because it produces low parasitic capacitance.
7-23 Silicon dioxide (8i0,) is used in ICs
(a) Because it facilitates the penetration of diffusants.
(b) Because of its high heat conduction.
(c) To control the location of diffusion and to protect and insulate the silicon
surface.
(d) To control the concentration of diffusants.
7-24 The p-type substrate in a monolithic circuit should be connected to
(a) The most positive voltage available in the circuit.
(b) The most negative voltage available in the circuit.
(¢) Any dc ground point.
(d) Nowhere, i.e., be left floating.
7-25 Monolithic integrated circuit systems offer greater reliability than discrete-
component systems because
(a) There are fewer interconnections.
(b) High-temperature metalizing is used.
(¢) Electric voltages are low.
(d) Electric elements are closely matched.
7-26 The collector-substrate junction in the epitaxial collector structure is, approxi-
mately,
(a) A step-graded junction.
(b) A linearly graded junction.
(¢) An exponential junction.
(d) None of the above.
7-27 The sheet resistance of a semiconductor is
(a) An undesirable parasitic element.
(b) An important characteristic of a diffused region, especially when used to
form diffused resistors.
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7-28

729

7-30

7-31

7-32
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(c) A characteristic whose value determines the required area for a given value
of integrated capacitance.

(d) A parameter whose value is important in a thin-film resistance.

Isolation in ICs is required.

(a) To make it simpler to test circuits.

(b) To protect the components from mechanical damage.

(c) To protect the transistor from possible ‘“‘thermal runaway.”

(d) To minimize electrical interaction between circuit components.

Almost all resistors are made in a monolithic IC

(a) During the emitter diffusion.

(b) While growing the epitaxial layer.

(c) During the base diffusion.

(d) During the collector diffusion.

Increasing the yield of an integrated circuit

(a) Reduces individual circuit cost.

(b) Increases the cost of each good circuit.

(¢) Results in a lower number of good chips per wafer.

(d) Means that more transistors can be fabricated on the same size wafer.
In a monolithic-type IC

(a) All isolation problems are eliminated.

(b) Resistors and capacitors of any value may be made.

(c) All components are fabricated into a single crystal of silicon.
(d) Each transistor is diffused into a separate isolation region.
The main purpose of the metalization process is

(a) To interconnect the various circuit elements

(b) To protect the chip from oxidation.

(¢) To act as a heat sink.

(d) To supply a bonding surface for mounting the chip.

CHAPTER 8

Notk: Unless otherwise specified, all transistors in these problems are identical, and
the numerical values of their h parameters are given in Table 8-2. Also assume that all
capacitances are arbitrarily large.

8-1

8-2

8-3

8-4

(a) Using Fig. 8-6b write the input and output equations.

(b) Draw the hybrid model for a CB transistor and write the input and output
equations.

(a) Describe how to obtain k;, from the CE input characteristics.

(b) Repeat part a for k.. Explain why this procedure, although correct in
principle, is inaccurate in practice.

The transistor whose input characteristics are shown in Fig. 8-2 is biased at
ch-; = —8 V aud 13 = —'300 MA.

(a) Compute graphically hs, and h,. at the quiescent point specified above.

(b) Using the h parameters computed in part a, calculate ks and hs.

Justify the statement in the footnote to Table 8-3. Hint: Draw a CE transistor
circuit with a signal voltage V, between base and ground. Now interchange
B and FE and observe the resulting configuration.
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(b) For the circuit of part a determine the variation of I¢ in the temperature
range —65 for 175°C when the silicon transistor of Table 9-1 is used.

9-29 Prove Eq. (9-38).
9-30 (a) The circuit of Prob. 9-19 is modified by the addition of a thermistor as in
Fig. 9-12. Find Ry, Ir, and Ve for the modified circuit if ¢ = 1.5 mA and
Vee =215 V.
(b) It is desired that as the temperature changes from 25 to 175°, the varia-
tion of I¢ be 4+0.4 mA. Calculate the temperature coefficient of the thermistor.
9-31 (a) Calculate the thermal resistance for the 2N338 transistor for which the
manufacturer specifies Pc,., = 125 mW at 25°C free-air temperature and
maximum junction temperature T; = 150°C.
(b) What is the junction temperature if the collector dissipation is 75 mW?
9-32 Show that the load line tangent to the constant-power-dissipation hyperbola
of Fig. 9-14 is bisected by the tangency point, that is, AC = BC.
9-33 The transistor used in the circuit is at cutoff.
(a) Show that runaway will occur for values of J¢co in the range
Vec — V/Voc? — 8R./0.070 Ve + VVee® — 8R./0.070
< Ieo <
4R. 4R,
(b) Show that if runaway 1s not destructive, the collector current Ico after
runaway can never exceed Ico = Vee/2R..
Vee
Prob. 9-33
-1V
9-34 A germanium transistor with © = 250°C/W, Ico = 10 pA at 25°C, R, = 1 K,
and Vee = 30 V is used in the circuit of Prob. 9-33.
(a) Find I¢o at the point of runaway.
(b) Find the ambient temperature at which runaway will occur.
CHAPTER 10
10-1 The drain resistance R, of an n-channel FET with the source grounded is 2 K.

The FET is operating at a quiescent point Vps = 10 V, and Ips = 3mA, and
its characteristics are given in Fig. 10-3.

(a) To what value must the gate voltage be changed if the drain current is to
change to 5 mA?
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10-2

10-3

10-4

10-5

10-6

10-7

10-8

10-9

10-10

(b) To what value must the drain voltage be changed if the drain current is
to be brought back to its previous value? The gate voltage is maintained con-
stant at the value found in part a.

For a p-channel silicon FET with a = 2 X 10~¢ em and channel resistivity
p =10 Q-cm

(a) Find the pinch-off voltage.

(b) Repeat (a) for a p-channel germanium FET with p = 2 Q-cm.

(a) Plot the transfer characteristic curve of an FET as given by Eq. (10-8),
with Iuss = 10 mA and Vp = —4YV.

(b) The magnitude of the slope of this curve at Vgs = 0 is gm, and is given by
Eq. (10-17). If the slope is extended as a tangent, show that it intersects the
Vs axis at the point Vgs = Vp/2.

(a) Show that the transconductance g. of a JFET is related to the drain cur-
rent Ips by

2
gm = _—"’VPI \/Ivsslns

) If Vp = —4 Vand Ipss = 4 mA, plot g, versus Ips.
Show that for small values of Ves compared with Vp, the drain current is given
approximately by In = Ipss + gmoVas.
(a) For the FET whose characteristics are plotted in Fig. 10-3, determine 4
and g¢» graphically at the quiescent point Vps = 10 V and Ves = —1.5 V.
Also evaluate u.
(b) Determine r4,on for Ves = 0.
(a) Verify Eq. (10-15).
(b) Starting with the definitions of g. and rq4, show that if two identical FETs
are connected in parallel, g.. is doubled and 7, is halved. Since p = 749, then
u remains unchanged.

(c) If the two FETs are not identical, show that

1_t 1

Ta Tq1 Td2

_ BT + parar
ra1 + a2

Given the transfer characteristic of an FET, explain clearly how to determine
gm at a specified quiescent point.

(a) Using Eq. (10-18), prove that the load conductance of a MOSFET is given

(b) Prove that ¢, = ¢.. for a JFET. HinT: Use Eq. (10-8).
Draw the circuit of a MOSFET negative AND gate and explain its operation.
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10-11  Consider the FLIP-FLOP circuit shown. Assume Vi = Voy = 0 and |Vpp| >

Vr.
(a) Assume v;; = v;; = 0. Verify that the circuit has two possible stable
states; either v,y = 0 and v,5 = —Vppor v,y = —Vpp and v,e = 0.

(b) Show that the state of the FLiP-FLOP may be changed by momentarily
allowing one of the inputs to go to — Vop; in other words by applying a negative
mput pulse.

Prob. 10-11 10—t p—————0 "2

v.-lo———|L__Q1 Q@3 @2 Q4j}-—ovm

— T .

10-12 Draw a CMOS inverter using positive logic.

10-13  (a) The complementary MOS negative Nanp gate is indicated. Explain its
operation.
(b) Draw the corresponding positive NAND gate.

Vlo—w—”:iQs —4EQ4

—0V.

Prob. 10-13
i
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10-14 The circuit of a CMOS positive NoR gate is indicated. Explain its operation.

__4[;Q4

Vlo._a. ___lEQ3 Prob. 10-14

— e

_

10-15 Draw a MOSFET circuit satisfying the logic equation. Y = A + BC, where
Y is the output corresponding to the three inputs A, B, and C.

10-16 (a) Calculate the voltage gain Ay = V,/V; at 1 kHz for the circuit shown.
The FET parameters are g= = 2 mA/V and 74 = 10 K. Neglect capacitances.
(b) Repeat part a if the capacitance 0.003 uF is taken under consideration.

Voo
50K !
}L
0.003,F 7+ Prob. 10-1
p 50K v,
i }
i s

Voo

10-17 If an input signal V, is impressed between gate and ground, find the amplifica-
tion Ay = V,/V.. Apply Miller’s theorem to the 50-K resistor. The FET
parameters are u = 30 and r, = 5 K. Neglect capacitances.

Vop
10K
50K v
—0
Prob. 10-17
S

40K

~Vee =
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10-18 If in Prob. 10-17 the signal V; is impressed in series with the 40-K resistor
(instead of from gate to ground), find Ay = V,/V..

10-19 The circuit shown is called common-gate amplifier. For this circuit find (a)
the voltage gain, (b) the input impedance, (c) the output impedance. Power
supplies are omitted for simplicity. Neglect capacitances.

Prob. 10-19 Us r
Ri

10-20 Find an expression for the signal voltage across Rr. The two FETs are iden-
tical, with parameters p, r4, and g». HINT: Use the equivalent circuits in
Fig. 10-22 at S; and D,.

=

i

o

Prob. 10-20 Prob. 10-21

10-21 Each FET shown has the parameters r; = 10 K and g. = 2 mA/V. Using
the equivalent circuits in Fig. 10-22 at S; and D,, find the gain (@) v,/v: if
ve =0, b) v,/vs if v, = 0.

10-22 (a) Prove that the magnitude of the signal current is the same in both FETs
provided that
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Neglect the reactance of the capacitors.
(b) If 7 is chosen as in part a, prove that the voltage gain is given by

—u? R,

w1 R+ 12

*  Prob. 10-22

10-23 (a) If Ri = R; = R and the two FETs have identical parameters, verify that
the voltage amplification is V,/V, = —pu/2 and the output impedance is Hra +
(v + 1)R].
() Given ry = 62 K, p =10, R, =2 K, and R, =1 K. Find the voltage
gain and the output impedance.

Voo

Prob. 10-23
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10-24 (@) If in the amplifier stage shown the positive supply voltage Vpp changes
by AVpp = v,, how much does the drain-to-ground voltage change?
(b) How much does the source-to-ground voltage change under the conditions
in part a?
(¢) Repeat parts @ and b if Vpp is constant but Vss changes by AVss = v,.

Vo

Ry

Prob. 10-24

10-25 If in the circuit shown V, = 0, then this circuit becomes a source-coupled
phase inverter, since V,, = —V,.. Solve for the current I, by drawing the
equivalent circuit, looking into the source of Q1 (Fig. 10-22). Then replace
Q2 by the equivalent circuit, looking into its drain. The source resistance R,
may be taken as arbitrarily large.

Prob. 10-25

10-26 In the circuit of Prob. 10-25, assume that V; =0, Ra =ra = 10K, R, = 1 K
and u = 19. If the output is taken from the drain of Q2, find (a) the voltage
gain, (b) the output impedance. HinT: Use the equivalent circuits in Fig.
10-22.

10-27 In the circuit of Prob. 10-25, Vo= V;, Ry = 30 K, R, = 2 K, u = 19, and
r¢ = 10 K. Find (a) the voltage gains A, and A. defined by V.2 = A,V +
A,V,. HINT: Use the equivalent circuits in Fig. 10-22. (b) If R, is arbitrarily
large, show that A, = — A;. Note that the circuit now behaves as a difference
amplifier.
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10-28 The CS amplifier stage shown in Fig. 10-23 has the following parameters:
Ri=12K, R, =1M,R, =470Q, Vpp = 30V, C, is arbitrarily large, Ipss =
3 mA, Vp= —24 YV, and 74> Rs. Determine (a) the gate-to-source bias
voltage Vs, (b) the drain current Ip, (c) the quiescent voltage Vpgs, (d) the
small-signal voltage gain Ay.

10-29 The amplifier stage shown uses an n-channel FET having Ipss = 1 mA, Vp =
—1 V. If the quiescent drain-to-ground voltage is 10 V, find R,.

+24V

56K

Prob. 10-29

10-30 The FET shown has the following parameters: Ipss = 5.6 mAand Vp = —4 V.
(a) If v; = 0, find v,.
®) If v, =10V, find v,.
(¢c) If v, = 0, find v;. .
Nore: ; and v, are constant voltages (and not small-signal voltages).

-60V

18K
1.3M

Prob. 10-30 Prob. 10-31

10-31 If {Ipss| = 4 mA, Vp = 4 V, calculate the quiescent values of Ip, Ves, and
VDS.
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10-32 In the figure shown, two extreme transfer characteristics are indicated. The
values of Ve max and Vp o, are difficult to determine accurately. Hence these
values are calculated from the experimental values of Ipss, max, 1058, min) Gm.max,
and gm.mia- Note that g. is the slope of the transfer curve and that both gm, ;..
and gm,mi. are measured at a drain current corresponding to0 Ipss,mi.. Verify

that
2

@) Veme = — p (Ip33,max [p33,min)}
I bas min

®) Vemin = — 2_9”L

(c) If for a given FET, Ipss,min = 2 MA, Ipgs,mex = 6 MA, gom,min = 1.5 mA/V,
and gm.mex = 3 MA/V, evaluate Vp, gy and Vp min.

-Ip
= Ipgs (max)
Prob. 10-32 Ipes (min) k- — =
Slope = Slope = g, (min)
&m(max)-J
0
0 Ve (min) Ve (max) Vs

10-33 The drain current in milliamperes of the enhancement-type MOSFET shown
is given by

Ip = 02(Ves — Vp)?

in the region Vps > Ves — Vp. If Vp = 43V, calculate the quiescent values
ID, Vos, and Vps.

+30V

10K

Prob. 10-33 );[ |

1M
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10-34 Show that if Rp << 1/hge, the voltage gain of the hybrid cascode amplifier
stage shown is given to a very good approximation by

Ay = gmhleL

where ¢ is the FET transconductance.

- VDD

Prob. 10-34

+

10-35 If Ay K Ry, hie <K 14, hye>> 1, and u>> 1 for the circuit, show that
o mh eRt o mh e R. Rc
(@) Ay, = 2t = _Inlsells (b)A”-_-'i_’zg__w

vi 1+ gnh.R, v; 1 + gnhsR.
where ¢, is the FET transconductance.

Voo

Prob. 10-35

10-36 If ra> Rx, R,> h.‘bs, 1/hoee > hies, B> R, and 1/hge3 > R;, show that the
voltage gain at low frequencies is given by

o R\R
A, = = = gu(l + hrea)hsps e

f By + hics + his(l + hyer)
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Q——O
+

Prob. 10-36

10-37 In the circuit shown, the FET is used as an adjustable impedance element by
varying the dec bias, and thereby the g. of the FET.
(a) Assume that there is a generator V between the terminals A and B. Draw
the equivalent circuit. Neglect interelectrode capacitances.

Prob. 10-37

() Show that the input admittance between A and B is
Yi=Ya+ (1 4+ gnR)Ycr

where Y, is the admittance corresponding to r4, and Y¢r is the admittance
corresponding to R and C in series.
(¢c) If g.R > 1, show that the effective input capacitance is

;= I
w(l + a?)
and the effective input resistance is
R, = 1+ aYrq

1+ a1+ p)

where a = wCR.
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10-38
10-39

10-40

10-41

10-42

10-43
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(d) At a given frequency, show that the maximum value of C; (as either C or R
is varied) is obtained when a = 1, and

gm
Cilmax = —
(o) %0

Also show that the value of R; corresponding to this C; is

27‘.1

Rimax“—‘
(R 24+ u

which, for u >> 2, reduced to (R:)max = 2/gm.
Solve Prob. 10-37 if the capacitance C is replaced by an inductance L.

(a) A MOSFET connected in the CS configuration works into a 100-K resistive
load. Calculate the complex voltage gain and the input admittance of the
system for frequencies of 100 and 100,000 Hz. Take the interelectrode capaci-
tances into consideration. The MOSFET parameters are u = 100, r4 = 40 K,
gm = 25mA/V,Cy, = 40 pF, Cy, = 06 F, and C,y = 2.4 pF. Compare these
results with those obtained when the interelectrode capacitances are neglected.
(b) Calculate the input resistance and capacitance.

Calculate the input admittance of an FET at 10° and 105 Hz when the total
drain circuit impedance is (a) a resistance of 50 K, (b) a capacitive reactance of
50 K at each frequency. Take the interelectrode capacitances into considera-
tion. The FET parameters are p = 20, ry = 10 K, g, = 20 mA/V, C,, =
3.0 pF, C4, = 1.0 pF, and Cyy = 2.0 pF. Express the results in terms of the
input resistance-and capacitance.

(a) Starting with the circuit model of Fig. 10-31, verify Eq. (10-37) for the
voltage gain of the source follower, taking interelectrode capacitances into
account.

(b) Verify Eq. (10-39) for the input admittance.

(c) Verify Eq. (10-40) for the output admittance.

Hint: For part ¢, set V; = 0 and impress an external voltage V, from S to N;
the current drawn from V, divided by V, is ¥,.

Starting with the circuit model of Fig. 10-8, show that, for the CG amplifier
stage with B, = 0 and Cy, = 0,
(gm + ga) R4
1 4+ Ry(ga + joCoa)

(¢) Repeat (a), taking the source resistance R, into account.

(d) Repeat (b), taking the source resistance R, into account.

(a) For the source follower with g = 2 mA/V, R, = 100 K, r; = 50 K, and
with each internode capacitance 3 pF, find the frequency at which the reactive
component of the output admittance equals the resistive component.

(b) At the frequency found in part a calculate the gain and compare it with the
low-frequency value.

(@) Ay = ®) Yi=gm+ g4l — Av) + juC,y
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Find the value of this limiting frequency before the output signal is dis-
torted by the slew-rate limit if (@) V. =1V, (b)) V., = 10 V.

CHAPTER 16

16-1

16-2

16-3

16-4

16-5

16-6

16-7
16-8

Design the circuit of Fig. 16-1 so that the output V, (for a sinusoidal signal)
is equal in magnitude to the input V, and leads the input by 45°.

Consider the circuit of Fig. 16-1 with Ay = —100. IfZ = Rand Z' = —jXc¢
with B = X¢ at some specific frequency f, calculate the gain V,/V, as a com-
plex number.

Given the operational amplifier circuit of Fig. 16-1 consisting of R and L in series
for Z, and C for Z’. If the input voltage is a constant v, = V, find the output
v, as a function of time. Assume an infinite open-loop gain.

For the given circuit, show that the output voltage is

d%

Rz L dv
—u=22y+ (R “4Le
) R1”+(” +R1)dt+ der

R, L

Prob. 16-4 v(t)o
O v,(t)

Consider the operational amplifier circuit of Fig. 16-1 with Z consisting of a
resistor R in parallel with a capacitor C, and Z’ consisting of a resistor R’. The
input is a sweep voltage v = at. Show that the output voltage v, is a sweep
voltage that starts with an initial step. Thus prove that

v, = —aR'C — ag—t
R

Assume infinite open-loop gain.

Consider the operational amplifier circuit of Fig. 16-1 with Z consisting of a
100-K resistor and a series combination of a 50-K resistance with a 0.001-uF
capacitance for Z’. If the capacitor is initially uncharged, and if at ¢ = 0 the
input voltage v, = 107 with 7 = 5 X 107*s is applied, find v, (t).

In Fig. 16-3b show that ¢, is equal to —v,/R, if R3/R, = R'/R,.

The differential input operational amplifier shown consists of a base amplifier
of infinite gain. Show that V, = (R/R)(V, — V).
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i:—_l_ o  Prob. 168
1 = e + $+
Va | A

+ -

v,
{
AN
R Rs =

16-9 Repeat Prob. 16-8 for the amplifier shown.

+  Prob. 169

+
o]
o

]
z:wf 3

App. C

SYAYA%
Ry
16-10 For the base differential-input amplifier shown, assume infinite input resistance
zero output resistance, and finite differential gain Ay = V,/(V, — V).
(a) Obtain an expression for the gain Ay, = V,/V,
(b) Show thatlim Ay, =n+ 1, 4y — .
.
1
——o—1~
2

+ +
V+ nR I
CP : Prob. 16-10
= Vo
|

16-11  Verify Eq. (16-6) for the bridge amplifier.
16-12

-

The circuit shown represents a low-pass de-coupled amplifier.

Assuming an
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ideal operational amplifier determine (a) the high-frequency 3-dB point fy;
(b) the low-frequency gain Ay = V,/V..

Prob. 16-12

16-13  (a) The input to the operational integrator of Fig. 16-10 is a step voltage of
magnitude V. Show that the output is

v, = AvV(l — e tReU-aw)

(b) Compare this result with the output obtained if the step voltage is impressed
upon a simple RC integrating network (without the use of an operational
amplifier). Show that for large values of RC, both solutions represent a voltage
which varies approximately linearly with time. Verify that if — Ay >> 1, the
slope of the ramp output is approximately the same for both circuits. Also
prove that the deviation from linearity for the amplifier circuit is 1/(1 — Av)
times that of the simple RC circuit.

16-14 Derive Eq. (16-13).

16-15 (a) The input to an operational differentiator whose open-loop gain Ay = A is
infinite is a ramp voltage v = af. Show that the output is

4
1~-4

aRC(1 — e~ta—niRC)

Vo =

() Compare this result with that obtained if the same input is impressed
upon a simple RC differentiating network (without the use of an amplifier).
Show that, approximately, the same final constant output RC dv/dt is obtained.
Also show that the operational-amplifier output reaches this correct value of
the differentiated input much more quickly than does the simple RC circuit.

16-16 Given an operational amplifier with Z consisting of R in series with C, and Z’
consisting of R’ in parallel with ¢’. The input is a step voltage of magnitude V.
(a) Show by qualitative argument that the output voltage must start at zero,
reach a maximum, and then again fall to zero.
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16-17

16-18

16-19

16-20

16-21
16-22

16-23

16-24

16-25

16-26

16-27

(b) Show that if R'C’ # RC, the output is given by
R'CV

= 7" (e V/RC _— UR'C
(e € )

° R'C'-RC
Sketch an operational amplifier circuit having an input » and an output which
is approximately —5v — 3dv/df. Assume an ideal operational amplifier.

Sketch in block-diagram form a computer, using operational amplifiers, to solve
the differential equation

:—;—i— 0.5v + 0.1 sin w! = 0

An oscillator is available which will provide a signal sin wf. Use only resistors
and capacitors.

Set up a computer in block-diagram form, using operational amplifiers, to solve
the following differential equation:

dy d%y
—_— - 4 2 = x(t
a2 + v =20
where
d 2
y(0) =0 il = -2 and it
dt {1=0 dt? =0

Assume that a generator is available which will provide the signal z(t).

(a) Verify that the damping factor of each pair of complex poles of a Butter-
worth low-pass filter is given by ¥ = cos 6, where § is defined in Fig. 16-17.
(b) Define a damping factor k for the single pole at s = —1 which is consistent
with Eq. (16-23).

Verify the entries in Table 16-1 for n = 3 by using Fig. 16-175.

Using Eq. (16-22), show that the transfer function of a second-order Butter-
worth low-pass filter satisfies Eq. (16-19).

Use the value of Py(s) from Table 16-1 and verify that

Pa@Pi(~s)|,_ =1+ ot
Use the values of P3(s) from Table 16-1 and verify that
Po(+9)Pi(—s) | _ =1+ ot

Show that the voltage gain Ay(s) = V,/V, in Fig. 16-18a is given by Eq.
(16-24). Hint: Use feedback principles.

Design an active sixth-order Butterworth low-pass filter with a cutoff frequency
(or upper 3-dB frequency) of 1 kHz.

The circuit shown uses an ideal op amp.

() Find the voltage gain Av = V,/V,, the damping factor k, and the cutoff
frequency w,.

(b) Using this circuit, design a second-order Butterworth low-pass filter with
fo = 1 kHz and low-frequency voltage gain equal to —1.



App. C PROBLEMS / 873

Prob. 16-27

16-28 Define the z parameters of a two-port network by the following relations:

Vi zuly + 2121,
Ve =zl + 20215

For the circuit shown prove that the voltage gain Ay = V,/V, is given by
V. Razy

T,—a T (R, + R2) (211 — 2u) + RBiR:

where 2z); and z;, are the z parameters of the RC network.

Prob. 16-28

16-29 The network shown is the RC network of Prob. 16-28.
(a) Find the parameters 2, and 2, of this network.
(b) Find the voltage gain V,/V, of the amplifier in Prob. 16-28 if this RC net-
work is used.

I, C, I,
a 1L
o— 1€ L 4 -0
Prob. 1629 T J_ +
\4 T c, Ry V,
o— . °

16-30 Design a second-order active RC bandpass filter that has a midband voltage
gain of 40 dB, center frequency of 100 Hz, and no specified bandwidth. How-
ever, the circuit must provide at least 20-dB rejection one decade from the
center frequency and hold phase shift to +10° maximum for 10 percent change
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from the center freyuency. HinT: Use Fig. 16-22 to find @ and let By = o,
Rl =1 K

16-31 Design a bandpass RC active filter with midband voltage gain of 30, center
frequency of 200 Hz, and @ = 5. Hint: Choose €, = C: = 0.1 uF.

16-32 Design the resonant RLC bandpass filter of Fig. 16-21 with f, = 160 Hz,
3-dB bandwidth B = 16 Hz, and minimum input resistance seen by the voltage
source V, of 1,000 . Is this a practical circuit?

16-33 Verify Eq. (16-50) for the transfer function of the delay equalizer of Fig. 16-24a.

16-34 (a) Show that the circuit of the accompanying figure can simulate a grounded
inductor if R, > R, In other words, show that the reactive part of the input
impedance of this circuit is positive if By > R,.

(b) Find the frequency range in which the @ = wL/R of the inductor is greater
than unity.

Assume that the unity gain amplifier has infinite input resistance and zero
output resistance.

Ry

M '_{ ‘—T* Prob. 16-34
Ll |

(a) Show that the circuit of the given figure can simulate a grounded inductor
if A > 1. In other words, show that the reactive part of Z, is positive.
(b) Show that the real part of Z; becomes zero (Q = =) at the frequency

1 R, + R,
W= —— o] —r
R.C VR (A — 1)

Assume that the input resistance of the amplifier of gain A is infinite.

Prob. 16-35
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16-36 Using Fig. 16-27b, derive Eqgs. (16-54) and (16-55).
16-37 Using Fig. 16-27b, derive Eqs. (16-57) and (16-58).
16-38 The figure shows a circuit using an ideal op aMP and an RC two-port network.

The RC two-port is defined in terms of its y parameters (Sec. 16-9). Show
that the voltage gain Ay = V,/V, is given by

’?
Ay = E ik y—-————“(l T E) ¥ kyn where k = E
V. Y22 R
AN\
I N
Prob. 16-38 S -
+
2
T- +
i "L_

16-39 Repeat Prob. 16-38 for the circuit shown. Show that the expression for 4, =
Vo/V, is the same as in Prob. 16-38.

RI
AN
R
AN\ '1
\ oV,
Prob. 1639 o1
Il IZ
R L

—o— RC [—0—

Vl V2
¥

16-40 In Probs. 16-38 and 16-39 the RC two-port shown is used. (a) Find the
parameters ¥ and yg of this two-port RC network. (b) Show that if

1 Rz Cl
—=2{—= + = 1
k (R1+C2>+

then the two circuits are delay equalizers with transfer function

(s — s1)(s — s2)

Ay = E = Ay,
V. (s + s)(s + 89)
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f
Vl ‘ R 1 —JCI Vlz Prob. 16-40
L B

16-41 Using the curve of Fig. 16-31 and assuming V,gc = 3.5 V, with an audio modu-
lating signal of 1.5 V peak to peak, ealculate the modulation factor

Vu.mu — Vo,min
Vo.mx

16-42 Derive Eq. (16-59) for the gain of the cascode video amplifier.
16-43 (a) Verify that the circuit shown gives full-wave rectification provided that
Rz = 2R1.
(b) What is the peak value of the rectified output?
(¢) Draw carefully the waveforms »; = 10 sin wt, v,, and v, if R; = 2R,.
Ry Ry

AN —AAA——

k =

Prob. 146-43

16-44 If a waveform has a positive peak of magnitude V, and a negative peak of
magnitude V., draw a circuit using two peak detectors whose output is equal
to the peak-to-peak value V, — V,.

16-45 Show that the given circuit can be used to raise the input V, to an arbitrary
power. Assume V, = K, In K,V,, V, = K;In"' K,V,, V, = aV,.

Prob. 16-45 Prob. 16-46

16-46 For the feedback circuit shown, the nonlinear feedback network 8 gives an
output proportional to the product of the two inputs to this network, or
V, = BV,V.. Prove that if A = «, then V, = KV,/V,, where K is a
constant.
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16-47

16-48

16-49
16-50

16-51

16-52

16-53

16-54

PROBLEMS / 877

(a) With the results of Prob. 16-46, draw the block diagram of a system used
to obtain the square root of the voltage V,.

(b) What should be the value of 8 if it is required that V, = \/7,?

(a) Verify Eq. (16-78) for the pulse width of a monostable multivibrator.

@) IfV.,>V,and 8 = 1/2, what is T?

Verify Eq. (16-84) for the frequency of the triangle waveform.

The Schmitt trigger of Fig. 16-47 is modified to include two clamping Zener
diodes across the output as in Fig. 16-45a. If V, = 4 Vand A, = 5,000 and if
the threshold levels desired are 6 +£0.5 V, find (a) R,/ R:, (b) the loop gain, and
(¢) Vgr. (@) Is it possible to set the threshold voltage at a negative value?
(¢) In part (@) the ratio of R, to R, is obtained. What physical conditions
determine the choice of the individual resistances?

The input v; to a Schmitt trigger is the set of pulses shown.
time. Assume V, =32V, V, =28V andy, =

Plot v, versus
+5Vatt=0.

34

af | |
30% 1 2
2.8

2.6

(@) Calculate the logic levels at output Y of the ECL Texas Instruments gate
shown. Assume that Vs uive = 0.7 V. To find the drop across an emitter
follower when it behaves as a diode assume a piecewise-linear diode model with
V,=0.6and R, = 20 Q.

(b) Find the noise margin when the output Y is at V(0) and also at V(1).

(¢) Verify that none of the transistors goes into saturation.

(d) Calculate R so that Y’ = Y.
(e) Find the average power taken from the power source.

Prob. 16-51

—O|

—— )

Voo = 1.32 VQ
3 én énosz
< <
Q1 Q5 o,
Prob. 16-52 Q2 Qi ¥
B = Y
Q3 2700 270 Q
14 4200
—Vgg = —32 v8

Verify that, if the outputs of two (or more) ECL gates are tied together as in
Fig. 16-51, the or function is satisfied.

{(a) For the system in Fig. 16-51 obtain an expression for ¥ which contains three
terms.

() If in Fig. 16-51 Y. and ¥, are tied together, verify that the output is
Y = AB + CD.
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(c) If in_Fig. 16-51 Yiand Y,are tied together and if the input to the lower ECL
gate is C and D (instead of C and D), what is Y?

CHAPTER 17
17-1 Indicate how to implement S, of Eq. (17-1) with AND, OR, and NoT gates.
17-2  Verify that the sum S, in Eq. (17-1) for a full adder can be put in the form
S = 4.0 B,® Coy

17-3 (a) For convenience, let A, = A4, B, =B, C,_, = C, and C, = C'. Using
Eq. (17-4) for CY, verify Eq. (17-5) with the aid of the Boolean identities in
Table 6-4; in other words, prove that

Ct=BC+ CA+ AB
() Evaluate D = (A + B + C)C! and prove that S, in Eq. (17-1) is given by
S. =D+ ABC

17-4  (a) Verify that an excLusive-or gate is a true/complement unit.

() One input is A, the other (control) input is C, and the output is Y. Is
Y=AforC=10rC =0?

17-5 For the system shown in Fig. 17-11a, verify the truth table in Fig. 17-11b.

17-6 (@) Make a truth table for a binary half subtractor A minus B (corresponding
to the half adder of Fig. 17-3). Instead of a carry C, introduce a borrow P.
(b) Verify that the digit D is satisfied by an ExcLusIve-or gate and that P
follows the logic ‘B but not A4.”

17-7 Consider an 8-bit comparator. Justify the connections C’ = Cr, D’ = Dy,
and E' = E, for the chip handling the more significant bits. Hint: Add 4
to each subscript in Fig. 17-14. Extend Eq. (17-12) for E and Eq. (17-13)
for C to take all 8 bits into account.

17-8 (a¢) By means of a truth table verify the Boolean identity

Y=(ADB)BC=40D B0
(b) Verify that ¥ = 1(0) if an odd (even) number of variables equals 1. This
result is not limited to three inputs, but is true for any number of inputs. It is
used in Sec. 17-3 to construct a parity checker.

17-9 Construct the truth table for the excLusive-or tree of Fig. 17-15 for all possi-
ble inputs A, B, C, and D. Include A @ B and C @ D as well as the out-
put Z. Verify that Z = 1(0) for odd (even) parity.

17-10  (a) Draw the logic circuit diagram for an 8-bit parity check/generator system.
(b) Verify that the output is 0(1) for odd (even) parity.

17-11  (a) Verify that if P’ = 1 in Fig. 17-15, this system is an even-parity check.
In other words, demonstrate that with P’ = 1, the output is P = 0(1) for
even (odd) parity of the inputs A, B, C, and D.
(b) Also verify that P generates the correct even-parity bit.

17-12  (a) Indicate an 8-bit parity checker as a block having 8 input bits (collec-

tively designated A,), an output P;, and an input control P;. Consider a
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