
I I ENERGY BANDS IN SOLIDS 

In this chapter we begin with a review of the basic atomic properties of 
matter leading to discrete electronic energy levels in atoms. We find 
that these energy levels are spread into energy bands in a crystal. 
This band structure allows us to distinguish between an insulator, a 
semiconductor, and a metal. 

1-1 CHARGED PARTICLES 

The charge, or quantity, of negative electricity and the mass of the 
electron have been found to be 1.60 X 10-lg C (coulomb) and 
9.11 X kg, respectively. The values of many important physical 
constants are given in Appendix A, and a list of conversion factors and 
prefixes is given in Appendix B. Some idea of the number of electrons 
per second that represents current of the usual order of magnitude is 
readily possible. For example, since the charge per electron is 
1.60 X 10-l9 C, the number of electrons per coulomb is the reciprocal 
of this nukber, or approximately, 6 X 1018 Further, since a current 
of 1 A (ampere) is the flow of 1 C/s, then a current of only 1 pA (1 pico- 
ampere, or 10-l2 A) represents the motion of approximately 6 million 
electrons per second. Yet a current of 1 pA is so small that considerable 
difficulty is experienced in attempting to measure it. 

The charge of a positive ion is an integral multiple of the charge 
of the electron, although it is of opposite sign. For the case of singly . 

ionized particles, the charge is equal to that of the electron. For the 
case of doubly ionized particles, the ionic charge is twice that of the 
electron. 

The mass of an atom is expressed as a number that is based on the 
choice of the atomic weight of oxygen equal to 16. The mass of a 
hypothetical atom of atomic weight unity is, by this definition, one- 
sixteenth that of the mass of monatomic oxygen and has been calcu- 
lated to be 1.66 X low2' kg. Hence, to calculate the mass in kilograms 
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of a n y  atom, i t  i s  necessary only to mul t ip ly  the atomic weight of the atom by 
1.66 X kg. A table of atomic weights is given in Table 1-1 on p. 12. 

The radius of the electron has been estimated as 10-l5 m, and that of an 
atom as 10-lo m. These are so small that all charges are considered as mass 
points in the following sections. 

In  a semiconductor crystal such as silicon, two electrons are shared by each 
pair of ionic neighbors. Such a configuration is called a covalent bond. Under 
certain circumstances an electron may be missing from this structure, leaving 
a '(hole" in the bond. These vacancies in the covalent bonds may move from 
ion to ion in the crystal and constitute a current equivalent to that resulting 
from the motion of free positive charges. The magnitude of the charge 
associated with the hole is that of a free electron. This very brief introduction 
to the concept of a hole as an effective charge carrier is elaborated upon in 
Chap. 2. 

1-2 FIELD INTENSITY, POTENTIAL, ENERGY 

By definition, the force f (newtons) o n  a uni t  positive charge in a n  electric field 
i s  the electric field intensity 8 at that point. Newton's second law determines 
the motion of a particle of charge q (coulombs), mass m (kilograms), moving 
with a velocity v (meters per second) in a field & (volts per meter). 

The mks (meter-kilogram-second) rationalized system of units is found to be 
most convenient for subsequent studies. Unless otherwise stated, this system 
of units is employed throughout this book. 

Potential By definition, the potential V (volts) of point B with  respect to 
point A zLs the work done against the field in taking a unit positive charge from 
A to B. This definition is valid for a three-dimensional field. Fbr a one- 
dimensional problem with A at  x, and B at  an arbitrary distance x, i t  follows 
that t 

where & now represents the X component of the field. Differentiating Eq. 
(1-2) gives 

The minus sign shows that the electric field is directed from the region of 
higher potential to the region of lower potential. In  three dimensions, the 
electric field equals the negative gradient of the potential. 

t The symbol = is used to designate "equal to by definition." 
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By definition, the potential energy U (joules) equals the potential multiplied 
by the charge q under consideration, or 

U = q v  (1-4) 

If an electron is being considered, q is replaced by - q (where q is the magnitude 
of the electronic charge) and U has the same shape as V but is inverted. 

The law of conservation of energy states that the total energy W, which 
equals the sum of the potential energy U and the kinetic energy +mu2, remains 
constant. Thus, a t  any point in space, 

W = U + +mu2 = constant (1-5) 

As an illustration of this law, consider two parallel electrodes (A and B of 
Fig. 1-la) separated a distance d, with B a t  a negative potential Vd with respect 
to A. An electron leaves the surface of A with a velocity v, in the direction 
toward B. How much speed v will it have if i t  reaches B? 

From the definition, Eq. (1-2), it is clear that only differences of 
potential have meaning, and hence let us arbitrarily ground A, that is, consider 
i t  to be a t  zero potential. Then the potential a t  B is V = -Vd, and the 
potential energy is U = -qV = qVd. Equating the total energy a t  A to 
that a t  B gives 

W = +muo2 = +mu2 + qvd (I-6] 

Potential, V 

(b )  
Energy ,Potential energy, U 

S Distance 

(c) 

Fig. 1-1 (a) An electron leaves electrode A with an initial speed v ,  

and moves in a retarding field toward plate B; (b) the potential; 

(c) the potential-energy barrier between electrodes. 
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This equation indicates that v must be less than VO, which is obviously correct 
since the electron is moving in a repelling field. Note that the final speed v 
attained by the electron in this conservative system is independent of the form 
of the variation of the field distribution between the plates and depends only 
upon the magnitude of the potential difference V,. Also, if the electron is to 
reach electrode B, its initial speed must be large enough so that + mvo2 > qVd. 
Otherwise, Eq. (1-6) leads to the impossible result that v is imaginary. We 
wish to elaborate on these considerations now. 

The Concept of a Potential-energy Barrier For the configuration of 
Fig. 1-la with electrodes which are large compared with the separation d, we 
can draw (Fig. 1-lb) a linear plot of potential V versus distance x (in the inter- 
electrode space). The corresponding potential energy U versus x is indicated 
in Fig. 1-lc. Since potential is the potential energy per unit charge, curve c 
is obtained from curve b by multiplying each ordinate by the charge on the 
electron (a negative number). Since the total energy W of the electron remains 
constant, it is represented as a horizontal line. The kinetic energy a t  any 
distance x equals the difference between the total energy W and the potential 
energy U a t  this point. This difference is greatest a t  0, indicating that the 
kinetic energy is a maximum when the electron leaves the electrode A.  At 
the point P this difference is zero, which means that no kinetic energy exists, 
so that the particle is a t  rest a t  this point. This distance xo is the maximum 
that the electron can travel from A .  At point P (where x = x,) it comes 
momentarily to rest, and then reverses its motion and returns to A .  

Consider a point such as S which is a t  a greater distance than x, from 
electrode A .  Here the total energy QS is less than the potential energy RS, so 
that the difference, which represents the kinetic energy, is negative. This is 
an impossible physical condition, however, since negative kinetic energy 
(+mu2 < 0) implies an imaginary velocity. We must conclude that the particle 
can never advance a distance greater than x, from electrode A .  

The foregoing analysis leads to the very important conclusion that the 
shaded portion of Fig. 1-lc can never be penetrated by the electron. Thus, a t  
point P, the particle acts as if i t  had collided with a solid wall, hill, or barrier 
and the direction of its flight had been altered. Potential-energy barriers of 
this sort play important role in the analyses of semiconductor devices. 

I t  must be emphasized that the words "collides with" or "rebounds from" 
a potential "hill" are convenient descriptive phrases and that an actual 
encounter between two material bodies is not implied. 

1-3 THE eV UNIT OF ENERGY 

The joule (J) is the unit of energy in the mks system. In some engineering 
power problems this unit is very small, and a factor of lo3 or lo6 is introduced 
to convert from watts (1 W = 1 J/s) to kilowatts or megaw-atts, respectively. 
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However, in other problems, the joule is too large a unit, and a factor of lo-' 
is introduced to convert frvm joules to ergs. For a discussion of the energies 
involved in electronic devices, even the erg is much too large a unit. This 
statement is not to be construed to mean that only minute amounts of energy 
can be obtained from electron devices. I t  is true that each electron possesses 
a tiny amount of energy, but as previously pointed out (Sec. 1-I), an enormous 
number of electrons are involved even in a small current, so that considerable 
power may be represented. 

A unit of work or energy, called the electro,~ volt (eV), is defined as follows: 

Of course, any type of energy, whether it be electric, mechanical, thermal, etc., 
may be expressed in electron volts. 

The name electron volt arises from the fact that, if an electron falls through 
a potential of one 'volt, its kinetic energy will increase by the decrease in 
potential energy, or by 

However, as mentioned above, the electron-volt unit may be used for any type 
of energy, and is not restricted to problems involving electrons. 

A potential-energy barrier of E (electron volts) is equivalent to a potential 
hill of V (volts) if these quantities are related by 

Note that V and E are numerically identical but dimensionally different. 

1-4 THE NATURE OF THE A T O M  

We wish to develop the band structure of a solid, which will allow us to 
distinguish between an insulator, a semiconductor, and a metal. We begin 
with a review of the basic properties of matter leading to discrete electronic 
energy levels in atoms. 

Rutherford, in 1911, found that the atom consists of a nucleus of positive 
charge that contains nearly all the mass of the atom. Surrounding this central 
positive core are negatively charged electrons. As a specific illustration of this 
atomic model, consider the hydrogen atom. This atom consists of a positively 
charged nucleus (a proton) and a single electron. The charge on the proton is 
positive and is equal in magnitude to the charge on the electron. Therefore 
the atom as a whole is electrically neutral. Because the proton carries practi- 
cally all the mass of the atom, it will remain substantially immobile, whereas 
the electron will move about it in a closed orbit. The force of attraction 
between the electron and the proton follows Coulomb's law. I t  can be shown 
from classical mechanics that the resultant closed path will be a circle or an  
ellipse under the action of such a force. This motion is exactly analogous to 
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that of the planets about the sun, because in both cases the force varies inversely 
as the square of the distance between the particles. 

Assume, therefore, that the orbit of the electron in this planetary model 
of the atom is a circle, the nucleus being supposed fixed in space. I t  is a 
simple matter to calculate its radius in terms of the total energy W of the 
electron. The force of attraction between the nucleus and the.electron of the 
hydrogen atom is q2/4m0r2, where the electronic charge q is in coulombs, the 
separation r between the two particles is in meters, the force is in newtons, and 
eo is the permittivity of free space.t By Newton's second law of motion, this 
must be set equal to the product of the electronic mass m in kilograms and the 
acceleration v2/r toward the nucleus, where v is the speed of the electron in its 
circular path, in meters per second. Then 

Furthermore, the potential energy of the electron at  a distance r from the 
nucleus is -q2/4mor, and its kinetic energy is +mu2. Then, according to 
the conservation of energy, 

where the energy is in joules. Combining this expression with (1-8) produces 

which gives the desired relationship between the radius and the energy of the 
electron. This equation shows that the total energy of the electron is always 
negative. The negative sign arises because the potential energy has been 
chosen to be zero when r is infinite. This expression also shows that the 
energy of the electron becomes smaller (i.e., more negative) as i t  approaches 
closer to the nucleus. 

The foregoing discussion of the planetary atom has been considered only 
from the point of view of classical mechanics. However, an accelerated charge 
must radiate energy, in accordance with the classical laws of electromagnetism. 
If the charge is performing oscillations of a frequency f, the' radiated energy 
will also be of this frequency. Hence, classically, i t  must be concluded that 
the frequency of the emitted radiation equals the frequency with which the,  
electron is rotating in its circular orbit. 

There is one feature of this picture that cannot be reconciled with experi- 
ment. If the electron is radiating energy, its total energy must decrease by 
the amount of this emitted energy. As a result the radius r of the orbit must 
decrease, in accordance with Eq. (1-10). Consequently, as the atom radiates 
energy, the electron must move in smaller and smaller orbits, eventually fall- 
ing into the nucleus. Since the frequency of oscillation depends upon the size 

t The numerical value of c, is given in Appendix A. 
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of the circular orbit, the energy radiated would be of a gradually changing fre- 
quency. Such a conclusion, however, is incompatible with the sharply defined 
frequencies of spectral lines. 

The Bohr Atom The difficulty mentioned above was resolved by Bohr in 
1913. He postulated the following three fundamental laws: 

1. Not all energies as given by classical mechanics are possible, but the 
atom can possess only certain discrete energies. While in states correspond- 
ing to these discrete energies, the electron does not emit radiation, and the 
electron is said to be in a stationary, or nonradiating, state. 

2. In  a transition from one stationary state corresponding to a definite 
energy Wz to another stationary state, with an associated energy W1, radiation 
will be emitted. The frequency of this radiant energy is given by 

where h is Planck's constant in joule-seconds, the W's are expressed in joules, 
and f is in cycles per second, or hertz. 

3. A stationary state is determined by the condition that the angular 
momentum of the electron in this state is quantized and must be an integral 
multiple of h / 2 ~ .  Thus 

nh 
mvr = - 

27r 

where n is an integer. 
Combining Eqs. (1-8) and (1-12), we obtain the radii of the stationary 

states (Prob. 1-13), and from Eq. (1-10) the energy level in joules of each state 
is found to be 

Then, upon making use of Eq. (1-1 I), the exact frequencies found in the hydro- 
gen spectrum are obtained-a remarkable achievement. The radius of the 
lowest state is found to be 0.5 A. 

1-5 ATOMIC ENERGY LEVELS 

For each integral value of n in Eq. (1-13) a horizontal line is drawn. These 
lines are arranged vertically in accordance with the numerical values calculated 
from Eq. (1-13). Such a convenient pictorial representation is called an 
energy-level diagram and is indicated in Fig. 1-2 for hydrogen. The number to 
the left of each line gives the energy of this level in electron volts. The 
number immediately to the right of a line is the value of n. Theoretically, an 
infinite number of levels exist for each atom, but only the first five and the 

I 
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Energy E, eV n 
Ionization level 

0 
- 0.56 18751, 12818 
- 0.87 1 4  

A A  I 4  

Visible Fig. 1-2 The lowest five energy 

levels and the ionization level of 

hydrogen. The spectral lines are 

in angstrom units. 

Ultraviolet 

level for n = 00 are indicated in Fig. 1-2. The horizontal axis has no signifi- 
cance here, but in extending such energy-level diagrams to solids, the X axis 
will be used to represent the separation of atoms within a crystal (Fig. 1-3) or 
the distance within a solid. In  such cases the energy levels are not constant, 
but rather are functions of x. 

I t  is customary to express the energy value of the stationary states in 
electron volts E rather than in joules W. Also, i t  is more common to specify 
the emitted radiation by its wavelength in angstroms rather than by its 
frequency f in hertz. In  these units, Eq. (1-11) may be rewritten in the form 

12,400 = ---- 
E2 - El (1-14) 

Since only differences of energy enter into this expression, the zero state 
may be chosen a t  will. I t  is convenient and customary to choose the lowest 
e n e r e  state as the zero level, Such a normalized scale is indicated to the 
extreme right in Fig. 1-2. The lowest energy state is called the normal, or 
ground, level, and the other stationary states of the atom are called excited, 
radiating, critical, or resonance, levels. 

As the electron is given more and more energy, it moves into stationary 
states which are farther and farther away from the nucleus. When its energy 
is large enough to move it completely out of the field of influence of the ion, i t  
becomes "detached" from it. The energy required for this process to occur 
is called the ionization potential and is represented as the highest state in the 
energy-level diagram; 13.60 eV for hydrogen. 
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Collisions of Electrons with Atoms The foregoing discussion shows that 
energy must be supplied to an atom in order to excite or ionize the atom. One 
of the most important ways to supply this energy is by electron impact. 
Suppose that an electron is accelerated by the potential applied to a discharge 
tube. The energy gained from the field may then be transferred to an atom 
when the electron collides with the atom. If the bombarding electron has 
gained more than the requisite energy from the discharge to raise the atom 
from its normal state to a particular resonance level, the amount of energy in 
excess of that required for excitation will be retained by the incident electron 
as kinetic energy after the collision. 

If an impinging electron possesses an amount of energy a t  least equal to the 
ionization potential of the gas, it may deliver this energy to an electron of the 
atom and completely remove i t  from the parent atom. Three charged particles 
result from such an ionizing collision: two electrons and a positive ion. 

The Photon Nature of Light Assume that an atom has been raised from 
the ground state to an excited level by electron bombardment. The mean 
life of an excited state ranges from lo-' to 10-lo s, the excited electron returning 
to its previous state after the lapse of this time. In  this transition, the atom 
must lose an amount of energy equal to the difference in energy between the 
two states that it has successively occupied, this energy appearing in the form 
of radiation. According to the postulates of Bohr, this energy is emitted in 
the form of a photon of light, the frequency of this radiation being given by 
Eq. (1-ll), or the wavelength by Eq. (1-14). The term photon denotes an 
amount of radiant energy equal to the constant h times the frequency. This 
quantized nature of an electromagnetic wave was first introduced by Planck, 
in 1901, in order to verify theoretically the blackbody radiation formula 
obtained experimentally. 

The photon concept of radiation may be difficult to comprehend a t  first. 
Classically, it was believed that the atoms were systems that emitted radiation 
continuously in all directions. According to the foregoing theory, however, 
this is not true, the emission of light by an atom being a discontinuou,s process. 
That is, the atom radiates only when it makes a transition from one energy 
level to a lower energy state. In  this transition, it emits a definite amount 
of energy of one particular frequency, namely, one photon hf of light. Of 
course, when a luminous discharge is observed, this discontinuous natureof 
radiation is not suspected because of the enormous number of atoms that are 
radiat.ing energy and, correspondingly, because of the immense number of 
photons that are emitted in unit time. 

Spectral Lines The arrows in Fig. 1-2 represent six possible transitions 
between stationary states. The attached number gives the wavelength of 
the emitted radiation. For example, the ultraviolet line 1,216 A is radiated 
when the hydrogen atom drops from its first excited state, n = 2, to its normal 
state, n = 1. 
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Another important method, called photoexcitatidn, by which an atom may 
be elevated into an excited energy state, is to have radiation fall on the gas. 
An atom may absorb a photon of frequency f and thereby move from the level 
of energy W1 to the high energy level W2, where W 2  = W1 + hf. An extremely 
important feature of excitation by photon capture is that the photon will not 
be absorbed unless i ts energy corresponds exactly to the energy diference between 
two stationary levels of the atom with which i t  collides. For example, if a normal 
hydrogen atom is to be raised to its first excited state by means of radiation, 
the wavelength of this light must be 1,216 A (which is in the ultraviolet region 
of the spectrum). 

When a photon is absorbed by an atom, the excited atom may return to 
its normal state in one jump, or i t  may do so in several steps. If the atom 
falls into one or more excitation levels before finally reaching the normal state, ;+ 

i t  will emit several photons. These will correspond to energy differences 
between the successive excited levels into which the atom falls. None of the 
emitted photons will have the frequency of the absorbed radiation! This 
Jluorescence cannot be explained by classical theory, but is readily understood 
once Bohr's postulates are accepted. 

Photoionization If the frequency of the impinging photon is sufficiently 
high, i t  may have enough energy to ionize the atom. The photon vanishes 
with the appearance of an electron and a positive ion. Unlike the case of 
photoexcitation, the photon need not possess an energy corresponding exactly 
to the ionization energy of the atom. I t  need merely possess at least this much 
energy. If it  possesses more than ionizing energy, the excess will appear as 
the kinetic energy of the emitted electron and positive ion. I t  is found by 
experiment, however, that the maximum probability of photoionization occurs 
when the energy of the photon is equal to the ionization potential, the proba- 
bility decreasing rapidly for higher photon energies. 

W a v e  Mechanics Since a photon is absorbed by only one atom, the 
photon acts as if it were concentrated in a very small volume of space, in 
contradiction to the concept of a wave associated with radiation. De Broglie, 
in 1924, postulated that the dual character of wave and particle is not limited 
to radiation, but is also exhibited by particles such as electrons, atoms, or 
macroscopic masses. He postulated that a particle of momentum p = mu 
has a wavelength X associated with it given by 

We can make use of the wave properties of a moving electron to establish 
Bohr's postulate that a stationary state is determined by the condition that 
the angular momentum must be an integral multiple of h/27r. I t  seems 
reasonable to assume that an orbit of radius r will correspond to a stationary 
state if it contains a standing-wave pattern. In  other words, a stable orbit is 
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one whose circumference is exactly equal to the electronic wavelength A, or to 
3 nX, where n is an  integer (but not zero). Thus 

Clearly, Eq. (1-16) is identical with the Bohr condition [Eq. (1-12)]. 
Schrodinger carried the implication of the wave nature of matter further 

A 
and developed a wave equation to describe electron behavior in a potential 

' field U ( x ,  y, 2 ) .  The solution of this differential equation is called the ;' wave function, and it determines the probability density a t  each point in 
' 1  space of finding the electron with total energy W. If the potential energy, 

U = -q2/4m,r, for the electron in the hydrogen atom is substituted into the 
$- Schrodinger equation, i t  is found that  a meaningful physical solution is possible 

only if W is given by precisely the energy levels in Eq. (1-13), which were 
obtained from the simpler Bohr picture of the atom. 

1-6 ELECTRONIC STRUCTURE OF THE ELEMENTS 

, The solution of the Schrodinger equation for hydrogen or m y  multielectron 
atom requires three quantum numbers. These are designated by n, 1, and 
ml and are restricted to the following integral values: 

To specify a wave function completely it is found necessary to introduce a 
fourth quantum number. This spin quantum number m, may assume only 
two values, 4-4 or -+ (corresponding to the same energy). 

The Exclusion Principle The periodic table of the chemical elements 
(given in Table 1-1) may be explained by invoking a law enunciated by Pauli 
in 1925. He stated that  no two electrons in  an  electronic system can have the 
same set of four quantum numbers, n, I, ml, and m,. This statement that  no two 
electrons may occupy the same quantum state is known as the Pauli  exclusion 
principle. 

Electronic Shells All the electrons in an  atom which have the same value 
of n are said to belong to the same electron shell. These shells are identified 
by the letters K, L, M, N ,  . . . , corresponding to n = 1, 2, 3, 4, . . . , 
respectively. A shell is divided into subshells corresponding to different values 
of 1 and identified as s, p, dl f ,  . . . , corresponding to 1 = 0, 1, 2, 3, . . . , 
respectively. Taking account of the exclusion principle, the distribution of 



;J TABLE - 
Period 

1 

2 

3 

4 

5 

6 

7 

1-1 
7 

Group 
I A 

H 1 
1.01 

Li 3 
6.94 

Na 11 
22.99 

K 19 
39.10 

Rb 37 
85.47 

Cs 55 
132.90 

Fr 87 
(223) 

- 

Periodic table of the elementst - 
Group 

IIA 

Be 4 
9.01 

Mg 12 
24.31 

Ca 20 
40.08 

Sr 38 
87.62 

Ba 56 
137.34 

Ra 88 
(226) 

- 

- 
Group 
I I IB 

Sc 21 
44.96 

Y 39 
88.90 

La 57 
138.91 

Ac 89 
(227) 

- 

- 
Group 
IVB 

Ti 22 
47.90 

Zr 40 
91.22 

Hf 72 
178.49 

Th 90 
232.04 

- 

- 
Group 

VB 

V 23 
50.94 

Nb 41 
92.91 

Ta 73 
180.95 

Pa 91 
(231) 

- 

- 
Group 
VIB 

Cr 24 
52.00 

Mo 42 
95.94 

W 74 
183.85 

U 92 
238.04 

- 

- 
Group 
VIIB 

Mn 25 
54.94 

Tc 43 
(99) 

Re 75 
186.2 

Np 93 
(237) 

- 

- 
Group 

IB 

Cu 29 
63.54 

Ag 47 
107.87 

Au 79 
196.97 

Bk 97 
(247) 

- 

- 
Group 

I IB  

Zn 30 
65.37 

Cd 48 
112.40 

Hg 80 
200.59 

Cf 98 
(251) 

- 

- 
Group 
I11 A 

B 5 
10.81 

A1 13 
26.98 

Ga 31 
69.72 

In 49 
114.82 

TI 81 
204.37 

Es 99 
(254) 

- 

- 
Group 
IVA 

C 6 
12.01 

Si 14 
28.09 

Ge 32 
72.59 

Sn 50 
118.69 

Pb 82 
207.19 

Fm 10( 
(253) 

- 

- 
Group 

V A 

N 7 
14.01 

P 15 
30.97 

As 33 
74.92 

Sb 51 
121.75 

Bi 83 
208.98 

Nd 101 
(256) 

- 

- 
Group 
VIA 

0 8 
16.00 

S 16 
32 .O6 

Se 34 
78.96 

Te 52 
127.60 

Po 84 
(2 10) 

No 102 
(254) 

- 

- 
Group 
VILA 

F 9 
19.00 

C1 17 
35.45 

Br 35 
79.91 

1 53 
126.90 

At 85 
(210) 

Lw 103 
(257) 

- 

Inert 
gases 

He 2 
4.00 

Ne 10 
20.18 

Ar 18 
39.95 

Kr 36 
83.80 

Xe 54 
131.30 

Rn 86 
(222) 

Group 
VIII 

Co 27 
58.93 

Rh 45 
102.90 

Ir  77 
192.2 

Am 95 
(243) - 

The Rare Earths 

t The number to the right of the symbol for the element gives the atomic number. The number below the symbol for the element gives the atomic weight. 
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TABLE 1-2 Electron shells and subshells 

Shell . . . . . .  K 

. . . . . . . . .  n 1 -* 
electrons 

electrons in an  atom among the shells and subshells is indicated in Table 1-2. 
Actually, seven shells are required to account for all the chemical elements, 
but  only the first four are indicated in the table. 

There are two states for n = 1 corresponding to 1 = 0, ml = 0, and 
m, = +*. These are called the 1s states. There are two states correspond- 
ing to n = 2, 1 = 0, ml = 0, and m, = f +. These constitute the 2s sub- 
shell. There are, in addition, six energy levels corresponding to n = 2, 1 = 1, 
ml = - 1, 0, or + I ,  and m, = ++. These are designated as the 2 p  subshell. 
Hence, as indicated in Table 1-2, the total number of electrons in the L shell is 
2 + 6 = 8. I n  a similar manner we may verify tha t  a d subshell contains a 
maximum of 10 electrons, an  f subshell a maximum of 14 electrons, etc. 

The atomic number Z gives the number of electrons orbiting about the 
nucleus. Let us use superscripts to designate the number of electrons in a 
particular subshell. Then sodium, Na, for which Z = 11, has an  electronic 
configuration designated by ls22s22p63s1. Note tha t  Na has a single electron 
in the outermost unfilled subshell, and hence is said to be monovalent. This 
same property is possessed by all the alkali metals (Li, Na, K, Rb, and Cs), 
which accounts for the fact that  these elements in the same group in the 
periodic table (Table 1-1) have similar chemical properties. 

The inner-shell electrons are very strongly bound to an  atom, and cannot 
be easily removed. That  is, the electrons closest to the nucleus are the most 
tightly bound, and so have the lowest energy. Also, atoms for which the 
electrons exist in closed shells form very stable configurations. For example, 
the inert gases He, Ne, A, Kr,  and Xe, all have either completely filled shells 
or, a t  least, completely filled subshells. 

Carbon, silicon, germanium, and tin have the electronic configurations 
indicated in Table 1-3. Note that  each of these elements has completely filled 
subshells except for the outermost p shell, which contains only two of the 
six possible electrons. Despite this similarity, carbon in crystalline form 
(diamond) is an insulator, silicon and germanium solids are semiconductors, 
and tin is a metal. This apparent anomaly is explained in the next section. 
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TABLE 1-3 Electronic configuration in Group IVA 

1-7 THE ENERGY-BAND THEORY O F  CRYSTALS 

X-ray and other studies reveal that most metals and semiconductors are 
crystalline in structure. A crystal consists of a space array of atoms or 
molecules (strictly speaking, ions) built up by regular repetition in three 
dimensions of some fundamental structural unit. The electronic energy levels 
discussed for a single free atom (as in a gas, where the atoms are sufficiently 
far apart not to exert any influence on one another) do not apply to the same 
atom in a crystal. . This is so because the potential characterizing the crystal- 
line structure is now a periodic function in space- whose value a t  any point is 
the result of contributions from every atom. When atoms form crystals, it is 
found that the energy levels of the inner-shell electrons are not affected 
appreciably by the presence of the neighboring atoms. However, the levels 
of the outer-shell electrons are changed considerably, since these electrons are 
shared by more than one atom in the crystal. The new energy levels of the 
outer electrons can be determined by means of quantum mechanics, and i t  is 
found that coupling between the outer-shell electrons of the atoms results in a 
band of closely spaced energy states, instead of the widely separated energy 
levels of the isolated atom (Fig. 1-3). A qualitative discussion of this energy- 
band structure follows. 

Consider a crystal consisting of N atoms of one of the elements in Table 
1-3. Imagine that it is possible to vary the spacing between atoms without 
altering the type of fundamental crystal structure. If the atoms are so far 
apart that the interaction between them is negligible, the energy levels will 
coincide with those of the isolated atom. The outer two subshells for each 
element in Table 1-3 contain two s electrons and two p electrons. Hence, 
if we ignore the inner-shell levels, then, as indicated to the extreme right in 
Fig. 1-3a, there are 2N electrons completely filling the 2N possible s levels, 
all a t  the same energy. Since the p atomic subshell has six possible states, 
our imaginary crystal of widely spaced atoms has 2N electrons, which fill only 
one-third of the 6N possible p states, all a t  the same level. 

If we now decrease the interatomic spacing of our imaginary crystal 
(moving from right to left in Fig. 1-3a), an atom will exert an electric force 
on its neighbors. Because of this coupling between atoms, the atomic-wave 

Configuration 

ls22s22p2 
ls22s22p63s23pZ 
ls22s22p63s23p63d104s24p2 
ls22s22p63s23p63d~04s24p~4d105~~5p2 

E&ment 

C 
Si 
Ge 
Sn 

Atomic 
number 

6 
14 
32 
50 
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Fig. 1-3 Illustrating how the energy levels of isolated atoms are 

split into energy bands when these atoms are brought into close 

proximity to form a crystal. 

functions overlap, and the crystal becomes an electronic system which must 
obey the Pauli exclusion principle. Hence the 2N degenerate s states must 
spread out in energy. The separation between levels is small, hut since N is 
very large ~ m - ~ ) ,  the total spread between the minimum and maximum 
energy may be several electron volts if the interatomic distance is decreased 
sufficiently. This large number of discrete but closely spaced energy levels 
is called an energy band, and is indicated schematically by the lower shaded 
region in Fig. 1-3a. The 2N states in this band are completely filled with 
2N electrons. Similarly, the upper shaded region in Fig. 1-3a is a band of 
6 N  states which has only 2N of its levels occupied by electrons. 

Note that there is an energy gap (a forbidden band) between the two 
bands discussed above and that this gap decreases as the atomic spacing 
decreases. For small enough distances (not indicated in Fig. 1-3a but shown 
in Fig. 1-3b) these bands will overlap. Under such circumstances the 6N upper 
states merge with the 2N lower states, giving a total of 8N levels, half of which 
are occupied by the 2N + 2N = 4N available electrons. At this spacing each 
atom has given up four electrons to the band; these electrons can no longer be 
said to orbit in s or p subshells of an isolated atom, but rather they belong to 
the crystal as a whole. In  this sense the elements in Table 1-3 are tetravalent, 
since they contribute four electrons each to the crystal. The band these 
electrons occupy is called the valence band. 

If the spacing between atoms is decreased below the distance at  which 
the bands overlap, the interaction between atoms is indeed large. The energy- 



16 / INTEGRATED NECTRONlCS Sec. 1-8 

band structure then depends upon the orientation of the atoms relative to one 
another in space (the crystal structure) and upon the atomic number, which 
determines the electrical constitution of each atom. Solutions of Schrodinger's 
equation are complicated and have been obtained approximately for only rela- 
tively few crystals. These solutions lead us to expect an energy-band diagram 
somewhat as pictured1 in Fig. 1-3b. At the crystal-lattice spacing (the dashed 
vertical line), we find the valence band jilled with 4N electrons separated by a 
forbidden band (no allowed energy states) of extent EG from an empty band 
consisting of 4N additional states. This upper vacant band is called the con- 
duction band, for reasons given in the next section. 

1-8 INSULATORS, SEMICONDUCTORS, AND METALS 

A very poor conductor of electricity is called an insulator; an excellent con- 
ductor is a metal; and a substance whose conductivity lies between these 
extremes is a semiconductor. A material may be placed in one of these three 
classes, depending upon its energy-band structure. 

Insulator The energy-band structure of Fig. 1-3b at the normal lattice 
spacing is indicated schematically in Fig. 1-4a. For a diamond (carbon) 
crystal the region containing no quantum states is several electron volts high 
(EG ==: 6 eV). This large forbidden band separates the filled valence region 
from the vacant conduction band. The energy which can be supplied to an 
electron from an applied field is too small to carry the particle from the filled 
into the vacant band. Since the electron cannot acquire sufficient applied 
energy, conduction is impossible, and hence diamond is an insulator. 

Semiconductor A substance for which the width of the forbidden energy 
region is relatively small (-1 eV) is called a semiconductor. Graphite, a 

Conduction 
band . 

Forbidden 
/ 

band - 

/ 

Valence 
band -' 

Holes 

Conduction 

LI Valence 

ld 
(a 1 (b1 ( c>  

Fig. 1-4 Energy-band structure of (a) an insulator, (b) a semi- 

conductor, and (c) a metal. 
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* ,  - 
4 crystalline form of carbon but having a crystal symmetry which is different 
4 5! 

g. from diamond, has such a small value of E G ,  and it is a semiconductor. The 
-4 most important practical semiconductor materials are germanium and silicon, 

which have values of EG of 0.785 and 1.21 eV, respectively, a t  O°K. Energies 
of this magnitude normally cannot be acquired from an applied field. Hence 
the valence band remains full, the conduction band empty, and these materials 
are insulators a t  low temperatures. However, the conductivity increases y4th 
temperature, as we explain below. These substances are known as intrinsic 
(pure)  semiconductors. 

As the temperature is increased, some of these valence electrons acquire 
thermal energy greater than EG, and hence move into the conduction band. 
These are now free electrons in the sense that  they can move about under 
the influence of even a small applied field. These free, or conduction, elec- 
trons are indicated schematica,lly by dots in Fig. 1-4b. The insulator has now 
become slightly conducting; i t  is a semiconductor. The absence of an  electron 
in the valence band is represented by a small circle in Fig. 1-4b, and is called a 
hole. The phrase "holes in a semiconductor" therefore refers to the empty 
energy levels in an  otherwise filled valence band. 

The importance of the hole is that  i t  may serve as a carrier of electricity, 
comparable in effectiveness with the free electron. The mechanism by which 
a hole contributes to conductivity is explained in Sec. 2-2. We also show in 
Chap. 2 that  if certain impurity atoms are introduced into the crystal, these 
result in allowable energy states which lie in the forbidden energy gap. We 
find that  these impurity levels also contribute to the conduction. A semi- 
conductor material where this conduction mechanism predominates is called 
an  extrinsic ( i m  puritp) semiconductor. 

Since the band-gap energy of a crystal is s function of interatomic spacing 
(Fig. 1-3), it is not surprising that  EG depends somewhat on temperature. 
I t  has been determined experimentally that  EG decreases with temperature, 
and this dependence is given in Sec. 2-5. 

Metal A solid which contains a partly filled band structure is called a 
metal. Under the influence of an applied electric field the electrons may acquire 
additional energy and move into higher states. Since these mobile electrons 
constitute a current, this substance is a conductor and the partly filled region 
is the conduction band. One example of the band structure of a metal is 
given in Fig. 1-4c, which shows overlapping valence and co~~duct ion bands. 
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R E V I E W  Q U E S T I O N S  

1-1 Define potential energy in words and as an equation. 
1-2 Define an electron volt. 
1-3 State Rohr's three postulates for the atom. 
1-4 Define a photon. 
1-5 Define (a )  phofoexcitation; (b)  photoionization. 
1-6 State the Pauli exclusion principle. 
1-7 Give the electronic configuration for an atom of a specified atomic number 2. 

For example, Z = 32 for germanium. 
1-8 Explain why the energy levels of an atom become energy bands in a solid. 
1-9 What is the difference between the band structure of an insulator and of a 

semiconductor? 
1-10 What is the difference between the band structure of a semiconductor and 

of a metal? 
1-11 Explain why a semiconductor acts as an insulator a t  O°K and why its 

conductivity increases with increasing temperature. 
1-12 What is the distinction between an intrinsic and an extrinsic semiconductor? 
1-13 Define a hole in a semiconductor. 
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The current in a metal is due to the flow of negative charges (electrons), 
whereas the current in a semiconductor results from the movement of 
both electrons and positive charges (holes). A semiconductor may be 
doped with impurity atoms so that the current is due predominantly 
either to electrons or to holes. The transport of the charges in a 
crystal under the influence of an electric field (a drift current), and 
also as a result of a nonuniform concentration gradient (a difusion 
current), is investigated. 

2- 1 MOBILITY AND CONDUCTIVITY 

In  the preceding chapter we pres,ented an energy-band picture of 
metals, semiconductors, and insulators. I n  a metal the outer, or 
valence, electrons of an atom are as much associated with one ion 
as with another, so that the electron attachment to any individual 
atom is almost zero. In  terms of our previous discussion this means 
that the band occupied by the valence electrons m>y not be com- 
pletely filled and that there are no forbidden levels a t  higher energies. 
Depending upon the metal, a t  least one, and sometimes two or three, 
electrons per atom are free to move throughout the interior of the 
metal under the action of applied fields. 

Figure 2-1 is a two-dimensional schematic picture of the charge 
distribution within a metal. The shaded regions represent the net 
positive charge of the nucleus and the tightly bound inner electrons. 
The black dots represent the outer, or valence, electrons in the atom. 
It is these electrons that cannot be said to belong to any particular 
atom; instead, they have completely lost their individuality and can 
wander freely about from atom to atom in the metal. Thus a metal is 

19 
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visualized as a region containing a periodic three-dimensional array of heavy, 
tightly bound ions permeated with a swarm of electrons that  may move about 
quite freely. This picture is known as the electron-gas description of a metal. 

According to the electron-gas theory of a metal, the electrons are in 
continuous motion, the direction of flight being changed a t  each collision 
with the heavy (almost stationary) ions. The average distance between col- 
lisions is called the mean free path. Since the motion is random, then, on an  
average, there will be as many electrons passing through unit area in the metal 
in any direction as in the opposite direction in a given time. Hence the 
average current is zero. 

Let us now see how the situation is changed if a constant electric field 
& (volts per meter) is applied to the metal. As a result of this electrostatic 
force, the electrons would be accelerated and the velocity would increase 
indefinitely with time, were i t  not for the collisions with the ions. However, 
a t  each inelastic collision with an ion, an  electron loses energy, and a steady- 
state condition is reached where a finite value of drift speed v is attained.' 
This drift velocity is in the direction opposite to that  of the electric field. 
The speed a t  a time t between collision is at, where a = q&/m is the acceleration. 
Hence the average speed v is proportional to E. Thus 

where p (square meters per volt-second) is called the mobility of the electrons. 
According to the foregoing theory, a steady-state drift speed has been 

superimposed upon the random thermal motion of the electrons. Such a 
directed flow of electrons constitutes a current. We now calculate the magni- 
tude of the current. 

Current Density If N electrons are contained in a length LI of conductor 
(Fig. 2-2), and if i t  takes an electron a time T s to travel a distance of L m in 



Fig. 2-2 Pertaining to the calculation of current 

density. 

the conductor, the total number of electrons passing through any cross section 
of wire in unit time is N I T .  Thus the total charge per second passing any 
area, which, by definition, is the current in amperes, is 

because LIT is the average, or drift, speed v m/s of the electrons. By definition, 
the current density, denoted by the symbol J, is the current per unit area of the 
conducting medium., That is, assuming a uniform current distribution, 

where J is in amperes per square meter, and A  is the cross-sectional area (in 
meters) of the conductor. This becomes, by Eq. (2-2), 

From Fig. 2-2 it is evident that LA is simply the volume containing the N 
electrons, and so N / L A  is the electron concentration n (in electrons per cubic 
meter). Thus 

and Eq. (2-4) reduces to 

J = nqv = pv (2-6) 

where p = nq is the charge density, in coulombs per cubic meter, and v is in 
meters per second. 

This derivation is independent of the form of the conducting medium. 
Consequently, Fig. 2-2 does not necessarily represent a wire conductor. It 
may represent equally well a portion of a gaseous-discharge tube or a volume 
element of a semiconductor. Furthermore, neither p nor v need be constant, 
but may vary from point to point in space or may vary with time. 

Conductivity From Eqs. (2-6) and (2-1) 

J = nqv = nqp& = cr& 
where 

a = nqp 

is the conductivity of the metal in (ohm-meter)-'. Equation (2-7) is recog- 
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nized as Ohm's law, namely, the conduction current is proportional to the 
applied voltage. As already mentioned, the energy which t,he electrons acquire 
from the applied field is, as a result of collisions, given to the lattice ions. 
Hence power is dissipated within the metal by the electrons, and the power 
density (Joule heat) is given by J E  = oG2 (watts per cubic meter). 

2-2 ELECTRONS AND HOLES IN AN INTRINSIC SEMICONDUCTOR1 

From Eq. (2-8) we see that the conductivity is proportional to the concentra- 
tion n of free electrons. For a good conductor, n is very large (-lo2* 
electrons/m3) ; for an insulator, n is very small (-lo7) ; and for a semiconductor, 
n lies between these two values. The valence electrons in a semiconductor 
are not free to wander about as they are in a metal, but rather are trapped in a 
bond between two adjacent ions, as explained below. 

The Covalent Bond Germanium and silicon are the two most important 
semiconductors used in electronic devices. The crystal structure of these 
materials consists of a regular repetition in three dimensions of a unit cell 
having the form of a tetrahedron with an atom a t  each vertex. This structure 
is illustrated symbolically in two dimensions in Fig. 2-3. Germanium has a 
total of 32 electrons in its atomic structure, arranged in shells as indicated in 
Table 1-3. As explained in Sec. 1-7, each atom in a germanium crystal 
contributes four valence electrons, so that the atom is tetravalent. The inert 
ionic core of the germanium atom carries a positive charge of + 4 measured in 
units of the electronic charge. The binding forces between neighboring atoms 
result from the fact that each oi the valence electrons of a germanium atom is 
shared by one of its four nearest neighbors. This electron-pair, or covalent, 
bond is represented in Fig. 2-3 by the two dashed lines which join each atom 
to each of its neighbors. The fact that the valence electrons serve to bind one 
atom to the next also results in the valence electron being tightly bound to the 

Covalent Valence 

Fig. 2-3 Crystal structure of germanium, 

illustrated symbolically in two dimensions. 
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Fig. 2-4 Germanium crystal with a 

broken covalent bond. 

nucleus. Hence, in spite of the availability of four valence electrons, the 
crystal has a low conductivity. 

The Hole At a very low temperature (say O°K) the ideal structure of 
' 

Fig. 2-3 is approached, and the crystal behaves as an insulator, since no free 
carriers of electricity are available. However, a t  room temperature, some of 
the covalent bonds will be broken because of the thermal energy supplied to the 
crystal, and conduction is made possible. This situation is illustrated in Fig. 
2-4. Here an electron, which for the far greater period of time forms part of a 
covalent bond, is pictured as being dislodged, and therefore free to wander in 
a random fashion throughout the crystal. The energy EG required to break 
such a covalent bond is about 0.72 eV for germanium and 1.1 eV for silicon 
at  room temperature. The absence of the electron in the covalent bond is 
represented by the small circle in Fig. 2-4, and such an incomplete covalent 
bond is called a hole. The importance of the hole is that it may serve as a 
carrier of electricity comparable in effectiveness with the free electron. 

The mechanism by which a hole contributes to the conductivity is quali- 
tatively as follows: When a bond is incomplete so that a hole exists, it is 
relatively easy for a valence electron in a neighboring atom to leave its covalent 
bond to fill this hole. An electron moving from a bond to fill a hole leaves a 
hole in its initial position. Hence the hole effectively moves in the direction 
opposite to that of the electron. This hole, in its new position, may now be 
filled by an electron from another covalent bond, and the hole will correspond- 
ingly move one more step in the direction opposite to the motion of the elec- 
tron. Here we have a mechanism for the conduction of electricity which does 
not involve free electrons. This phenomenon is illustrated schematically in 
Fig. 2-5, where a circle with a dot in i t  represents a completed bond, and an 
empty circle designates a hole. Figure 2-5a shows a row of 10 ions, with a 
broken bond, or hole, a t  ion 6. Now imagine that an electron from ion 7 
moves into the hole a t  ion 6, so that the configuration of Fig. 2-5b results. 
If we compare this figure with Fig. 2-Sa, i t  looks as if the hole in (a) has 



24 / INTEGRATED ELECTRONICS Sec. 2-3 

(a) @ 8k, @ @ 0 6 @ @ @ Fig. 2-5 The mechanism 

b y  which a hole contri- 
1 2 3 4 5 6 7 8 9 1 0  

bvtes to the conductivity. 

( b ) @ @ Q @ @ @ O @ @ e  
moved toward the right in (b) (from ion 6 to ion 7). This discussion indicates 
that the motion of the hole in one direction actually means the transport of a 
negative charge an equal distance in the opposite direction. So far as the flow 
of electric current is concerned, the hole behaves like a positive charge equal in 
magnitude to the electronic charge. We can consider that the holes are physi- 
cal entities whose movement constitutes a flow of current. The heuristic 
argument that a hole behaves as a free positive charge carrier may be justified 
by quantum mechanics.' An experimental verification of this concept is 
given in Sec. 2-6. 

In  a pure (intrinsic) semiconductor the number of holes is equal to the 
number of free electrons. Thermal agitation continues to produce new hole- 
electron pairs, whereas other hole-electron pairs disappear as a result of 
recombination. The hole concentration p must equal the electron concentra- 
tion n, so that 

where ni is called the intrinsic concentration. 

Effective Mass2 We digress here briefly to  discuss the concept of the 
effective mass of the electron and hole. I t  is found that, when quantum 
mechanics is used to specify the motion within the crystal of a free or conduc- 
tion electron or hole on which an external field is applied, it is possible to treat 
the hole and electron as imaginary classical particles with effective positive 
masses m, and m,, respectively. 'This approximation is valid provided that 
the externally applied fields are much weaker than the internal periodic fields 
produced by the lattice structure. In  a perfect crystal these imaginary 
particles respond only to the external fields. 

A wave-mechanical analysis1 shows that a bound or valence electron 
cannot be treated as a classical particle. This difficulty is bypassed by ignoring 
the bound electrons and considering only the motion of the holes. In  summary, 
the effective-mass approximation removes the quantum features of the problem 
and allows us to use Newton's laws to determine the effect of external forces 
on the (free) electrons and holes within a crystal. 

2-3 DONOR AND ACCEPTOR IMPURITIES 

If, to intrinsic silicon or germanium, there is added a small percentage of 
trivalent or pentavalent atoms, a doped, impure, or extrinsic, semiconductor 
is formed. 



Sec. 2-3 TRANS PORT PHENOMENA IN SEMICONDUCTORS / 25 

' G ~  ,Free electron 

Fig. 2-6 Crystal lattice with a germanium 

atom displaced by a pentavalent 

impurity atom. 

Donors If  the dopant has five valence electrons, the crystal structure of 
Fig. 2-6 is obtained. The impurity atoms will displace some of the germanium 
atoms in the crystal lattice. Four of the five valence electrons will occupy 
covalent bonds, and the fifth will be nominally unbound and will be available 
as a carrier of current. The energy required to detach this fifth electron from 
the atom is of the order of only 0.01 eV for Ge or 0.05 eV for Si. Suitable 
pentavalent impurities are antimony, phosphorus, and arsenic. Such impu- 
rities donate excess (negative) electron carriers, and are therefore referred to as 
donor, or n-type, impurities. 

When donor impurities are added to a semiconductor, allowable energy 
levels are introduced a very small distance below the conduction band, as is 
shown in Fig. 2-7. These new allowable levels are essentially a discrete level 
because the added impurity atoms are far apart in the crystal structure, and 
hence their interaction is small. In  the case of germanium, the distance of 
the new discrete allowable energy level is only 0.01 eV (0.05 eV in silicon) 
below the conduction band, and therefore a t  room .temperature almost all the 
"fifth" electrons of the donor material are raised into the conduction band. 

If intrinsic semiconductor material is "doped" with n-type impurities, 
not only does the number of electrons increase, but the number of holes 
decreases below that which would be available in the intrinsic semiconductor. 
The reason for the decrease in the number of holes is that the larger number of 
electrons present increases the rate of recombination of electrons with holes. 

Fig. 2-7 Energy-band diagram of 

. n-type semiconductor. 
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Fig. 2-8 Crystal lattice with a ger- 

manium atom displaced by an atom of a 

trivalent impurity. 

Acceptors If a trivalent impurity (boron, gallium, or indium) is added 
to an intrinsic semiconductor, only three of the covalent bonds can be filled, 
and the vacancy that  exists in the fourth bond constitutes a hole. This 
situation is illustrated in Fig. 2-8. Such impurities make available positive 
carriers because they create holes which can accept electrons. These impurities 
are consequently known as acceptor, or p-type, impurities. The amount of 
impurity which must be added to have an appreciable effect on the conductivity 
is very small. For example, if a donor-type impurity is added to the extent 
of 1 part in lo8, the conductivity of germanium a t  30°C is multiplied by a 
factor of 12. 

When acceptor, or p-type, impurities are added to the intrinsic semi- 
conductor, they produce an  allowable discrete energy level which is just above 
the valence band, as shown in Fig. 2-9. Since a very small amount of energy 
is required for an  electron to leave the valence band and occupy the acceptor 
energy Ine l ,  i t  follows that  the holes generated in the valence band by these 
electrons constitute the largest number of carriers in the semiconductor 
material. 

The Mass-action Law We noted above t'hat adding n-type impurities 
decreases the number of holes. Similarly, doping with 
decreases the concentration of free electrons below that  in 
conductor. A theoretical analysis (Sec. 2-12) leads to the 

p-type impurities 
the intrinsic semi- 
result that ,  under 
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thermal equilibrium, the product of the free negative and positive concentra- 
tions is a constant independent of the amount of donor and acceptor impurity 
doping. This relationship is called the mass-actioa law and is given by 

The intrinsic concentration ni is a function of temperature (Sec. 2-5). 
We have the importantresult that the doping of a,n intrinsic semiconductor 

not only increases the conductivity, but also serves to produce a conductor in 
which the electric carriers are either predominantly holes or predominantly 
electrons. In  an n-type semiconductor, the electrons are called t4he majority 
carriers, and the holes are called the minority carriers. In  a p-type material, 
the holes are the majority carriers, and the electrons are the minority carriers. 

2-4 CHARGE DENSITIES IN A SEMICONDUCTOR 

Equation (2-lo), namely, np = ni2, gives one relationship between the electron 
n and the hole p concentrations. These densities are further interrelated by 
the law of electrical neutrality, which we shall now state in algebraic form: 
Let N D  equal the concentration of donor atoms. Since, as mentioned above, 
these are practically all ionized, No positive charges per cubic meter are 
contributed by the donor ions. Hence the total positive-charge density is 
N D  + p. Similarly, if N A  is the concentration of acceptor ions, these contrib- 
ute N A  negative charges per cubic meter. The total negative-charge density 
is N A  + n. Since the semiconductor is electrically neutral, the magnitude of 
the positive-charge density must equal that of the negative concentration, or 

Consider an n-type material having N A  = 0. Since the number of elec- 
trons is much greater than the number of holes in an n-type semiconductor 
(n >> p), then Eq. (2-11) reduces to 

I n  an  n-type material the free-electron concentration is approxim.ately equal to 
the density of donor atoms. 

I n  later applications we study the characteristics of n- and p-type materials 
connected together. Since some confusion may arise as to which type is under 
consideration a t  a given moment, we add the subscript n or p for an n-type or a 
p-type substance, respectively. Thus Eq. (2-12) is more clearly written 

The concentration p,  of holes in the n-type semiconductor is obtained from 
Eq. (2-10)) which is now written n,pn = ni2. Thus 
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Similarly, for a p-type semiconductor, 

It is possible to add donors to a p-type crystal or, conversely, to add 
acceptors to n-type material. If equal concentrations of donors and acceptors 
permeate the semiconductor, i t  remains intrinsic. The hole of the acceptor 
combines with the conduction electron of the donor to give no additional free 
carriers. Thus, from Eq. (2-11) with ND = N A ,  we observe that  p = n, and 
from Eq. (2-lo), n2 = ni2, or n = ni = the intrinsic concentration. 

An extension of the above argument indicates tha t  if the concentra.tion 
of donor atoms added to a p-type semiconductor exceeds the acceptor concen- 
tration (No > NA), the specimen is changed from a p-type to an  n-type semi- 
conductor. [In Eqs. (2-13) and (2-14) ND should be replaced by N D  - NA.] 

ELECTRICAL PROPERTIES O F  GE AND SI 

A fundamental difference between a metal and a semiconductor is tha t  the 
former is unipolar [conducts current by means of charges (electrons) of one 
sign only], whereas a semiconductor is bipolar (contains two charge-carrying 
"particles" of opposite sign). 

Conductivity One carrier is negative (the free electron), of mobility p,, 
and the other is positive (the hole), of mobility ,up. These particles move in 
opposite directions in an  electric field E, but since they are of opposite sign, the 
current of each is in the same direction. Hence the current density J is 
given by (Sec. 2-1) 

where n = magnitude of free-electron (negative) concentration 
p = magnitude of hole (positive) concentration 
u = conductivity 

Hence a = ( w n  + p,up)q (2-17) 

For the pure semiconductor, n = p = ni, where n ,  is the intrinsic concentration. 

Intrinsic Concentration With increasing temperature, t,he density of hole- 
electron pairs increases and, correspondingly, the conductivity increases. In  
Sec. 19-5 i t  is found that  the intrinsic concentration ni varies with T as  

ni2 = AoT3,=-EooIkT (2- 18) 

where EGO is the energy gap a t  O°K in electron volts, k is the Boltzman constant 
in eV/"K (Appendix A), and A ,  is a constant independent of T. The constants 
EGO, p,, p,, and many other important physical quantities for germanium and 
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TABLE 2-7 Properties of germanium and silicont 

Property I Ge 

Atomic number. . . . . . . . . . . . . . . . . . . .  
Atomic weight. . . . . . . . . . . . . . . . . . . . .  
Density, g/cmS.. . . . . . . . . . . . . . . . . . . .  
Dielectric constant (relative). . . . . . . . .  
Atoms/cm3. . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . .  EGO, eV, a t  0°K..  
Eo, eV, a t  300°K.. . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . .  ni at 300°K, ~ m - ~ .  
Intrinsic resistivity a t  300°K, O-cm. . .  
p,, cm2/V-s at 300°K.. . . . . . . . . . . . . .  
pp, cm2/V-s at 300°K. . . . . . . . . . . . . . .  
Dnt cm2/s = p n V r  . . . . . . . . . . . . . . . . .  
DP, ~ m ~ / s  = p p V ~ .  . . . . . . . . . . . . . . . . .  

t G. L. Pearson and W. H. Brattain, History of Semiconductor 
Research, Proc. IRE, vol. 43, pp. 1794-1806, December, 1955. E. M. 
Conwell, Properties of Silicon and Germanium, Part 11, Proc. IRE, vol. 
46, no. 6, pp. 1281-1299, June, 1958. 

silicon are given in Table 2-1. Note that germanium has of the order of 
atoms/cm3, whereas a t  room temperature (300°K), ni = 10l3/cm3. Hence 
only 1 atom in about lo9 contributes a free electron (and also a hole) to the 
crystal because of broken covalent bonds. For silicon this ratio is even smaller, 
about 1 atom in 1012 

The Energy Gap The forbidden region Ea in a semiconductor depends 
upon temperature, as pointed out in Sec. 1-7. Experimentally i t  is found that, 
for s i l i ~ o n , ~  

and a t  room temperature (300°K), EG = 1.1 eV. Similarly, for g e r m a n i ~ m , ~  

and a t  room temperature, EG = 0.72 eV. 

The Mobility This parameter p varies3 as T-" over a temperature range 
of 100 to 400°K. For silicon, m = 2.5 (2.7) for electrons (holes), and for 
germanium, m = 1.66 (2.33) for electrons (holes). The mobility is also found4 
to be a function of electric field intensity and remains constant only if & < lo3 
V/cm in n-type silicon. For lo3 < & < lo4 V/cm, pn varies approximately as 
& For higher fields, pn is inversely proportional to & and the carrier speed 
approaches the constant value of lo7 cm/s. 
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E X A M P L E  (a) Using Avogadro's number, verify the numerical value given in 
Table 2-1 for the concentration of atoms in germanium. ( b )  Find the resistivity 
of intrinsic germanium a t  300°K. (c) If a donor-type impurity is added to the 
extent of 1 part in lo8 germanium atoms, find the resistivity. (d) If germanium 
were a monovalent metal, find the ratio of its conductivity to that of the n-type 
semiconductor in part c. 

Solution a. A quantity of any substance equal to its molecular weight in grams 
is a mole of that substance. Further, a mole of any substance contains the same 
number of molecules as a mole of any other material. This number is called 
Avogadro's number and equals 6.02 X molecules per mole (Appendix A). 
Thus, for monatomic germanium (using Table 2-I), 

atoms 1 mole 5.32 g atoms 
Concentration = 6.02 X X - X - - 4.41 X - 

mole 72.6 g cm cm3 

b. From Eq. (2-17), with n = p = ni, 

cm2 
u = niq(p, + p,) = (2.5 X 1013 ~m-~) (1 .60  X 10-l9 C)(3,800 + 1,800) - 

v-s 

1 1 
Resistivity = - = -- = 44.6 Q-cm 

u 0.0224 

in agreement with the value in Table 2-1. 

c. If there is 1 donor atom per lo8 germanium atoms, then N o  = 4.41 X 1014 
atoms/cm3. From Eq. (2-12) n = N D  and from Eq. (2-14) 

Since n >> p, we can neglect p in calculating the conductivity. From Eq. (2-17) 

The resistivity = l /u  = 1/0.268 = 3.72 Q-cm. 
NOTE: The addition of 1 donor atom in lo8 germanium atoms has multiplied 

the conductivity by a factor of 44.6/3.72 = 11.7. 
d. If each atom contributed one free electron to  the "metal," then 

n = 4.41 X electrons/cm3 
and 

u = nqp, = 4.41 X x 1.60 X 10-l9 X 3,800 
= 2.58 X lo7 (Q-cm)-.l 

Hence the conductivity of the "metal" is higher than that of the n-type semi- 
conductor by a factor of 
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2-6 THE HALL EFFECT 

If a specimen (metal or semiconductor) carrying a current I is placed in a 
transverse magnetic field B, an electric field 8 is induced in the direction per- 
pendicular to both I and B. This phenomenon, known as the Hall eflect, is 
used to determine whether a semiconductor is n- or p-type and to find the 
carrier concentration. Also, by simultaneously measuring the conductivity U, 
the mobility p can be calculated. 

The physical origin of the Hall effect is not difficult to find. If in Fig. 
2-10 1 is in the positive X direction and B is in the positive Z direction, a force 
will be exerted in the negative Y direction on the current carriers. The 
current I may be due to holes moving from left to right or to free electrons 
traveling from right to left in the semiconductor specimen. Hence, inde- 

* pendently of whether the carriers are holes or electrons, they will be forced 
downward toward side 1 in Fig. 2-10. If the semiconductor is n-type material, 
ao that  the current is carried by electrons, these electrons will accumulate on 
side 1, and this surface becomes negatively charged with respect to side 2. 
Hence a potential, called the Hall voltage, appears between surfaces 1 and 2. 

If the polarity of VH is positive a t  terminal 2, then, as explained above, the 
I carriers must be electrons. If, on the other hand, terminal 1 becomes charged 

positively with respect to terminal 2, the semiconductor must be p-type. 
( These results have been verified experimentally, thus justifying the bipolar 

(two-carrier) nature of the current in a semiconductor. 
If I is the current in a p-type semiconductor, the carriers might be con- 

sidered to be the bound electrons jumping from right to left. Then side 1 
would become negatively charged. However, experimentally, side 1 is found 

' to become positive with respect to side 2 for a p-type specimen. This experi- 
ment confirms the quantum-mechanical fact noted in Sec. 2-2 that the hole 
acts like a classical free positive-charge carrier. 

Experimental Determination of  Mobil i ty I n  the equilibrium state the 
electric field intensity & due to the Hall effect must exert a force on the carrier 
which just balances the magnetic force, or 

q& = Bqv (2-2 1) 

where q is the magnitude of the charge on the carrier, and v is the drift speed. 
From Eq. (1-3), & = VH/d, where d is the distance between surfaces 1 and 2. 

Fig. 2-10 Pertaining to the Hall effect. 
1- 

The carriers (whether electrons or holes) 

are subjected i o  a magnetic force in the I I x 
negative Y direction. k ~ ~ a n i c o n c i u c t o r  bar 
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 rod Eq. (2-6), J = pv = I/wd, where J is the current density, p is the charge 
density, and w is the width of the specimen in the direction of the magnetic 
field. Combining these relationships, we find 

B J d  BI VH = &d = Bud = - = - 
P P2" 

If VH, B, I, and w are measured, the charge density p can be determined from 
Eq. (2-22). 

It is customary to introduce the Hall coefficient RH defined by 

1 RH z - 
P 
VHW Hence RH = - 
B I  

If conduction is due primarily to charges of one sign, the conductivity a 

is related to the mobility p by Eq. (2-8), or 

If the conductivity is measured together with the Hall coefficient, the mobility 
can be determined fram 

We have assumed in the foregoing discussion that  all particles travel with 
the mean drift speed v. Actually, the current carriers have a random thermal 
distribution in speed. If this distribution is taken into account, it is found 
that  Eq. (2-24) remains valid provided that  RH is defined by 3n/gp. Also, 
Eq. (2-26) must be modified to p = (8a/3?r)R~. 

Applications Since VH is proportional to  B (for a given current I), then 
the Hall effect has been incorporated into a magnetic field meter. Another 
instrument, called a Hall-eflect multiplier, is available to give an  output 
proportional to the product of two signals. If I is mbde proportional to one 
of the inputs and if B is linearly related to the second signal, then, from Eq. 
(2-22), VH is proportional to the product of the two inputs. 

2-7 CONDUCTIVITY MODULATION 

Since the conductivity a of a semiconductor is proportional to the concentration 
of free carriers [Eq. (2-17)], u may be increased by increasing n or p. The two 
most important methods for varying n and p are to change the temperature 
or to illuminate the semiconductor and thereby generate new hole-electron 
pairs. 
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Thermistors The c a nductivity of germanium (silicon) is found from Eq. 
(2-18) to increase approximately 6 (8) percent per degree increase in tempera- 
ture. Such a large change in conductivity with temperature places a limitation 
upon the use of semiconductor devices in some circuits. On the other hand, 
for some applications i t  is exactly this property of semiconductors that  is used 
to advantage. A semiconductor used in this manner is called a thermistor. 
Such a device finds extensive application in thermometry, in the measurement 
of microwave-frequency power, as a thermal relay, and in control devices 
actuated by changes in temperature. Silicon and germanium are not used as 
thermistors because their properties are too sensitive to impurities. Com- 
~nercial thermistors consist of sintered mixtures of such oxides as N O ,  i\ln203, 
and Co20a.  

The exponential decrease in resistivity (reciprocal of conductivity) of a 
semiconductor should be contrasted with the small and almost linear increase 
in resistivity of a metal. An increase in the temperature of a metal results in 
greater thermal motion of the ions, and hence decreases slightly the mean free 
path of the free electrons. The result is a decrease in the mobility, and hence in 
conductivity. For most metals the resistance increases about 0.4 percent/"C 
increase in temperature. I t  should be noted that  a thermistor has a negative 
coefficient of resistance, whereas that  of a metal is positive and of much smaller 
magnitude. By including a thermistor in a circuit it is possible to compen- 
sate for temperature changes over a range as wide as 100°C. 

A heavily doped semicor~ductor can exhibit a positive temperature coeffi- 
cient of resistance, for under these circumstances the material acquires metallic 
properties and the resistance increases because of the decrease in carrier 
mobility with temperature. Such a device, called a sensistor (manufactured by 
Texas Instruments), has a temperature coefficient of resistance of +0.7 
percent/"C (over the range from -60 to + 150°C). 

Photoconductors If radiation falls upon a semiconductor, its conductivity 
increases. This photoconductive effect is explained as follows: Radiant energy 
supplied to the semiconductor ionizes covalent bonds; that  is, these bonds are 
broken, and hole-electron pairs in excess of those generated thermally are 
creat,ed. These increased current carriers decrease the resistance of the 
material, and hence such a device is called a photoresistor, or photoconcluclor. 
For a light-intensity change of 100 fc, t  the resistance of a commercial photo- 
conductor may change by several kilohms. 

I n  Fig. 2-11 we show the energy diagram of a semiconductor having both 
acceptor and donor impurities. If photons of sufficient energies illuminate 
this specimen, photogeneration takes place and the following transitions are 
possible: An electron-hole pair can be created by a high-energy photon, in 
what is called intrinsic excitation; a photon may excite a donor electron into the 
conduction band; or a valence electron may go into an  acceptor state. The 

t fc is the standard abbreviation for foot-candle. 
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Donor level Fig. 2-1 1 Photoexci tation in 

semiconductors. (1) is intrinsic 

whereas (2) and (3) are extrinsic 

excitations. 
Acceptor level 

last two transitions are known as impurity excitations. Since the density of 
states in the conduction and valence bands greatly exceeds the density of 
impurity states, photoconductivity is due principally to intrinsic excitation. 

Spectral Response The minimum energy of a photon required for 
intrinsic excitation is the forbidden-gap energy EG (electron volts) of the semi- 
conductor material. The wavelength A, of a photon whose energy corresponds 
to EG is given by Eq. (1-14), with El - Ez = EG. If A, is expressed in micronst 
and EG in electron volts, 

If the wavelength A of the radiation exceeds A,, then the energy of the photon is 
less than EG and such a photon cannot cause a valence electron to enter the 
conduction band. Hence A, is called the critical, or cutof, wavelength, or long- 
wavelength threshold, of the material. For Si, EG = 1.1 eV and A, = 1.13 pm, 
whereas for Ge, EG = 0.72 eV and A, = 1.73 pm a t  room temperature (Table 
2-1). 

The spectral-sensitivity curves for Si and Ge are plotted in  Fig. 2-12, 
indicating that a photoconductor is a frequency-selective device. This means 

t 1 micron = 1 micrometer = 1 pm = m. 

Fig. 2-12 Relative spectral re- 

sponse of Si and Ge. (Courtesy 

of Texas Instruments, Inc.) 

0.5 0.9 1.3 1.7 
Wavelength, pm 
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tha t  a given intensity of light of one wavelength will not generate the same 
number of free carriers as an  equal intensity of light of another wavelength. 
I n  other words, the photoelectric yield, or spectral response, depends upon the 
frequency of the incident radiation. Note tha t  the long-wavelength limit is 
slightly greater than the values of X, calculated above, because of the impurity 
excitations. As the wavelength is decreased (X < A, or f > f,), the response 
increases and reaches a maximum. The range of wavelengths of visible light 
(0.38 to 0.76 pm) is indicated by the shaded region in Fig. 2-12. 

Commercial Photoconductive Cells There are three important types of 
applications of such a device: I t  is used ( I )  to measure a fixed amount of illumi- 
nation (as with light meter), (2) to record a modulating light intensity (as on a 
sound track), and (3) as an  ON-OFF light relay (as in a digital or control circuit). 

The photoconducting device with the widest application is the cadmium 
sulfide cell. The sensitive area of this device consists of a layer of chemically 
deposited CdS, which may -contain a small amount of silver, antimony, or 
indium impurities. I n  absolute darkness the resistance may be as high as 2 A{, 
and when stimulated with strong light, the resistance may be less than 10 Q. 

The primary advantages of CdS photoconductors are their high dissipation 
capability, their excellent sensitivity in the visible spectrum, and their low 
resistance when stimulated by light. These photoconductors are designed to 
dissipate safely 300 mW, and can be made to handle safely power levels of 
several watts. Hence a CdS photoconductor can operate a relay directly, with- 
out intermediate amplifier circuits. 

Other types of photoconductive devices are available for specific applica- 
tions. A lead sulfide, PbS, cell has a peak on the sensitivity curve a t  2.9 pm, 
and hence is used for infrared-detection or infrared-absorption measurements. 
A selenium cell is sensitive throughout the visible end, and particularly toward 
the blue end of the spectrum. 

2-8 GENERATION AND RECOMBINATION OF CHARGES 

I n  Sec. 2-2 we see that  in a pure semiconductor the number of holes is equal 
to the number of free electrons. Thermal agitation, however, continues to 
generate g new hole-electron pairs per unit volume per second, while other 
hole-electron pairs disappear as a result of recombination; in other words, 
free electrons fall into empty covalent bonds, resulting in the loss of a pair of 
mobile carriers. On an  average, a hole (an electron) will exist for Tp(Tn) s 
before recombination. This time is called the mean lifetime of the hole and 
electron, respectively. These parameters are very important in semiconductor 
devices because they indicate the time required for electron and hole concen- 
trations which have been caused to change to return to their equilibrium 
concer~trations. 

Consider a bar of n-type silicon containing the thermal-equilibrium con- 
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I Fig. 2-13 The hole 

Sec. 2-8 

\ \  
(minority) concentration 

P = Po +P'(O)~-'''P in an .-type semiconductor 
P - Po = ~'(0) bar as a function of time, 

due to generation and 

recombination. 
t' 0 t 

Light Light 
turned on turned off 

centration p, and no. Assume that  a t  t = t' the specimen is illuminated 
(Fig. 2-13) and that  additional hole-electron pairs are generated uniformly 
throughout the crystal. An equilibrium situation is reached, and the new 
concentrations are p and ti under the influence of the radiation. The photo- 
injected, or excess, concentration is p - p, for holes and ti - n, for electrons. 
Since the radiation causes hole-electron pairs to be created, then clearly, 

Although the increase in hole concentration p equals that  for the electron 
density n, the percentage increase for electrons in an  n-type semiconductor 
(where electrons are plentiful) is very small. On the other hand, the percent- 
age increase in holes may be tremendous, because holes are scarce in an  n-type 
crystal. In  summary, the radiation affects the majority concentration hardly 
at'all, and therefore we shall limit the discussion to the behavior of the minority 
carriers. 

After n steady state is reached, a t  t = 0 in Fig. 2-13, the radiation is 
removed. We shall now demonstrate tha t  the excess carrier density returns 
to zero exponentially with time. To do so we must derive the differential 
equation which governs the hole concentration as a function of time for t > 0 
(when there is no external excitation). 

From the definition of mean lifetime T, and assurrziny that T,  is independent 
of the magnitude of the hole concentration, 

P - = decrease in hole concentration per second 
' P  due to recombination (2-29) 

From the definition of the generation rate, 

g = increa.se in hole concentration per second 
due to thermal generation 

Since charge can neither be created nor destroyed, there must be an  increase 
in hole concentration per second of amount clp/clt. This rate must, a t  every 
instant of time, equal the algebraic sum of the rates given in Eqs. (2-29) and 
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Under steady-state conditions, dp/dt = 0, and with no radiation falling on the 
sample, the hole concentration p reaches its thermal-equilibrium value p,. 
Hence y = po/rp, and the above equation becomes 

The excess, or i?l,,jected, carrier density p' is defined as the increase in minority 
concentration above the equilibrium value. Since p' is a function of time, then 

I t  follows from Eq. (2-32) that  the differential equation controlling p' is 

The rate of change of excess concentration is proportional to this concen- 
tration-an intuitively correct result. The minus sign indicates that  the 
change is a decrease in the case of recombination and an  increase when the. 
concentration is recovering from a temporary depletion. 

Since the radiation results in an  initial (at t 5 0) excess concentration 
p'(0) = f j  - p, and then this excitation is removed, the solution of Eq. (2-34) 
for t > 0 is 

The excess concentration decreases exponentially to zero (p' = 0 or p = p,) 
with a time constant equal to the mean lifetime rp, as indicated in Fig. 2-13. 
The pulsed-light method indicated in this figure is used to measure 7,. 

Recombination Centers Recombination is the process where an  electron 
moves from the conduction band into the valence band so that  a mobile 
electron-hole pair disappear. Classical mechanics requires that  momentum 
be conserved in an  encounter of two particles. Since the momentum is zero 
after recombination, this conservation law requires that  the "colliding" elec- 
tron and hole must have equal magnitudes of momentum and they must be 
traveling in opposite directions. This requirement is very stringent, and 
hence the probability of recombination by such a direct encounter is very 
small. 

The most important mechanism in silicon or germanium through which 
holes and electrons recombine is that  involving traps, or recombi?zation ~ e n t e r s , ~  
which contribute electronic states in the energy gap of the semiconductor. 
Such a location acts effectively as a third body which can satisfy the conserva- 
tion-of-momentum requirement. These new states are associated with imper- 
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fections in the crystal. Specifically, metallic impurities in the semiconductor 
are capable of introducing energy states in the forbidden gap. Re.combination / \ 
is affected not only by volume impurities but also by surface imperfections 
in the crystal. 

Gold is extensively used as a recombination agent by semiconductor- 
device manufacturers. Thus the device designer can obtain desired carrier 
lifetimes by introducing gold into silicon under controlled  condition^.^ Carrier 
lifetimes range from nanoseconds (I ns = s) to hundreds of microseconds 
(PSI 

I n  addition to a conduction current, the transport of charges in a semiconducttor 
may be accounted for by a mechanism called difusion,  not ordinarily encoun- 
tered in metals. The essential features of diffusion are now discussed. 

It is possible to have a nonuniform concentration of particles in a semi- 
conductor. As indicated in Fig. 2-14, the concentration p of holes varies with 
distance x in the semiconductor, and there exists a concentration gradient, 
d p / d x ,  in the density of carriers. The existence of a gradient implies that 
if an imaginary surface (shown dashed) is drawn in the semiconductor, the 
density of holes immediately on one side of the surface is larger than the 
density on the other side. The holes are in a random motion as a result of 
their thermal energy. Accordingly, holes will continue to move back and 
forth across this surface. We may then expect that, in a given time interval, 
more holes will cross the surface from the side of greater concentration to the 
side of smaller concentration than in the reverse direction. This net transport 
of holes across the surface constitutes a current in the positive X direction. 
I t  should be noted that this net transport of charge is not the result of mutual 
repulsion among charges of like sign, but is simply the result of a statistical 
phenomenon. This diffusion is exactly analogous to that which occurs in a 
neutral gas if a concentration gradient exists in the gaseous container. The 
diffusion hole-current density J ,  (amperes per square meter) is proportional 
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to the concentration gradient, and is given by 

where Dp (square meters per second) is called the cliflusion conslant for holes. 
Since p in Fig. 2-14 decreases with increasing x, then r lp /dx  is negative and 
the minus sign in Eq. (2-36) is needed, so that  J p  will be positive in the positive 
X direction. A similar equation exists for diffusion electron-current density 
[p is replaced by n, and the minus sign is replaced by a plus sign in Eq. (2-36)]. 

Einstein Relationship Since both diffusion and mobility are statistical 
thermodynamic phenomena, D and p are not independent. The relationship 
between them is given by the Einstein equation (Eq. 19-59) 

where V T  is the "volt-equivalent of temperature," defined by 

where k is the Boltzmann constant in joules per degree Kelvin. Note the 
distinction between k and k ;  the latter is the Boltzmann constant in electron , 
volts per degree Kelvin. (Numerical values of k and k are given in Appen- 

; dix A. From Sec. 1-3 i t  follows that  k = 1.60 X 10-lgk.) At room tempera- 
ture (300°K), V T  = 0.026 V, and p = 390. Measured values of p and com- 
puted values of D for silicon and germanium are given in Table 2-1. 

Total Current I t  is possible for both a potential gradient and a concentra- 
tion gradient to exist simultaneously within a semiconductor. In  such a 
situation the total hole current is the sum of the drift current [Eq. (2-7), with 
n replaced by p] and the diffusion current [Eq. (2-36)], or 

Similarly, the net electron current is 

2-10 THE CONTINUITY EQUATION 

I n  Sec. 2-8 i t  was seen that  if we disturb the equilibrium concentrations of 
carriers in a semiconductor material, the concentration of holes or electrons 
(which is constant throughout the crystal) will vary with time. In the general 
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Fig. 2-15 Relating to the conservation of 

charge. 

case, however, the carrier concentration in the body of a semiconductor is a 
function of both time and distance. We now derive the differential equation 
which governs this functional relationship. This equation is based on the 
fact that  charge can be neither created nor destroyed, and hence is an  extension 
of Eq. (2-31). 

Consider the infinitesimal element of volume of area A and length dx 
(Fig. 2-15) within which the average hole concentration is p. Assume that  
the problem is one-dimensional and that  the hole current I, is a function of x. 
If ,  as indicated in Fig. 2-15, the current entering the volume a t  x is I, a t  time 
t and leaving a t  x + dx is I, + dl, a t  the same time t, there must be dl, 
more coulombs per second leaving the volume than entering it (for a positive 
value of dip). Hence the decrease in number of coulombs per second within 
the volume is dlp. Since the magnitude of the carrier charge is q, then dIp/q 
equals the decrease in the number of holes per second within the elemental 
volume A dx. Remembering that  the current density Jp = Ip/A, we have 

1 d l p  - I d J p  -- - -- - 
qA dx q dx 

- decrease in hole concentration (holes per unit 
volume) per second, due to current I, (2-41) 

From Eq. (2-30) we know that  there is an  increase per second of g = pO/rp holes 
per unit volume due to thermal generation, and from Eq. (2-29) a decrease 
per second of p/rp holes per unit volume because of recombination. Since 
charge can neither be created nor destroyed, the increase in holes per unit 
volume per second, dpldt, must equal the algebraic sum of all the increases 
listed above, or 

(Since both p and J, are functions of both t and x, then partial derivatives 
are used in this equation.) 

The continuity equation is applied to a specific physical problem in the 
following section and is discussed further in Sec. 19-9. Equation (2-42) is 
called the law of conservation of charge, or the continuity equation for charge. 
This law applies equally well for electrons, and the corresponding equation is 
obtained by replacing p by n in Eq. (2-42). 
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2-1 1 INJECTED MINORITY-CARRIER CHARGE 

Consider the physical situation pictured7 in Fig. 2-16a. A long scrniconductor ", 
bar is doped uniformly with donor atoms so that  the concentration n = N o  
is independent of position. Radiation falls upon the end of the bar a t  x = 0. 
Some of the photons are captured by the bound electrons in the covalent bonds 
near the illuminated surface. As a result of this energy transfer, these bonds 
are broken and hole-electron pairs are generated. Let us investigate how the 
steady-state minority-carrier concentration p varies with the distance z into 
the specimen. 

We shall make the reasonable assumption that  the injected minority con- 
centration is very small compared with the doping level; that  is, p' < n. 
The statement that  the minority concentration is much smaller than the 
majority concentration is called the low-level injection condition. Since the 
drift current is proportional to the concentration [Eq. (2-16)] and since 
p = p' + po << n, we shall neglect the hole drift current (but not the electron 
drift current) and shall assume that  I, is due entirely to diffusion. This 
assumption is justified a t  the end of this section. The controlling differential 
equation for p is 

This equation is obtained by substituting Eq. (2-36) for the diffusion current 
into the equation of continuity [Eq. (2-42)] and setting dp/dt = 0 for steady- 
state operation. Defining the diflusion length for holes L, hy 

Fig. 2-16 (a) Light falls upon 

the end of a long semiconductor 

bar. This excitation causes 

hole-electron pairs to be in- 

jected at x = 0. (b) The hole 

(minority) concentration p ( x )  in 

the bar as a function of dis- 

tance x from the end of the 

specimen. The injected concen- 

tration is pf(z) = p(x) - p,. 

The radiation injects p'(0) 

carriers/m3 into the bar at 

x = 0. [Not drawn to scale 

since pf(0) >> p,.] 

Radiation 

x = O  Distance,' x -+ 

Distance t 
( b )  
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the differential equation for the injected hole concentration p' = p - p, 
becomes / 

The solution of this equation is 

where Kl and K2 are constants of integration. Consider a very' long piece of 
semiconductor extending from x = 0 in the positive X direction. Since the 
concentration cannot become infinite as x + oo, then K2 must be zero. We 
shall assume that a t  x = 0 the injected concentration is p'(0). To satisfy 
this boundary condition, K1 = pf(0). Hence 

The hole concentration decreases exponentially with distance, as indicated 
in Fig. 2-16b. We see that the diffusion length L,  represents the distance 
into the semiconductor a t  which the injected concentration falls to 1 / e  of 
its value a t  x = 0. In  Sec. 19-9 it is demonstrated that L,  also represents 
the average distance that an injected hole travels before recombining with an 
electron. , 

Diffusion Currents The minority (hole) diffusion current is I, = AJ,, 
where A is the cross section of the bar. From Eys. (2-36) and (2-47) 

This current falls exponentially with distance in the same manner that the 
min0rit.y-carrier concentrstion decreases. This result is used to find the 
current in a semiconductor diode (Sec. 3-3). 

The majority (electron) diffusion current is AqD, dn/dx. Assuming that 
electrical neutrality is preserved under low-level injection, then n' = p', or 

Since the thermal-equilibrium concentrations 
position x, then 

Hence the electron diffusion current is 

(2-49) 

no and po are independent of the 

where I ,  = -AqD,  dp/dx = the hole diffusion current. The dependence of 
the diffusion current upon x is given in Eq. (2-48). The magnitude of the 
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ratio of majority to minority diffusion current is D n / D p  - 2 for germanium 
and - 3 for silicon (Table 2-1). 

Drift Currents Since Fig. 2-16a represents an open-circuited bar, the 
resultant current (the sum of hole and electron currents) must be zero every- 
where. Hence a majority (electron) drift current I,d must exist such. that 

From Eq. (2-48) we see that the lectron drift current also decreases expo- 
nentially with distance. 

\ 
It is important to point out that an electric field & must exist in the bar 

in order for a drift current to exist. This field is created internally by the 
injected carriers. From Eqs. (2-7) and (2-53) 

The results obtained in this section are based on the assumption that the 
hole drift current Ipd is zero. Using Eq. (2-7), with n replaced by p, the 
next approximation for this current is 

Since p << n, then I p d  << I p .  The hole drift current is negligible compared 
with the hole diffusion current, thus justifying the assumption that the injected 
minority-carrier current, under low-level injection, is essentially a diffusion 
current. 

2-1 2 THE POTENTIAL VARIATION WITHIN 
A GRADED SEMICONDUCTOR 

Consider a semiconductor (Fig. 2-17a) where the hole concentration p is 
a function of x;  that  is, the doping is nonuniform, or graded.' Assume a 
steady-state situation and zero excitation; that is, no carriers are injected 
into the specimen from any external source. With no excitation there can be 
no steady movement of charge in the bar, although the carriers possess random 
motion due to thermal agitation. Hence the total hole current must be zero. 
(Also, the total electron current must be zero.) Since p is not constant, we 
expect a nonzero hole diffusion current. I n  order for the total hole current to 
vanish there must exist a hole drift current which is equal and opposite to the 
diffusion current. However, a conduction current requires an electric field, 
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Junction 

P type] n y e  

Fig. 2-17 ( a )  A graded 

semiconductor: p(x) is not 

constant. (b) One portion 

is doped uniformly with 

acceptor ions and the other 

section is doped uniformly 

with donor ions so that a 

metallurgical junction is 

formed. A contact poten- 

tial 17, appears across this 

step-graded p-n junction. 

and hence we conclude that, as a result of the nonuniform doping, an electric 
field is generated within the semiconductor. We shall now find this field 
and the corresponding potential variation throughout the bar. 

Setting J p  = 0 in Eq. (2-39) and using the Einstein relationship D p  = p p V ~  
[Eq. (2-37)], we obtain 

If the doping concentration p(x) is known, this equation allows the built-in 
field &(x) to be calculated. From & = -dV/clx we can calculate the potential 
variation. Thus 

If this equation is integrated between xl, where the concentration is pl and 
the potential is V1 (Fig. 2-17a), and 2 2 ,  where p = pz and V = Vz, the result is 

Note that the potential difference between two points depends only upon the 
concentrations a t  these two points and is independent of their separation 
x2 - XI. Equation (2-58) may be put in the form 

pl = P 2 E V z ~ 1 V ~  (2-59) 

This is the Boltzmann relationship of kinetic gas theory. 

Mass-action Law Starting with J ,  = 0 and proceeding as a;bove, the 

. Boltzmann equation for electrons is obtained. 

nl  = n 2 E - V z ~ I V ~  (2-60) 

Multiplying Eqs. (2-59) and (2-60) gives 

nlpl = n2p2 (2-6 1) 
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This equation states that the product np is a constant independent of x, and 
hence of the amount of doping, under thermal equilibrihn. For an intrinsic 
semiconductor, n = p = n,, and hence 

np = ni2 (2- 10) 

which is the law of mass action introduced in Sec. 2-3. An alternative proof 
is given in Sec. 19-5. 

An Open-circuited Step-graded Junction Consider the special case 
indicated in Fig. 2-17b. The left half of the bar is p-type with a constant con- 
centration NA, whereas the right-half is n-type with a uniform density No. 
The dashed plane is a metallurgical (p-n) junction separating the two sec- 
tions with different concentration. This type of doping, where the density 
changes abruptly from p- to n-type, is called step grading. The step-graded 
junction is located a t  the plane where the concentration is zero. The above 
theory indicates that there is a built-in potential between these two sections 
(called the contact diflerence of potential V,). Equation (2-58) allows us to 
calculate V,. Thus 

because pl = p, = thermal-equilibrium hole concentration in p side and 
p2 = p,, = thermal-equilibrium hole concentration in n side. From Eq. 
(2-15) p,, = NA, and from Eq. (2-14) p,, = ni2/ND, so that 

The same expression for V, is obtained from an analysis corresponding to 
that given above and based upon equating the total electron current I, to 
zero (Prob. 2-20). The p-n junction, both open-circuited and with an applied 
voltage, is studied in detail in Chaps. 3 and 19. 

2-1 3 RECAPITULATION 

The fundamental principles governing the electrical behavior of semi-conduc- 
tors, discussed in this chapter, are summarized as follows:. 

1. Two types of mobile charge carriers (positive holes and negative 
electrons) are available. This bipolar nature of a semiconductor is to be 
contrasted with the unipolar property of a metal, which possesses only free 
electrons. 

2. A semiconductor may be fabricated with donor (acceptor) impurities; 
so it contains mobile charges which are primarily electrons (holes). 

3. The intrinsic concentration of carriers is a function of temperature. 
At room temperature, essentially all donors or acceptors are ionized. 
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4. Current is due to two distinct phenomena: 
a. Carriers drift in an electric field (this conduction current is also avail- I 

able in a metal). 
b.  Carriers diffuse if a concentration gradient exists (a phenomenon 

which does not take place in a metal). 
5. Carriers are continuously being generated (due to thermal creation of 

hole-electron pairs) and are simultaneously disappearing (due to recombination). 
6. The fundamental law governing the flow of charge is called the con- 

tinuity. equation. I t  is formulated by considering that charge can neither be 
created nor destroyed if generation, recombination, drift, and diffusion are 
all taken into account. 

7. If minority carriers (say, holes) are injected into a region containing 
majority carriers (say, an n-type bar), then usually the injected minority 
concentration is very small compared with the density of the majority carriers. 
For this low-level injection condition the minority current is predominantly 
due to diffusion; in other words, the minority drift current may be neglected. 

8. The total majority-carrier flow is the sum of a drift and a diffusion 
current. The majority conduction current results from a small electric field 
internally created within the semiconductor because of the injected carriers. 

9. The minority-carrier concentration injected into one end of a semi- 
conductor bar decreases exponentially with distance into the specimen (as a 
result of diffusion and recombination). 

10. Across an open-circuited p-n junction there exists a contact difference 
of potential. 

These basic concepts are applied in the next chapter to the study 'of the 
p-n junction diode. 
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REVIEW Q U E S T I O N S  

2-1 Give the electron-gas description of a metal. 
2-2 (a) Define mobility. (b) Give its dimensions. 
2-3 (a) Define conductivity. (b) Give its dimensions. 
2-4 Define a hole (in a eemiconductor). 
2-5 Indicate pictorially how a hole contributes to conduction. 
2-6 (a) Define intrinsic concentration of holes. (b) What is the relationship 

between this density and the intrinsic concentration for electrons? (c) What do these 
equal a t  O°K? 

2-7 Show (in two dimensions) the crystal structure of silicon containing a donor 
impurity atom. 

2-8 Repeat Rev. 2-7 for an acceptor impurity atom. 
2-9 Define (a) donor, (b) acceptor impurities. 
2-10 A semiconductor is doped with both donors and acceptors of concentrations 

No and N A ,  respectively. Write the equation or equations from which to determine 
the electron and hole concentrations (n and p). 

2-1 1 Define the volt equivalent of temperature. 
2-1 2 Describe the Hall eflect. 
2-13 What properties of a semiconductor are determined from a Hall effect 

experiment? 
2-1 4 Given an intrinsic semiconductor specimen, state two physical processes for 

increasing its conductivity. Explain briefly. 
2-15 Is the temperature coefficient of resistance of n semiconductor positive or 

negative? Explain briefly. 
2-16 Answer Rev. 2-15 for a metal. 
2-17 (a) Sketch the spectral response curve for silicon. (b) Explain its shape 

qualitatively. 
2-18 (a) Define long-wavelength, threshold, or critical wavelength for a semi- 

conductor. (b)  Explain why A, exists. 
2-19 Define mean lifetime of a carrier. 
2-20 Explain physically the meaning of the following statement: An electron and 

a hole recombine and disappear. 
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2-21 Radiation falls on a semiconductor specimen which is uniformly illuminated, 
and a steady-state is reached. At t = 0 the light is turned off. (a) Sketch the 
minority-carrier concentration as a function of time for t 2 0. (b) Define all symbols 
in the equation describing your sketch. 

2-22 (a) Define diffusion constant for holes. (b) Give its dimensions. 
2-23 Repeat Rev. 2-22 for electrons. 
2-24 (a) Write the equation for the net electron current in a semiconductor. 

What is the physical significance of each term? (b) How is this equation modified 
for a metal? 

2-25 (a) The equation of continuity is a mathematical statement of what physical 
law? (b) The left-hand side of this equation for holes is dp/dt. The right-hand side 
contains several terms. State in words (no mathematics) what each of these terms 
represents physically. 

2-26 Light falls upon the end of a long open-circuited semiconductor specimen. 
(a) Sketch the steady-state minority-carrier concentration as a function of distance. 
(b) Define all the syn~bols in the equation describing your sketch. 

2-27 Light falls upon the end of a long open-circuited semiconductor bar. (a) 
For low-level injection is the minority current due predominantly to drift, diffusion, or 
both? (b) Is  the majority current due predominantly to drift, diffusion, or both? 

2-28 (a) Define a graded semiconductor. (b) Explain why an electric field must 
exist in a graded semiconductor. 

2-29 Consider a step-graded junction under open-circuited conditions. Upon 
what four parameters does the contact difference of potential depend? 

2-30 State the mass-action law as an equation and in words. 
2-31 Explain why a contact difference of potential must develop across an open- 

circuited p-n junction. 
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In  this chapter we demonstrate that if a junction is formed between a 
sample of p-type and one of n-type semiconductor, this combination 
possesses the properties of a rectifier. The volt-ampere character- 
istics of such a two-terminal device (called a junction diode) is studied. 
The capa,citance across the junction is calculated. 

Although the transistor is a triode (three-terminal) semiconductor, 
it may be considered as one diode biased by the current from a second 
diode. Hence most of the theory developed here is utilized in Chap. 5 
in connection with the study of the transistor. 

3- 1 THE OPEN-CIRCUITED p-n JUNCTION 

If donor impurities are introduced into one side and accept,ors into the 
other side of a single crystal of a semiconductor, a p-n junction is 
formed, as in Fig. 2-17b. Such a system is illustrated in more sche- 
matic detail in Fig. 3-la. The donor ion is represented by a plus 
sign because, after this impurity atom "donates" an electron, i t  
becomes a positive ion. The acceptor ion is indicated by a minus 
sign because, after this atom "accepts" an electron, it becomes a 
negative ion. Initially, there are nominally only p-type carriers to 
the left of the junction and only n-type carriers to the right. 

Space-charge Region Because there is a density gradient across 
the junction, holes will initially diffuse to the right across the junction, 
and electrons to the left. We see that the positive holes which neu- 
tralized the acceptor ions near the junction in the p-type silicon have 
disappeared as a result of combination with electrons which have 
diffused across the junction. Similarly, the neutralizing electrons in 

49 
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Acceptor 

Hole Electron 

P type n type 

0.5cm 
Space-charge 
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region ;\ Charge density, p 
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Electric field 1 inteyity,E 
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Fig. 3-1 A schematic diagram of a p-n junction, including the 

charge density, electric field intensity, and potential-energy bar- 

riers at the junction. Since potential energy = potential X 
charge, the curve in (d) is proportional to the potential energy for 

a hole (a positive charge) and the curve in (e) is proportional to 

the negative of that in (d) (an electron is a negative charge). 

(Not drawn to scale.) 
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the n-type silicon have combined with holes which have crossed the junction 
from the p material. The unneutralized ions in the neighborhood of the 
junction are referred to as uncovered charges. The general shape of the charge 
density p (Fig. 3-lb) depends upon how the diode is doped (a step-graded 
junction is considered in detail in Sec. 3-7). Since the region of the junction 
is depleted of mobile charges, it is called the depletion region, the space-charge 
region, or the transition region. The thickness of this region is of the order 
of the wavelength of visible light (0.5 micron = 0.5 ~ m ) .  Within this very 
narrow space-charge layer there are no mobile carriers. To the left of this 
region the carrier concentration is p = NA, and to its right it is n = ND. 

Electric Field Intensity The space-charge density pis zero a t  the junction. 
I t  is positive to the right and negative to the left of the junction. This dis- 
tribution constitutes an electrical dipole layer, giving rise to electric lines of 
flux from right to left, corresponding to negative field intensity & as depicted 
in Fig. 3-lc. Equilibrium is established when the field is strong enough to 
restrain the process of diffusion. Stated alternatively, under steady-state 
conditions the drift hole (electron) current must be equal and opposite to the 
diffusion hole (electron) current so that the net hole (electron) current is 
reduoed to zero-as i t  must be for an open-circuited device. In  other words, 
there is no steady-state movement of charge across the junction. 

The field intensity curve is proportional to the integral of the charge 
density curve. This statement follows from Poisson's equation 

where e is the permittivity. If er is the (relative) dielectric constant and e, 
is the permittivity of free space (Appendix A), then e = ere,. Integrating 
Eq. (3-1) and remembering that & = - dV/dx  gives 

where & = 0 at  x  = x,. Therefore the curve plotted in Fig. 3-lc is the integral 
of the function drawn in Fig. 3-lb (divided by e). 

Potential The electrostatic-potential variation in the depletion region is 
shown in Fig. 3-ld, and is the negative integral of the function & of Fig. 3-lc. 
This variation constitutes a potential-energy barrier (Sec. 1-2) against the 
further diffusion of holes across the barrier. The form of the potential-energy 
barrier against the flow of electrons from the n side across the junction is 
shown in Fig. 3-le. I t  is similar to that shown in Fig. 3-ld, except that i t  is 
inverted, since the charge on an electron is negative. Note the existence, 
across the depletion layer, of the contact pote-ntial V,, discussed in Sec. 2-12. 
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Summary Under open-circuited conditions the net hole current must be 
zero. If this statement were not true, the hole density a t  one end of the semi- 
conductor would continue to increase indefinitely with time, a situation which 
is obviously physically impossible. Since the concentration of holes in the 
p side is much greater than that  in the n side, a very large hole diffusion current 
tends to flow across the junction from the p to the n material. Hence an 
electric field must build up across the junction in such a direction that  a hole 
drift current will tend to flow across the junction from the n to the p side in 
order to counterbalance the diffusion current. This equilibrium condition of 
zero resultant hole current allows us to calculate the height of the potential 
barrier Vo [Eq. (2-63)] in terms of the donor and acceptor concentrations. 
The numerical value for V ,  is of the order of magnitude of a few tenths of a 
volt. 

3-2 THE p-n JUNCTION AS A RECTIFIER1 

The essential electrical characteristic of a p-n junction is that  i t  constitutes a 
rectifier which permits the easy flow of charge in one direction but restrains the 
flow in the opposite direction. We consider now, qualitatively, how this diode 
rectifier action comes about. 

Reverse Bias I n  Fig. 3-2, a battery is shown connected across the 
terminals of a p-n junction. The negative terminal of the battery is con- 
nected to the p side of the junction, and the positive terminal to the n side. 
The polarity of connection is such as to cause both the holes in the p t y i e  and 
the electrons in the n type to move away from the junction. Consequently, 
the region of negative-charge density is spread to the left of the junction (Fig. 
3- lb) ,  and the positive-charge-density region is spread to the right. However, 
this process cannot continue indefinitely, because in order to have a steady 
flow of holes to the left, these holes must be supplied across the junction from 
the n-type silicon. And there are very few holes in the n-type side. Hence, 
nominally, zero current results. Actually, a small current does flow because 
a small number of hole-electron pairs are generated throughout the crystal 
as a result of thermal energy. The holes so formed in the n-type silicon will 
wander over to the junction. A similar remark applies to the electrons 

MeJal ohmic conta\cts 

Fig. 3-2 (a) A p-n junction biased in the 

reverse direction. (b) The rectifier symbol 

is used for the p-n diode. 
v v 
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/Metal contacts, 

Fig. 3-3 (a) A p-n junction biased in the 

forward direction. (b) The rectifier symbol 

is used for the p-n diode. v v 

thermally generated in the p-type silicon. This small current is the diode 
reverse saturation current, and its magnitude is designated by I,. This reverse 
current will increase with increasing temperature [Eq. (3-ll)], and hence the 
back resistance of a crystal diode decreases with increasing temperature. From 
the argument presented here, I, should be independent of the magnitude of the 
reverse bias. 

The mechanism of conduction in the reverse direction may be described 
alternatively in the following way: When no vdltage is applied to the p-n 
diode, the potential barrier across the junction is as shown in Fig. 3-ld. When 
a voltage V is applied to the diode in the direction shown in Fig. 3-2, the 
height of the potential-energy barrier is increased by the amount qV. This 
increase in the barrier height serves to reduce the flow of majority carriers 
(i.e., holes in p type and electrons in n type). However, the minority carriers 
(i.e., electrons in p type and holes in n type), since they fall down the potential- 
energy hill, are uninfluenced by the increased height of the barrier. The 
applied voltage in the direction indicated in Fig. 3-2 is called the reverse, or 
blocking, bias. 

Forward Bias An external voltage applied with the polarity shown in 
Fig. 3-3 (opposite to that ihdicated in Fig. 3-2) is called a forward bias. An 
ideal p-n diode has zero ohmic voltage drop across the body of the crystal. 
For such a diode the height of the potential barrier a t  the junction will be 
lowered by the applied forward voltage V. The equilibrium initially estab- 
lished between the forces tending to produce diffusion of majority carriers 
and the restraining influence of the potential-energy barrier a t  the junction 
will be disturbed. Hence, for a forward bias, the holes cross the junction 
from the p-type into the n-type region, where they constitute an injected 
minority current. Similarly, the electrons cross the junction in the reverse 
direction and become a minority current injected into the p side. Holes 
traveling from left to right constitute a current in the same direction as elec- 
trons moving from right to left. Hence the resultant current crossing the 
junction is the sum of the hole and electron minority currents. A detailed 
discussion of the several current components within the diode is given in the 
next section. 

Ohmic Contacts In  Fig. 3-2 (3-3) we show an external reverse (forward) 
b i ~ s  applied to a p-n diode. We have assumed that the external bias voltage 
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appears directly across the junction and has the effect of raising (lowering) 
the electrostatic potential across the junction. To justify this assumption 
we must specify how electric contact is made to the semiconductor from 
the external bias circuit. In  Figs. 3-2 and 3-3 we indicate metal contacts 
with which the homogeneous p-type and n-type materials are provided. We 
thus see that we have introduced two metal-semiconductor junctions, one a t  
each end of the diode. We naturally expect a contact potential to develop 
across these additional junctions. However, we shall assume that the metal- 
semiconductor contacts shown in Figs. 3-2 and 3-3 have been manufactured 
in such a way that they are nonrectifying. I n  other words, the contact 
potential across these junctions is constant, independent of the direction 
and magnitude of the current. A contact of this type is referred to as an 
ohmic contact. 

We are now in a position to justify our assumption that the entire applied 
voltage appears as a change in the height of the potential barrier. Inasmuch 
as the voltage across the metal-semiconductor ohmic cont3acts remains con- 
stant and the voltage drop across the bulk of the crystal is neglected, approxi- 
mately the entire applied voltage will indeed appear as a change in the height 
of the potential barrier a t  the p-n junction. 

The Short-circuited and Open-circuited p-n Junction If the voltage V 
in Fig. 3-2 or 3-3 were set equal to zero, the p-n junction would be short- 
circuited. Under these conditions, as we show below, no current can flow 
(I = 0) and the electrostatic potential Vo remains unchanged and equal to 
the value under open-circuit conditions. If there were a current (I + O), the 
metal would become heated. Since there is no external source of energy avail- 
able, the energy required to heat the metal wire would have to be supplied 
by the p-n bar. The semiconductor bar, therefore, would have to cool off. 
Clearly, under thermal equilibrium the simultaneous heating of the metal and 
cooling of the bar is impossible, and we conclude that I = 0. Since under 
short-circuit conditions the sum of the voltages around the closed loop must 
be zero, the junction potential Vo must be exactly compensated by the 
metal-to-semiconductor contact potentials a t  the ohmic contacts. Since the 
current is zero, the wire can be cut without changing the situation, and the 
voltage drop across the cut must remain zero. If in an attempt to measure Vo 
we connected a voltmeter across the cut, the voltmeter would read zero voltage. 
I n  other words, i t  is not possible to measure contact difference of potential 
directly with a voltmeter. 

Large Forward Voltages Suppose that the forward voltage V in Fig. 
3-3 is increased until V approaches Vo. If V were equal to V,, the barrier 
would disappear and the current could be arbitrarily large, exceeding the 
rating of the diode. As a practical matter we can never reduce the barrier 
to zero because, as the current increases without limit, the bulk resistance 
of the crystal, as well as the resistance of the ohmic contacts, will limit Ihe 
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current. Therefore i t  is no longer possible to assume that all the voltage V 
appears as a change across the p-n junction. We conclude that, as the for- 
ward voltage V becomes comparable with V,, the current through a real p-n 
diode will be governed by the ohmic-contact resistances and the crystal bulk 
resistance. Thus the volt-ampere characteristic becomes approximately. a 
straight line. 

3-3 THE CURRENT COMPONENTS IN a p-n DIODE 

In  the preceding section it  was indicated that when a forward bias is applied 
to a diode, holes are injected into the n side and electrons into the p side. 
In  Sec. 2-11 it  was emphasized that under low-level injection conditions such 
minority currents are due almost entirely to diffusion, so that minority drift 
currents may be neglected. From Eq. (2-48) the hole diffusion current in the 
n-type materialt I,, decreases exponentially with distance x into the n-type 
region and falls to 1/&h its peak value in a diffusion length L,. This current 
is plotted in Fig. 3-4, as is also the corresponding electron diffusion current 
I,, in the p-type side. The doping on the two sides of the junction need not 
be identical, and it  is assumed in this plot that the acceptor concentration is 
much greater than the donor density, so that the hole current greatly exceeds 

t Since we must consider both hole and electron currents in each side of the junction, 
we add the second subscript n to I, in order to indicate that the hole current in the n-type 
region is under consideration. In general, if the letters p and n both appear in a symbol, 
the first letter refers to the type of car~ier and the second to the type of material. 

Fig. 3-4 The hole- and 

electron-current diffu- 

sion components vs. dis- 

tance in a p-n junction 

diode. The p side is 

much more heavily 

doped than the n sec- 

tion. The space-charge 

region at the junction is 

assumed to be negligi- 

bly small. 

Current /Total diode current, 

diffusion current 

diffusion current 

x = 0 Distance 
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the electron current. Also, in Fig. 3-4, the space-charge region has been 
assumed to be negligibly small, a restriction to be removed soon. 

From Eq. (2-48) (with the subscript n added to I, and to p) the minority 
(hole) diffusion current a t  the junction (x = 0) is given by 

The Law of the Junction I n  the preceding section i t  was pointed out tha t  
a forward bias V lowers the barrier height and allows more carriers to cross the 
junction. Hence pn(0) must be a function of V. From the Boltzmann rela- 
tionship, Eq. (2-59), i t  seems reasonable tha t  pn(0) should depend expo- 
nentially, upon V. Indeed, in Sec. 19-10, i t  is found that  

This relationship, which gives the hole concentration a t  the edge of the n 
region (at x = 0, just outside of the transition region) in terms of the thermal- 
equilibrium minority-carrier concentration pn, (far away from the junction) 
and the applied potential V, is called the law of the junction. A similar equa- 
tion with p and n interchanged gives the electron concentration a t  the edge 
of the p region in terms of V. 

The Total Diode Current Substituting Eq. (3-4) into Eq. (3-3) yields 

The expression for the electron current Inp(0) crossing the junction into the p 
side is obtained from Eq. (3-5) by interchanging p and n .  

Electrons crossing the junction a t  x = 0 from right to left constitute a 
current in the same direction as holes crossing the junction from left to right. 
Hence the total diode current I a t  x = 0 is 

Since the current is the same throughout a series circuit, I is independent of x 
and is indicated as a horizontal line in Fig. 3-4b. The expression for the diode 
c u r r q ~ t  is 

I = I,(EV'VT - 1) (3-7) 

where I, is given in Prob. 3-6 in terms of the physical parameters of the diode. 

The Reverse Saturation Current I n  the foregoing discussion a positive 
value of V indicates a forward bias. The derivation of Eq. (3-7) is equally 
valid if V is negative, signifying an applied reverse-bias voltage. For a 
reverse bias whose magnitude is large compared with VT ( ~ 2 6  mV a t  room 
temperature), I --+ -I,. Hence I, is called the reverse saturation current. 
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Current 

Fig. 3-5 The minority 

(solid) and the majority 

(dashed) currents vs. dis- 

tance in a p-n diode. It is 

assumed that no recombina- 

tion takes place in the very 

narrow depletion region. 

Since the thermal-equilibrium concentrations pno and n, depend upon tem- 
perature T, then I, is a function of T. This temperature dependence is 
derived in Sec. 19-10. 

0.5 pm+ 
-"/---- ---7-?-z- 
I,,, hole current 

I,,, electron diffusion 

The M a  jority-carrier Current Components In  the n-type region of Fig. 
3-4b the total current I is constant and the minority (hole) current I, varies 
with x. Clearly, there must exist a majority (electron) current Inn which is a 
function of x because the diode current I a t  any position is the sum of the hole 
and electron currents a t  this distance. This majority current 

kTransition region 

. "  "' - 

is plotted as the dashed curve in the n region of Fig. 3-5, where the narrow 
depletion region is also indicated. The majority hole current I,, is similarly 
shown dashed in the p region of this figure. As discussed in Sec. 2-11, these 
majority currents are each composed of two current components; one is a 
drift current and the second is a diffusiop current. Recall from Sec. 2-11 
that the diffusion electron current is - (Dn/Dp)Ipn in the n side. 

Note that deep into the p side the current is a drift (conduction) current 
I,, of holes sustained by the small electric field in the semiconductor (Prob. 
3-4). As the holes approach the junction, some of them recombine with the 
electrons, which are injected into the p side from the n side. The current 
I,, thus decreases toward the junction (at just the proper gradient to maintain 
the total current constant, independent of distance). What remains of I,, 
a t  the junction enters the n side and becomes the hole diffusion current I,,. 
Similar remarks can be made with respect to current I,,. 

We emphasize that the current in a p-n diode is bipolar in character since 
it is made up of both positive and negative carriers of electricity. The total 
current is constant throughout the device, but the proportion due to holes and 
that due to electrons varies with distance, as indicated in Fig. 3-5. 

I 

p region 4 n region Distance 

The Transition Region Since this depletion layer contains very few mobile 
charges, it has been assumed (Fig. 3-5) that carrier generation and recombina- 
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tion may be neglected within the bulk and on the surface of this region. Such 
an assumption is valid for a germanium diode, but not for a silicon device. 
For the latter it is found2 that Eq. (3-5) must be modified by multiplying 
VT by a factor 7, where a = 2 for small (rated) currents and 7 = 1 for large 
currents. 

3-4 THE VOLT-AM PERE CHARACTERISTIC 

The discussion of the preceding section indicates that, for a p-n junction, the 
current I is related to the voltage V  by the equation 

A positive value of I means that current flows from the p to the n side. The 
diode is forward-biased if V is positive, indicating that the p side of the junc- 
tion is positive with respect to the n side. The symbol 7 is unity for ger- 
manium and is approximately 2 for silicon a t  rated current. 

The symbol VT stands for the volt equivalent of temperature, and is given 
by Eq. (2-38), repeated here for convenience: 

At room temperature (T = 300°K), VT = 0.026 V = 26 mV. 
The form of the volt-ampere characteristic described by Eq. (3-9) is 

shown in Fig. 3-6a. When the voltage V  is positive and several times VT,  

Fig. 3-6 (a) The volt-ampere characteristic of an ideal p-n diode. (b) The volt- 

ampere characteristic for a germanium diode redrawn to show the order of 

magnitude of currents. Note the expanded scale for reverse currents. The 
dashed portion indicates breakdown at V z .  
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the unity in the parentheses of Eq. (3-9) may be neglected. Accordingly, 
except for a small range in the neighborhood of the origin, the current increases 
exponentially with voltage. When the diode is reverse-biased and I VI is 
several times V T ,  I  = - I o .  The reverse current is therefore constant, inde- 
pendent of the applied reverse bias. Consequently, I ,  is referred to as the 
reverse saturation current. 

For the sake of clarity, the current I, in Fig. 3-6 has been greatly exag- 
gerated in magnitude. Ordinarily, the range of forward currents over which 
a diode is operated is many orders of magnitude larger than the reverse satu- 
ration current. To display forward and reverse characteristics conveniently, 
i t  is necessary, as in Fig. 3-6b, to use two different current scales. The volt- 
ampere characteristic shown in that figure has a forward-current scale in 
milliamperes and a reverse scale in microamperes. 

The dashed portion of the curve of Fig. 3-6b indicates that, a t  a reverse- 
biasing voltage Vz, the diode characteristic exhibits an abrupt and marked 
departure from Eq. (3-9). At this critical voltage a large reverse current 
flows, and the diode is said to be in the breakdown region, discussed in Sec. 3-11. 

The Cutin Voltage V, Both silicon and germanium diodes are com- 
mercially available. A number of differences between these two types are 
relevant, in circuit design. The difference in volt-ampere characteristics is 
brought out in Fig. 3-7. Here are plotted the forward characteristics a t  room 
temperature of a general-purpose germanium switching diode and a general- 
purpose silicon diode, the IN270 and 1N3605, respectively. The diodes have 
comparable current ratings. A noteworthy feature in Fig. 3-7 is that there 
exists a cutin, ofset, break-point, or threshold, voltage V, below which the cur- 
rent is very small (say, less than l percent of maximum rated value). Beyond 

Fig. 3-7 The forward 

volt-ampere character- 

istics of a germanium 

(1N270) and a silicon 

(lN3605) diode at 25OC. 
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V ,  the current rises very rapidly. From Fig. 3-7 we see that  V ,  is approxi- 
mately 0.2 V for germanium and 0.6 V for silicon. 

Note tha t  the break in the silicon-diode characteristic is offset about 
0.4 V with respect to the break in the germanium-diode characteristic. The 
reason for this difference is to be found, in part, in the fact that  the reverse 
saturation current in a germanium diode is normally larger by a factor of 
about 1,000 than the reverse saturation current in a silicon diode of com- 
parable ratings. I, is in the range of microamperes for a germanium diode 
and nanoamperes for a silicon diode a t  room temperature. 

Since 7 = 2 for small currents in silicon, the current increases as ( r V I 2 " ~  for 
the first several tenths of a volt and increases as E V / ~ T  only a t  higher voltages. 
This initial smaller dependence of the current on voltage accounts for the 
further delay in the rise of the silicon characteristic. 

Logarithmic Characteristic I t  is instructive to  examine the family of 
curves for the silicon diodes shown in Fig. 3-8. A family for a germanium 
diode of comparable current rating is quite similar, with the exception that  
corresponding currents are attained a t  lower voltage. 

From Eq. (3-9), assuming that  V is several times VT, so that  we may 
drop the unity, we have log I = log I, + 0.434VlqVT. We therefore expect 
in Fig. 3-8, where log I is plotted against V, tha t  the plots will be straight 
lines. We do indeed find that  a t  low currents the plots are linear and corre- 
spond to n = 2. At large currents an  increment of voltage does not yield as 
large an increase of current as a t  low currents. The reason for this behavior 
is to be found in the ohmic resistance of the diode. At low currents the 
ohmic drop is negligible and the externally impressed voltage simply decreases 
the potential barrier a t  the p-n junction. At high currents the externally 
impressed voltage is called upon principally to  establish an electric field to 

Fig. 3-8 Volt-ampere char- 

acteristics at three different 

temperatures for a silicon 

diode (p'lanar epitaxial 

passivated types 1N3605, 

1 N3606, 1 N3608, and 

lN3609). The shaded area 

indicates 25°C limits of con- 

trolled conductance. Note 

that the vertical scale is 

logarithmic and encom- 

passes a current range of 

50,000. (Courtesy of Gen- 

eral Electric Company.) 
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overcome the ohmic resistance of the semiconductor material. Therefore, a t  
high currents, the diode behaves more like a resistor than a diode, and the 
current increases linearly rather than exponentially with applied voltage. 

Reverse Saturation Current Many commercially available diodes exhibit 
an essentially constant value of I, for negative values of V, as indicated in 
Fig. 3-6. On the other hand, some diodes show a very pronounced increase 
in reverse current with increasing reverse voltage. This variation in I, results 
from leakage across the surface of the diode, and also from the additional fact 
that new charge carriers may be generated by collision in the transition region 
a t  the junction. 

3-5 THE TEMPERATURE DEPENDENCE OF THE V / I  CHARACTERISTIC 

The volt-ampere relationship (3-9) contains the temperature implicitly in the 
two symbols VT and I,. In  Sec. 19-11 it is shown that the theoretical varia- 
tion of I, with T is 8 percent/'C for silicon and 11 percent/"C for germanium. 
The performance of commercial diodes is only approximately consistent with 
these results. The reason for the discrepancy is that, in a physical diode, 
there is a component of the reverse saturation current due to leakage over the 
surface that is not taken into account in Sec. 19-11. Since this leakage com- 
ponent is independent of temperature, we may expect to find a smaller rate 
of change of I, with temperature than that predicted above. From experi- 
mental data we observe that the reverse saturation current increases approxi- 
mately 7 percent/'C for both silicon and germanium. Since (1.07)1° = 2.0, 
we conclude that the reverse saturation current approximately doubles for every 
10°C rise in  temperature. If I, = Iol at  T = TI, then at  a temperature T, 
I, is given by 

If the temperature is increased at  a fixed voltage, the current increases. 
However, if we now reduce V, then I may be brought back to its previous 
value. In  Sec. 19-1 1 it is found that for either silicon or germanium (at room 
temperature) 

in order to maintain a constant value of I. I t  should also be noted that 
Id V/dTI decreases with increasing T. 

3-6 DIODE RESISTANCE 

The static resistance R of a diode is defined as the ratio V/I of the voltage 
to the current. At any point on the volt-ampere characteristic of the diode 
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(Fig. 3-7), the resistance R is equal to the reciprocal of the slope of a line 
joining the operating point to the origin. The static resistance varies widely 
with V and I  and is not a useful parameter. The rectification property of a 
diode is indicated on the manufacturer's specification sheet by giving the 
maximum forward voltage V F  required to attain a given forward current I F  
and also the maximum reverse current I R  at  a given reverse voltage VR.  Typi- 
cal values for a silicon planar epitaxial diode are VF = 0.8 V a t  I F  = 10 mA 
(corresponding to RF = 80 52) and IH  = 0.1 pA a t  VR = 50 V (corresponding 
to RR = 500 M). 

For small-signal operation the dynamic, or incremental, resistance r is an 
important parameter, and is defined as the reciprocal of the slope of the volt- 
ampere characteristic, r = dV/dl. The dynamic resistance is not a constant, 
but depends upon the operating voltrage. For example, for a semiconductor 
diode, we find from Eq. (3-9) that the dynamic conductance g = l / r  is 

For a reverse bias greater than a few tenths of a volt (so that ( V / ~ V T (  >> I) ,  
g is extremely small and r is very large. On the other hand, for a forward 
bias greater than a few tenths of a volt, I >> I,, and r is given approximately by 

The dynamic resistance varies inversely with current; a t  room temperature 
and for q = 1, r = 26/I, where I  is in milliamperes and r in ohms. For a. 
forward current of 26 mA, the dynamic resistance is 1 52. The ohmic body 
resistance of the semiconductor may be of the same order of magnitude or 
even much higher than this value. ~ l t h o u ~ h  r varies with current, in a small- 
signal model, it is reasonable to use the parameter r as a constant. 

A Piecewise Linear Diode Characteristic A large-signal approximation 
which often leads to a sufficiently accurate engineering solution is the piecewise 
linear representation. For example, the piecewise linear approximation for a 
semiconductor diode characteristic is indicated in Fig. 3-9. The break point 
is not a t  the origin, and hence V ,  is also called the ogset, or threshold, voltage. 
The diode behaves like an open circuit if V < V,, and has n constant incre- 
mental resistance r = dV/dI if V > V,. Note that the resistance r (also 
designated as Rf and called the forulard resistance) takes on added physical 
significance even for this large-signal model, whereas the static resistance 
RF = V/I is not constant and is not useful. 

The numerical values V, and R, to be used depend upon the type of 
diode and the contemplated voltage and current swings. For example, from 
Fig. 3-7 we find that, for a current swing from cutoff to 10 mA with a germanium 
diode, reasonable values are V, = 0.2 V and R, = 20 Q ,  and for a silicon 
diode, V, = 0.6 V and R, = 15 52. On the other hand, a better approximation 
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Fig. 3-9 The piecewise linear characteriza- 

tion of a semiconductor diode. 

for current swings up to 50 mA leads to the following values; germanium, 
V ,  = 0.3 V ,  R, = 6 Q; silicon, V ,  = 0.65 V ,  Rf = 5.5 Q. For an avalanche 
diode, discussed in Sec. 3-11, V ,  = V z  and Rf is the dynamic resistance in 
the breakdown region. 

3-7 SPACE-CHARGE, OR TRANSITION, CAPACITANCE CT 

As mentioned in Sec. 3-1, a reverse bias causes majority carriers to move away 
from the junction, thereby uncovering more immobile charges. Hence the 
thickness of the space-charge layer a t  the junction increases with reverse volt- 
age. This increase in uncovered charge with applied voltage may be con- 
sidered a capacitive effect. We may define an incremental capacitance C T  by 

where dQ is the increase in charge caused. by a change dV in voltage. I t  
follows from this definition that a change in voltage dV in a time dt will result 
in a current i = dQ/dt, given by 

dV 
i = C T Z  (3-16) 

Therefore a knowledge of CT is important in considering a diode (or a transis- 
tor) as a circuit element. The quantity CT is referred to as the Iransition- 
region, space-charge, barrier, or depletion-region, capacitance. We now consider 
C T  quantitatively. As it turns out, this capacitance is not a constant, but 
depends upon the magnitude of the reverse voltage. I t  is for this reason that 
C T  is defined by Eq. (3-16) rather than as the ratio Q/V. 

A Step-graded Junction Consider a junction in which there is an abrupt 
change from acceptor ions on one side to donor ions on the other side. Such 
a junction is formed experimentally, for example, by placing indium, which is 
trivalent, against n-type germanium and heating the combination to a high 
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Charge density, p 

Fig. 3-10 (a) A reverse-biased 

p-n step-graded junction. (b) 
Field intensity, G The charge density. (c) The field 

intensity. (d) The potential vari- 

ation with distance x. 

temperature for a short time. Some of the indium dissolves into the ger- 
manium to change the germanium from n to p type a t  the junction. Such 
a step-graded junction is called an  alloy, or fusion, junction. A step-graded 
junction is also formed between emitter and base of an  integrated transistor 
(Fig. 7-11). I t  is not necessary that  the concentration NA of acceptor ions 
equal the concentration N o  of donor impurities. As a matter of fact, i t  is 
often advantageous to have an  unsymmetrical junction. Figure 3-10 shows 
the charge density as a function of distance from an alloy junction in which the 
acceptor impurity density is assumed to be much larger than the donor con- 
centration. Since the net charge must be zero, then 

If NA >> No, then W ,  << W ,  = W .  The relationship between potential and 
charge density is given by Eq. (3-1) : 

The electric lines of flux start  on the positive donor ions and terminate on the 
negative acoeptor ions. Hence there are no flux lines to the right of the 
boundary x = W ,  in Fig. 3-10, and & = -dV /dx  = 0 a t  x = W ,  = W .  
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Integrating Eq. (3-18) subject to this boundary condition yields 

Neglecting the small potential drop across W,, we may arbitrarily choose 
V = 0 at  x = 0. Integrating Eq. (3-19) subject to this condition gives 

The linear variation in field intensity and the quadratic dependence of poten- 
tial upon distance are plotted in Fig. 3-10c and d. These graphs should be 
compared with the corresponding curves of Fig. 3-1. 

At x = W, V = Vj = junction, or barrier, potential. Thus 

I n  this section we have used the symbol V to represent the potential 
a t  any distance x from the junction. Hence, let us introduce Vd as the exter- 
nally applied diode voltage. Since the barrier potential represents a reverse 
voltage, it is lowered by an applied forward voltage. Thus 

where Vd is a negative nurnber for an applied reverse bias and Vo is the contact 
potential (Fig. 3-ld). This equation confirms our qualitative conclusion that 
the thickness of the depletion layer increases with applied reverse voltage. 
We now see that W varies as V) = (V, - Vd)). 

If A is the area of the junction, the charge in the distance W is 

The transition capacitance CT, given by Eq. (3-15), is 

From Eq. (3-21)) (dW/dVjl = E/QNDW, and hence 

It is interesting to note that this formula is exactly the expression which is 
obtained for a parallel-plate capacitor of area A (square meters) and plate 
separation W (meters) containing a material of permittivity E .  If the concen- 
tration NA is not neglected, the above results are modified only slightly. I n  
Eq. (3-21) W represents the total space-charge width, and l /ND is replaced 
by ~ / N A  + l /ND.  Equation (3-23) remains valid (Prob. 3-18). 
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Charge density 
I 

Fig. 3-1 1 The charge-density variation vs. dis- 

tance at a linearly graded p-n junction. 

A Linearly Graded  Junction A second form of junction is obtained by 
drawing a single crystal from a melt of germanium whose type is changed 
during the drawing process by adding first p-type and then n-type impurities. 
A linearly graded junction is also formed between the collector and base of an 
integrated transistor (Fig. 7-12). For such a junction the charge density 
varies gradually (almost linearly), as indicated in Fig. 3-11. If an analysis 
similar to that given above is carried out for such a junction, Eq. (3-23) is 
found to be valid where W equals the total width of the space-charge layer. 
However, it now turns out that W varies as Vj4 instead of Vjf. 

Varactor Diodes We observe from the above equations that the barrier 
capacitance is not. a constant but varies with applied voltage. The larger the 
reverse voltage, the larger is the space-charge width W ,  and hence the smaller 
the capacitance CT. The variation is illustrated for two typical diodes in Fig. 
3-12. Similarly, for an increase in forward bias (Vd positive), W decreases and 
CT increases. 

The voltage-variable capacitance of a p-n junction biased in the reverse 
direction is useful in a number of circuits. One of these applications is voltage 
tuning of an LC resonant circuit. Other applications include self-balancing 
bridge circuiks and special types of amplifiers, called parametric amplijiers. 

Fig. 3-1 2 Typical barrier-capaci- 

tance variation, with reverse volt- 

age, of silicon diodes IN914 and 

1N916. (Courtesy of Fairchild 

Semiconductor Corporation.) 

Reverse voltage, V 
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Fig. 3-13 A varactor diode under reverse Rr 
bias. (a) Circuit symbol; (b) circuit - - J, + - v d  % .*. r--1 

I I 

model. I I 
I I 

R 
CT Rs 

Diodes made especially for the above applications which are based on 
the voltage-variable capacitance are called varactors, varicaps, or voltacaps. 
A circuit model for a varactor diode under reverse bias is shown in Fig. 3-13. 
The resistance R, represents the body (ohmic) series resistance of the diode. 
Typical values of CT and R, are 20 pF and 8.5 Q, respectively, a t  a reverse bias 
of 4 V. The reverse diode resistance R, shunting C T  is large (> 1 M), and 
hence is usually neglected. 

In circuits intended for use with fast waveforms or a t  high frequencies, 
it is required that the transition capacitance be as small as possible, for the 
following reason: a diode is driven to the reverse-biased condition when it is 
desired to prevent the transmission of a signal. However, if the barrier 
capacitance CT is large enough, the current which is to be restrained by the 
low conductance of the reverse-biased diode will flow through the capacitor 
(Fig. 3-13b). 

3-8 CHARGE-CONTROL DESCRIPTION OF A DIODE 

If the bias is in the forward direction, the potential barrier a t  the junction 
is lowered and holes from the p side enter the n side. Similarly, electrons 
from the n side move into the p side. This process of minority-carrier injection 
is discussed in Sec. 2-11. The excess hole density falls off exponentially with 
distance, as indicated in Fig. 3-14a. The shaded area under this curve is 
proportional to the injected charge. 

For simplicity of discussion we assume that one side of the diode, say, 
the p material, is so heavily doped in comparison with the n side that the cur- 
rent I is carried across the junction entirely by holes moving from the p to 
the n side, or I = I,,(O). The excess minority charge Q will then exist only 
on the n side, and is given by the shaded area in the n region of Fig. 3-14a 
multiplied by the diode cross section A and the electronic charge q. Hence, 
from Eq. (2-47), 



68 / INTEGRATED ELECTRONICS Sec. 3-8 
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Fig. 3-14 Minority-carrier density distribution as a function of the distance x 

from a junction. (a) A forward-biased junction; (b) a reverse-biased junction. 

The excess hole (electron) density pL = p, - p,, (na = np - n,,) is positive in (a) 

and negative in (b). (The transition region is assumed to be so small relative to 

the diffusion length that i t  is not indicated in this figure.) 

The hole current I is given by I,(x) in Eq. (2-48), with x = 0, or 

Eliminating p'(0) from Eqs. (3-24) and (3-25) yields 

where T = Lp2/Dp = rp = mean lifetime for holes [Eq. (2-44)J. 
Equation (3-26) is an  important relationship, referred to as the charge- 

control description of a diode. I t  states that  the diode current (which consists 
of holes crossing the junction from the p to the n side) is proportional to the 
stored charge Q of excess minority carriers. The factor of proportionality is 
the reciprocal of the decay time constant (the mean lifetime 7) of the minority 
carriers. Thus, in the steady state, the current I supplies minority carriers at the 
rate at which these carriers are disappearin y because of the process of recom hination. 

Charge Storage under Reverse Bias When an  external voltage reverse- 
biases the junction, the steady-state density of minority carriers is as shown 
in Fig. 3-14b. Far from the junction the minority carriers are equal to their 
thermal-equilibrium values p,, and n,, as is also the situation in Fig. 3-14a. 
As the minority carriers approach the junction t,hey are rapidly swept across, 
and the density of minority carriers diminishes to zero a t  this junction. This 
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result follows from the law of the junction, Eq. (3-4), since the concentration 
p,(O) reduces to zero for a negative junction potential V. 

The injected charge under reverse bias is given by the shaded area in 
Fig. 3-14b. This charge is negative since it represents less charge than is 
available under conditions of thermal equilibrium with no applied voltage. 
From Eq. (3-26) with Q negative, the diode current I is negative and, of 
course, equals the reverse saturation current I, in magnitude. 

The charge-control characterization of a diode describes the device in 
terms of the current I and the stored charge Q, whereas the equivalent-circuit 
characterization uses the current I and the junction voltage V. One immedi- 
ately apparent advantage of this charge-control description is that the expo- 
nential relationship between I and V is replaced by the linear dependence 
of I on Q. The charge Q also makes a simple parameter, the sign of which 
determines whether the diode is forward- or reverse-biased. The diode is 
forward-biased if Q is positive and reverse-biased if Q is negative. 

3-9 DIFFUSION CAPACITANCE 

For a forward bias a capacitance which is much larger than the transition 
capacitance CT considered in Sec. 3-8 comes into play. The origin of this 
larger capacitance lies in the injected charge stored near the junction outside 
the transition region (Fig. 3-14a). I t  is convenient to introduce an incremental 
capacitance, defined as the rate of change of injected charge with voltage, 
called the di'usion, or storage, capacitance CD. 

Static Derivation of CD We now make a quantitative study of CD.  
From Eqs. (3-26) and (3-13) 

where the diode incremental conductance y = dI/dV. Substituting the 
expression for the diode incremental resistance r = l /g given in Eq. (3-14) 
into Eq. (3-27) yields 

We see that the digusion capacitance is proportional to the current I .  In  the 
derivation above we have assumed that the diode current I is due to holes 
only. If this assumption is not satisfied, Eq. (3-27) gives the diffusion capaci- 
tance CDp due to holes only, and a similar expression can be obtained for the 
diffusion capacitance Con due to electrons. The total diffusion capacitance 
can then be obtained as the sum of Cop and Con (Prob. 3-24). 

For a reverse bias, g is very small and CD may be neglected compared 
with CT. For a forward current, on the other hand, CD is usually much larger 
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than CT. For example, for germanium (11 = 1) a t  I = 26 mA, 9 = 1 8, 
a.nd CD = T .  If, say, T = 20 ps, then CD = 20 pF, a value which is about 
a million t,imes larger than the t-ransition capacitance. 

Despite the large value of CD, the time constant rCD (which is of impor- 
tance in circuit applications) may not be excessive because the dynamic for- 
ward resistance r = l / g  is small. From Eq. (3-27), 

Hence the diode time constant equals the mean lifetime of minority carriers, 
which lies in range of nanoseconds to hundreds of microseconds. The impor- 
tance of T in circuit applications is considered in the following section. 

. Diffusion Capacitance for an Arbitrary Input Consider the buildup of 
injected charge across a junction as a function of time when the potential is 
changed. In  Fig. 3-15, the curve marked (1) is the steady-state value of p: 
for an applied voltage V. If the voltage a t  time t is increased by dV in the 
interval dt, then p', changes to that indicated by the curve marked (2) a t  
time t + dt. The increase in charge dQ' in the time dt is proportional to the 
heavily shaded area in Fig. 3-15. Note that the concentration near the junc- 
tion has increased markedly, whereas p,  far away from the junction has changed 
very little, because it takes time for the holes to diffuse into the n region. If 
the applied voltage is maintained constant a t  V + dV, the stored charge will 
continue to increase. Finally, a t  t = a, p,  follows the curve marked (3) 
[which is given by Eq. (3-4), with V replaced by V + dV]. The steady-state 
injected charge dQ, due to the increase in voltage by dV, is proportional to the 
total shaded area in Fig. 3-15. Clearly, dQ - dQ' is represented by the 
lightly shaded area, and hence dQ > dQ'. 

Since dQ' is the charge injected across the junction in time dt, the current 
is given by 

Fig. 3-15 The transient buildup of stored 

excess charge. The curve marked (1) gives 

the steady-state value of p; at a time t when 

the voltage is V. If the voltage increases by 

dV and held at V + dV, then p; is given by 

(2) at time t + dt and by (3) at t = a. 
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where we define the small-signal cliflusion capacitance C', by C', = dQ1/clV. 
Note that the diode current is not given by the steady-state charge Q or static 
capacitance CD. 

Since dQ' < dQ, then CL < CD. 
From the above argument we conclude that the dynamic diffusion capaci- 

tance CL depends upon how the input voltage varies with time. To find Cb,  
the equation of continuity must be solved for the given voltage waveform. 
This equation controls how p, varies both as a function of x and t, and from 
p,(x, t) we can obtain the current. If the input varies with time in an arbi- 
trary way, it may not be possible to define the diffusion capacitance in a 
unique manner. 

Diffusion Capacitance for a Sinusoidal Input For the special case where 
the excitation varies sinusoidally with time, CL may be obtained from a solu- 
tion of the equation of continuity. This analysis is carried out in Sec. 19-12, 
and C; is found to be a function of frequency. At low frequencies 

which is half the value found in Eq. (3-27), based upon st8atic considerations. 
For high frequencies, C', decreases with increasing frequency and is given by 

3-10 JUNCTION-DIODE SWITCHING TIMES 

When a diode is driven from the reversed condition to the forward state or in 
the opposite direction, the diode response is accompanied by a transient, and 
an interval of time elapses before the diode recovers to its steady state. The 
forward recovery time tf, is the time difference between the 10 percent point 
of the diode voltage and the time when this voltage reaches and remains within 
10 percent of its final value. I t  turns out that t f ,  does not usually constitute 
a serious practical problem, and hence we here consider only the more impor- 
tant situation of reverse recovery. 

Diode Reverse Recovery Time When an external voltage forward-biases 
a p-n junction, the steady-state density of minority carriers is as shown in 
Fig. 3-14a. The number of minority carriers is very large. These minority 
carriers have, in each case, been supplied from the other side of the junction, 
where, being majority carriers, they are in plentiful supply. 

If the external voltage is suddenly reversed in a diode circuit which has 
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at 
junction 

I I t 

Fig. 3-16 The waveform in (b) is applied to the diode circuit in (a); (c) the excess 

carrier density at  the junction; (d) the diode current; (e) the diode voltage. 

been carrying current in the forward direction, the diode current will not 
immediately fall to its steady-state reverse-voltage value. For the current 
cannot attain its steady-state value until the minority-carrier distribution, 
which a t  the moment of voltage reversal had the form in Fig. 3-14a, reduces 
to the distribution in Fig. 3-14b. Until such time as the injected, or excess, 
minority-carrier density p,  - p,, (or n, - n,,) has dropped nominally to zero, 
the diode will continue to conduct easily, and the current will be determined 
by the external resistance in the diode circuit. 

Storage and Transition Times The sequence of events which accom- 
panies the reverse biasing of a conducting diode is indicated in Fig. 3-16. 
We consider that the voltage in Fig. 3-16b is applied to the diode-resistor 
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circuit in Fig. 3-16a. For a long time, and up to the time tl, the voltage 
vi = Vp has been in the direction to forward-bias the diode. The resistance 
RL is assumed large enough so that the drop across RL is large in comparison 
with the drop across the diode. Then the current is i = VF/RL = IF.  At 
the time t = tl the input voltage reverses abruptly to the value v = -VR. 
For the reasons described above, the current does not drop to zero, but instead 
reverses and remains a t  the value i = - VR/RL = - I R  until the time t = tt. 
At t = t 2 ,  as is seen in Fig. 3-16c, the minority-carrier density p,  a t  x = 0 
has reached its equilibrium state p,,. If the diode ohmic resistance is Rd, 
then a t  the time tl the diode voltage falls slightly [by ( I F  + IR)RI] but does 
not reverse. At t = tt, when the excess minority carriers in the immediate 
neighborhood of the junction have been swept back across the junction, the 
diode voltage begins to reverse and the magnitude of the diode current begins 
to decrease. The interval tl to t2, for the stored-minority charge to become 
zero, is called the storage time t,. 

The time which elapses between t2 and the time when the diode has 
nominally recovered is called the transition time tt. This recovery interval 
will be completed when the minority carriers which are a t  some distance from 
the junction have diffused to the junction and crossed it and when, in addition, 
the junction transition capacitance across the reverse-biased junction has 
charged through RL to the voltage - VR. 

Manufacturers normally specify the reverse recovery time of a diode t,, 
in a typical operating condition in terms of the current waveform of Fig. 
3-16d. The time t,, is the interval from the current reversal a t  t = tl until 
the diode has recovered to a specified extent in terms either of the diode cur- 
rent or of the diode resistance. If the specified value of RL is larger than 
several hundred ohms, ordinarily the manufacturers will specify the capaci- 
tance CL shunting RL in the measuring circuit which is used to determine t,,. 
Thus we find, for the Fairchild 1N3071, that with I F  = 30 mA and IR = 30 MA, 
the time required for the reverse current to fall to 1.0 mA is 50 nsec. Again 
we find, for the same diode, that with I p  = 30 mA, - VR = -35 V, Rr, = 2 K, 
and CL = 10 p F  (-IR = -35/2 = -17.5 mA), the time required for the 
diode to recover to the extent that its resistance becomes 400 K is t,, = 400 nsec. 
Commercial switching-type diodes are available with times t,, in the range from 
less than a nanosecond up to as high as 1 ps in diodes intended for switching 
large currents. 

BREAKDOWN DIODES3 

The reverse-voltage characteristic of a semiconductor diode, including the 
breakdown region, is redrawn in Fig. 3-17a. Diodes which are designed with 
adequate power-dissipation capabilities to operate in the breakdown region 
may be employed as voltage-reference or constant-volt age devices. Such 
diodes are known as avalanche, breakdown, or Zener diodes. They are used 
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Fig. 3-17 (a) The volt-ampere characteristic of an avalanche, or Zener, diode. 

(b) A circuit in which such a diode is used to regulate the voltage across R L  against 

changes due to vaciations in load current and supply voltage. 

characteristically in the manner indicated in Fig. 3-17b. The source V and 
resistor R are selected so that, initially, the diode is operating in the break- 

' down region. Here the diode voltage, which is also the voltage across the 
load RL, is VZ, as in Fig. 3-17a, and the diode current is I z .  The diode will 
now regulate the load voltage against variations in load current and against 
variations in supply voltage V because, in the breakdown region, large changes 
in diode current produce only small changes in diode voltage. R~loreover, as 
load current or supply voltage changes, the diode current will accommodate 
itself to these changes to maintain a nearly constant load voltage. The diode 
will continue to regulate until the circuit operation requires the diode current 
to fall to IZK, in the neighborhood of the knee of the diode volt-ampere curve. 
The upper limit on diode current is determined by the power-dissipation rating 
of the diode. 

Avalanche Multiplication Two mechanisms of diode breakdown for 
increasing reverse voltage are recognized. Consider the following situation: 
A thermally generated carrier (part of the reverse saturation current) falls 
down the junction barrier and acquires energy from the applied potential. 
This carrier collides with a crystal ion and imparts sufficient energy to disrupt 
a covalent bond. I n  addition to the original carrier, a new electron-hole pair 
has now been generated. These carriers may also pick up sufficient energy 
from the applied field, collide with another crystal ion, and create still another 
electron-hole pair. Thus each new carrier may, in turn, produce additional 
carriers through collision and the action of disrupting bonds. This cumulative 
process is referred to as avalanche multiplication. It results in large reverse 
currents, and the diode is said to be in the region of avalanche breakdown. 

Zener Breakdown Even if the initially available carriers do not acquire 
sufficient energy to disrupt bonds, it is possible to initiate breakdown through 
a direct rupture of the bonds. Because of the existence of the electric field 
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a t  the junction, a sufficiently strong force may be exerted on a bound electron 
by the field to tear i t  out of its covalent bond. The new hole-electron pair 
which is created increases the reverse current. Note that this process, called 
Zener breakdown, does not involve collisions of carriers with the crystal ions 
(as does avalanche multiplication). 

The field intensity & increases as the impurity concentration increases, 
for a fixed applied voltage (Prob. 3-25). It is found that Zener breakdown 
occurs a t  a field of approximately 2 X lo7 V/m. This value is reached a t  
voltages below about 6 V for heavily doped diodes. For lightly doped diodes 
the breakdown voltage is higher, and avalanche multiplication is the pre- 
dominant effect. Nevertheless, the term Zener is commonly used for the 
avalanche, or breakdown, diode even a t  higher voltages. Silicon diodes oper- 
ated in avalanche breakdown are available with maintaining voltages from 
several volts to several hundred volts and with power ratings up to 50 W. 

Temperature Characteristics A matter of interest in connection with 
Zener diodes, as with semiconductor devices generally, is their temperature 
sensitivity. The temperature coefficient is given as the percentage change 
in reference voltage per centigrade degree change in diode temperature. 
These data are supplied by the manufacturer. The coefficient may be either 
positive or negative and will normally be in the range f 0.1 percent/'C. If 
the reference voltage is above 6 V, where the physical mechanism involved is 
avalanche multiplication, the temperature coefficient is positive. However, 
below 6 V, where true Zener breakdown is involved, the temperature coefficient 
is negative. 

A qualitative explanation of the sign (positive or negative) of the tem- 
perature coefficient of V z  is now given. A junction having a narrow deple- 
tion-layer width, and hence high field intensity, will break down by the Zener 
mechanism. An increase in temperature increases the energies of the valence 
electrons, and hence makes it easier for these electrons to escape from the 
covalent bonds. Less applied voltage is therefore required to pull these elec- 
trons from their positions in the crystal lattice and convert them into conduc- 
tion electrons. Thus the Zener breakdown voltage decreases with temperature. 

A junction with a broad depletion layer, and therefore a low field intensity, 
will break down by the avalanche mechanism. I n  this case we rely on intrinsic 
carriers to collide with valence electrons and create avalanche multiplication. 
As the temperature increases, the vibrational displacement gf atoms in the 
crystal grows. This vibration increases the probability of collisions with the 
lattice atoms of the intrinsic particles as they cross the depletion width. The 
intrinsic holes and electrons thus have less of an opportunity to gain sufficient 
energy between collisions to start the avalanche process. Therefore the value 
of the avalanche voltage must increase with increased temperature. 

Dynamic Resistance and Capacitance A matter of importance in con- 
nection with Zener diodes is the slope of the diode volt-ampere curve in the 
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operating range. If the reciprocal slope AVz/AIz, called the dynamic resis- 
tance, is r, then a change A I z  in the operating current of the diode produces a 
change AVZ = r A I z  in the operating voltage. Ideally, r = 0, corresponding 
to a volt-ampere curve which, in the breakdown region, is precisely vertical. 
The variation of r a t  various currents for a series of avalanche diodes of fixed 
power-dissipation rating and various voltages show a rather broad minimum 
in the range 6 to 10 V. This minimum value of r is of the order of magnitude 
of a few ohms. However, for values of VZ below 6 V or above 10 V, and 
particularly for small currents (-1 MA), r may be of the order of hundreds 
of ohms. 

Some manufacturers specify the minimum current IzK (Fig. 3-17a) below 
which the diode should not be used. Since this current is on the knee of the 
above curve, where the dynamic resistance is large, then for currents lower than 
IZK the regulation will be poor. Some diodes exhibit a very sharp knee even 
down into the microampere region. 

The capacitance across a breakdown diode is the transition capacitance, 
and hence varies inversely as some power of the voltage. Since C T  is propor- 
tional to the cross-sectional area of the diode, high-power avalanche diodes 
have very large capacitances. Values of C T  from 10 to 10,000 pF are common. 

Additional Reference Diodes Zener diodes are available with voltages 
as low as about 2 V. Below this voltage it is customary, for reference and 
regulating purposes, to use diodes in the forward direction. As appears in 
Fig. 3-7, the volt-ampere characteristic of a forward-biased diode (sometimes 
called a stabistor) is not unlike the reverse characteristic, with the exception 
that, in the forward direction, the knee of the characteristic occurs a t  lower 
voltage. A number of forward-biased diodes may be operated in series to 
reach higher voltages. Such series combinations, packaged as single units. 
are available with voltages up to about 5 V, and may be preferred to reverse- 
biased Zener diodes, which a t  low voltages have very large values of dynamic 
resistance. 

When it is important that a Zener diode operate with a low temperature 
coefficient, it may be feasible to operate an appropriate diode a t  a current 
where the temperature coefficient is a t  or near zero. Quite frequently, such 
operation is not convenient, particularly a t  higher voltages and when the 
diode must operate over a range of currents. Under these circumstances 
temperature-compensated avalanche diodes find application. Such diodes 
consist of a reverse-biased Zener diode with a positive temperature coefficient, 
combined in a single package with a forward-biased diode whose temperature 
coefficient is negative. As an example, the Transitron SV3176 silicon 8-V 
referehce diode has a temperature coefficient of f 0.001 percent/"C a t  10 mA 
over the range -55 to + 100°C. The dynamic resistance is only 1.5 Q .  The 
temperature coefficient remains below 0.002 percent/'C for currents in the 
range 8 to 12 mA. The voltage stability with time of some of these reference 
diodes is comparable with that of conventional standard cells. 



Sec. 3-1 2 JUNCTION-DIODE CHARACTERISTICS / 77 

When a high-voltage reference is required, i t  is usually advantageous 
(except of course with respect to economy) to use two or more diodes in 
series rather than a single diode. This combination will allow higher volt- 
age, higher dissipation, lower temperature coefficient, and lower dynamic 
resistance. 

3-1 2 THE TUNNEL DIODE 

A p-n junction diode of the type discussed in Sec. 3-1 has an  impurity concen- 
tration of about 1 part in los. With this amount of doping, the width of the 
depletion layer, which constitutes a potential barrier a t  the junction, is of the 
order of a micron. This potential barrier restrains the flow of carriers from 
the side of the junction where they constitute majority carriers to the side 
where they constitute minority carriers. If the concentration of impurity 
atoms is greatly increased, say, to 1 part in l o3  (corresponding to a density 
in excess of lOI9 cmw3), the device characteristics are completely changed. 
This new diode was announced in 1958 by Esaki14 who also gave the correct 
theoretical explanation for its volt-ampere characteristic. 

The Tunneling Phenomenon The width of the junction barrier varies 
inversely as the square root of impurity concentration (Eq. (3-21)] and there- 
fore is reduced to less than 100 A cm). This thickness is only about 
one-fiftieth the wavelength of visible light. Classically, a particle must have 
an  energy a t  least equal to the height of a potential-energy barrier if i t  is to 
move from one side of the barrier to the other. However, for barriers as thin 
as those estimated above in the Esaki diode, the Schrodinger equation indicates 
tha t  there is a large probability that  an  clectron will penetrate through the 
barrier. This quantum-mechanical behavior is referred to as tunneling, and 
hence these high-impurity-density p-n junction devices are called tunnel 
diodes. The volt-ampere relationship is explained in Sec. 19-8 and is depicted 
in Fig. 3-18. 

Characteristics of a Tunnel Diode5 From Fig. 3-18 we see that  the 
tunnel diode is an  excellent conductor in the reverse direction (the p side of 
the junction negative with respect to the n side). Also, for small forward 
voltages (up to 50 mV for Ge), the resistance remains small (of the order of 
5 Q ) .  At the peak current I p  corresponding to the voltage V p ,  the slope dI/dV 
of the characteristic is zero. If V is increased beyond Vp, the current decreases. 
As a consequence, the dynamic conductance g = dI/dV is negative. The 
tunnel diode exhibits a negative-resistance characteristic between the peak 
current I p  and the minimum value I v ,  called the valley current. At the valley 
voltage Vv a t  which I = I V ,  the conductance is again zero,. and beyond this 
point the resistance becomes and remains positive. At the so-called peak 
forward voltage VF the current again reaches the value Ip. For larger voltages 
the current increases beyond this value. 
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v 

Forward voltage 

Fig. 3-18 Volt-ampere characteristic of a tunnel diode. 

For currents whose values are between IV and Ip, the curve is triple- 
valued, because each current can be obtained a t  three different applied volt- 
ages. I t  is this multivalued feature which makes the tunnel diode useful in 
pulse and digital ~ i r c u i t r y . ~  

The standard circuit symbol for a tunnel diode is given in Fig. 3-19a. 
The small-signal model for operation in the negative-resistance region is indi- 
cated in Fig. 3-19b. The negative resistance -R ,  has a minimum a t  the 
point of inflection between Ip and Iv. The series resistance R, is ohmic 
resistance. The series inductance L, depends upon the lead length and the 
geometry of the dipole package. The junction capacitance C depends' upon 
the bias and is usually measured a t  the valley point. Typical values for 
these parameters for a tunnel diode of peak current value I p  = 10 mA are 
-R, = -30 Q, R, = 1 Q, L, = 5 nH, and C = 20 pF. 

One interest in the tunnel diode is its application as a very high-speed 
switch. Since tunneling takes place a t  the speed of light, the transient 
response is limited only by total shunt capacitance (junction plus stray wiring 
capacitance) and peak driving current. Switching times of the order of a 
nanosecond are reasonable, and times as low as 50 ps have been obtained. 
A second application6 of the tunnel diode is as a high-frequency (microwave) 
oscillator. 

The most common commercially available tunnel diodes are made from 
germanium or gallium arsenide. I t  is difficult to manufacture a silicon tunnel 

' .. :: 

.i -/@:+ TC7$ Fig. 3-19 (a) Symbol for a tunnel 
- R" 

diode; (b) small-signal model in 

the negative-resistance region. 
(a')' -. - ( b )  

. 
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TABLE 3-1 Typical tunnel-diode parameters 

Ip/Iv. . . . . . . . . . . 

V v , V  . . . . . . . . . .  0 . 3 5  
VF, V .  . . . . . . . . . 0 . 5 0  1 . 1 0  

diode with a high ratio of peak-to-valley current Ip/Iv.  Table 3-1 summarizes 
the important static characteristics of these devices. The voltage values in 
this table are determined principally by the particular semiconductor used 
and are almost independent of the current rating. Note that  gallium arsenide 
has the highest ratio I p / l v  and the largest voltage swing VF - Vp = 1.0 V, as 
against 0.45 V for germanium. The peak current Ip is determined by the 
impurity concentration (the resistivity) and the junction area. For computer 
applications, devices with I p  in the range of 1 to 100 mA are most common. 
The peak point (VP, IP) ,  which is in the tunneling region, is not a very sensitive 
function of temperature. However, the valley point (Vv, Iv ) ,  which is 
affected by the injection current, is quite temperature-~ensitive.~ 

The advantages of the tunnel diode are low cost, low noise, simplicity, 
high speed, environmental immunity, and low power. The disadvantages of 
the diode are its low output-voltage swing and the fact tha t  i t  is a two-terminal 
device. Because of the latter feature, there is no isolation between input and 
output, and this leads to serious circuit-design difficulties. 

3-1 3 THE SEMICONDUCTOR PHOTODIODE 

If a reverse-biased p-n junction is illuminated, the current varies almost 
linearly with the light flux. This effect is exploited in the semiconductor 
photodiode. This device consists of a p-n junction embedded in a clear plastic, 
as indicated in Fig. 3-20. Radiation is allowed to fall upon one surface 
across the junction. The remaining sides of the plastic are either painted 
black or enclosed in a metallic case. The entire unit is extremely small 
and has dimensions of the order of tenths of an  inch. 

Clear plastic 

& 
Fig 
tor 

. 3-20 The construction of a semiconduc- 

photodiode. 
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Volt-Ampere Characteristics If reverse voltages in excess of a few tenths 
of a volt are applied, an almost constant currcnt (indeprbndent of the m:lgrlitudth 
of the reverse bias) is obtained. The dark currcnt corrt~spords to t l ~ c  revcrsc 
saturation current due to the thermally generutcd minorit37 curricrs. As 
explained in Sec. 3-2, these minority carriers "f:dl do~vn" tlle potrnti:d hill 
a t  the junction, whereas this barrier does not :dloiv majority c:irricrs to cross 
the junction. Xow if light fulls upon thc surf:xc, :~dtlitiorl:il electron-hole 
pairs are formed. In  Sec. 2-8 we note that  it is justifiable to considor the 
radiation solely as a mirtority-carrier i~~jecfor. Thtsc inj t ~ t e d  minority carriers 
(for example, electrons in the p side) diffuse to the junction, cross it,  and 
contribute to the current. 

The reverse saturation current I ,  in a p-TI diode is proportional to the 
concentrations p,, and v,, of minority carriers in the rt  and 1) region, rrspec- 
tively. If we illuminate a reverse-biased p-11 junction, the number of nen- 
hole-electron pairs is proportional to the number of incident photons. Hence 
the current under large reverse bias is I = I ,  + I,, where I,, the short-circuit 
current, is proportional to the light intensity. Hence the volt-ampere char- 
acteristic is given by 

where I ,  I,, and I ,  represent the magnitude of the rcvcrse current, and V is 
positive for a forward voltage and negative for :t reverse bias. The p:tr:~meter 
T,I is unity for germanium and 2 for silicon, and 1IT is the volt equiv:dent of 
temperature defined by Eq. (3-10). 

Typical photodiode volt-ampere characteristics :ire indicated in Fig. 3-21. 
The curves (with the exception of the dark-current curve) do not p:rss tllrough 
the origin. The characteristics in the millivolt range :~nd for positive bias 
are discussed in the following section, where we find that  the photodiode may 
be used under either short-circuit or open-circuit conditions. I t  should be 

Fig. 3-21 Volt-ampere character- 

istics for the IN77 germanium 

photodiode. (Courtesy of Syl- 

vania Electric Products, Inc.) 

4 7 Reverse voltage, V 
* J  
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Fig. 3-22 Sensitivity of a semi- 

conductor photodiode as a function 

of the distance of the light spot 

from the junction. 

I 

-3 - 2  - 1  0 1 2 3 
Distance from junction, mm 

noted that  the characteristics drift somewhat with age. The barrier capaci- 
tance CT = 10 pF, the dynamic resistance R = 50 11, and the ohmic resistance 
r = 100 SZ. 

Sensitivity with Position of  l llumina tion The current in a reverse-biased 
semiconductor photodiode depends upon the diffusion of minority carriers to 
the junction. If the radiation is focused into a small spot far away from the 
junction, the injected minority carriers can recombine before diffusing to the 
junction. Hence a much smaller current will result than if the minority 
carriers were injected near the junction. The photocurrent as a function of 
the distance from the junction a t  which the light spot is focused is indicated 
in Fig. 3-22. The curve is somewhat asymmetrical because of the differences 
in the diffusion lengths of minority carriers in the p and n sides. Incidentally, 
the spectral response of the semiconductor photodiode is the same as that  for a 
photoconductive cell, and is indicated in Fig. 2-12. 

The p-n photodiode and, particularly, the improved n-p-n version 
described in Sec. 5-14 find extensive application in high-speed reading of 
computer punched cards and tapes, light-detection systems, reading of film 
sound track, light-operated switches, production-line counting of objects 
which interrupt a light beam, etc. 

3-14 THE PHOTOVOLTAIC EFFECT8 

I n  Fig. 3-21 we see that  an  almost constant reverse current due to injected 
minority carriers is collected in the p-?l photodiode for large reverse voltages. 
If the applied voltage is reduced in magnitude, the barrier a t  the junction is 
reduced. This decrease in the potential hill does not affect the minority cur- 
rent (since these particles fall down the barrier), but when the hill is reduced 
sufficiently, some majority carriers can also cross the junction. These carriers 
correspond to a forward current, and hence such a flow will reduce the net 
(reverse) current. I t  is this increase in majority-carrier flow which accourlts 
for the drop in the reverse current near the zero-volt;tge axis in Fig. 3-21. 
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An expanded view of the origin in this figure is indicated in Fig. 3-23. (Note 
that  the first quadrant of Fig. 3-21 corresponds to the third quadrant of 
Fig. 3-23.) 

The Photovoltaic Potential If a forward bias is applied, the potential 
barrier is lowered, and the majority current increases rapidly. When this 
majority current equals the minority current, the total current is reduced to 
zero. The voltage a t  which zero resultant current is obtained is called the 
photovoltaic potential. Since, certainly, no current flows under open-circuited 
conditions, the photovoltaic emf is obtained across the open terminals of a 
p-n junction. 

An alternative (but of course equivalent) physical explanation of the 
photovoltaic effect is the following: I n  Sec. 3-1 we see that  the height of 
the potential barrier a t  an open-circuited (nonilluminated) p-n junction adjusts 
itself so that  the resultant current is zcro, the electric field a t  the junction 
being in such a direction as to repel the majority carriers. If light falls on 
the surface, minority carriers are injected, and since these fall down the barrier, 
the minority current increases. Since under open-circuited conditions the 
total current must remain zero, the majority current (for example, the hole 
current in the p side) must increase the same amount as the minority current. 
This rise in majority current is possible only if the retarding field at  the junc- 
tion is reduced. Hence the barrier height is automatically lowered as a result 
of the radiation. Across the diode terminals there appears a voltage just equal 
to the amount by which the barrier potential is decreased. This potential is 
the photovoltaic emf and is of the order of magnitude of 0.15 V for a silicon 
and 0.1 V for a germanium cell. 

The photovoltaic voltage V,,, corresponds to an  open-circuiteci diode. 
If I = 0 is substituted into Eq. (3-34), we obtain 

Since, except for very small light intensities, I,/I ,  >> 1, then V,,, increases 
logarithmically with I,, and hence with illumination. Such a logarithmic 
relationship is obtained experimentally. 

Maximum Output Power If a resistor RL is placed directly across the 
diode terminals, the resulting current can be found a t  the intersection of the 
characteristic in Fig. 3-23 and the load line defined by V = - IRL. If Rr. = 0, 
then the output voltage V is zero, and for RL = a, the output current I is 
zero. Hence, for these two extreme values of load, the output power is zero. 
If for each assumed value of RL the values of V and I are read from Fig. 3-23 
and P = V I  is plotted versus RL, we can obtain the optimum load resistance 
to give maximum output power. For the types LS222 and IS223 photovoltaic 
light sensors, this optimum load is 3.4 I< and P,,, = 34 ~LW. When the p-n 
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Reverse current I 

Forward 

Fig. 3-23 Volt-ampere characteristics for the LS222 and LS223 p-n 
junction photodiodes at  a light intensity of 500 fc. (Courtesy of Texas 

Instruments, Inc.) 
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photodiode is used as an  energy converter (to transform radiant energy into 
electric energy), the optimum load resistance should be used. 

0.05 0.15 0.25 0.35 0.45 

The Short-circuit Current We see from Fig. 3-23 and Eq. (3-34) tha t  a 
,definite (nonzero) current is obtained for zero applied voltage. Hence a 
junction photocell can be used under short-circuit conditions. As already 
emphasized, this current I, is proportional to the light intensity. Such a 
linear relationship is obtained experimentally. 

Reverse 
voltage 

LS222 

Solar-energy Converters The current drain from a photovoltaic cell 
may be used to power electronic equipment or, more commonly, to charge 
auxiliary storage batteries. Such energy converters using sunlight as the pri- 
mary energy are called solar batteries and are used in satellites like the Telstar. 
A silicon photovoltaic cell of excellent stability and high (-14 percent) con? 
version efficiency is made by diffusing a thin rt-type impurity onto a p-type 
base. I n  direct noonday sunlight such a cell generates an open-circuit voltage 
of approximately 0.6 V. 

3-15 LIGHT-EMITTING DIODES 

Just  as it takes energy to generate a hole-electron pair, so energy is released 
when an electron recombines with a hole. I n  silicon and germanium this 
recombination takes place through traps (Sec. 2-8) and the liberated energy 
goes into the crystal as heat. However, i t  is found that  in other semicon- 
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ductors, such as gallium arsenide, there is a considerable amount of direct 
recombination without the aid of traps. Under such circumstances the encrgy 
released when an  electron falls from the conduction into the valence band 
appears in the form of radiation. Such a p-n diode is called a light-emitting diode 
(LED), although the radiation is principally in the infrared. The efficiency of 
the process of light generation increases with the injected current and with 
a decrease in temperature. The light is concentrated near the junction because 
most of the carriers are to be found within a diffusion length of the junction. 

Under certain conditions, the emitted light is coherent (essentially mono- 
chromatic). Such a diode is called an  injection junction Easer. 
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R E V l E  W Q U E S T I O N S  

3-1 Consider an open-circuited p-n junction. Sketch curves as a function of 
distance across the junction of space charge, electric field, and potential. 

3-2 (a) What is the order of magnitude of the space-charge width a t  a p-n junc- 
tion? (b) What does this space charge consist of-electrons, holes, neutral donors, 
neutral acceptors, ionized donors, ionized acceptors, etc.? 

3-3 (a) For a reverse-biased diode, does the transition region increase or decrease 
in width? (b) What happens to the junction potential? 

3-4 Explain why the p-n junction contact potential cannot be measured by 
placing a voltmeter across the diode terminals. 

3-5 Explain physically why a p-n diode acts as a rectifier. 
3-6 (a) Write the law of the junction. (b) Define all terms in this equation. 

(c) What does this equation state for a large forward bias? (d) A large reverse bias? 
3-7 Plot the minority-carrier current components and the total current in a p-n 

diode as a function of the distance from the junction. 
3-8 Plot the hole current, the electron current, and the total current as a function 

of distance on both sides of a p-n junction. Indicate the transition region. 
3-9 (a) Write the volt-ampere equation for a p-n diode. (b)  Explain the meaning 

of each syn~bol. 
3-10 Plot the volt-ampere curves for germanium and silicon to  the same scale, 

showing the cutin value for each. 
3-11 (a) How does the reverse ~aturat~ion current of a p-n diode vary with 

temperature? (b) How does the diode voltage (at constant current) vary with 
temperature? 

3-12 How does the dynamic: resistance r of a diode vary with (a) current and 
(b) temperature? ( c )  What is the order of magnitude of r for silicon a t  room tempera- 
ture and for a dc current of 1 mA? 

3-13 (a) Sketch the piecewise linear characteristic of a diode. (b) What are the 
approximate cutin voltages for silicon and germanium? 

3-1 4 Consider a step-graded p-n junction with equal doping on both sides of the 
junction (NA = Nu). Sketch the charge density, field intensity, and potential as  a 
function of distance from the junction for a reverse bias. 

3-15 (a) How does the transition capacitance CT vary with the depletion-layer 
width? (b) With the applied reverse voltage? (c) What is the order of magnitude 
of CT? 

3-16 What is a varactor diode? 
3-17 Plot the 1ni11orit~-carrier concentration as a function of distance from a p-n 

junction in the n side only for (a) a forward-biased junction, (b) a negatively biased 
junction. Indicate the excess concentration and note where it  is positive and where 
negative. 
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3-18 Under steady-state conditions the diode current is proportional to a charge 
Q .  (a) What is the physical meaning of the factor of proportionality? (b) What 
charge does Q represent-transition layer charge, injected minority-carrier charge, 
majority-carrier charge, etc.? 

3-19 (a) How does the diffusion capacitance C D  vary with dc diode current? 
(b) What does the product of CD and the dynamic resistance of a diode equal? 

3-20 What is meant by the minority-carrier storage time of a diode? 
3-21 A diode in series with a resistor RL is forward-biased by a voltage V F .  

After a steady state is reached, the input changes to  - VR. Sketch the current as a 
function of time. Explain qualitatively the shape of this curve. 

3-22 (a) Draw the volt-ampere characteristic of an avalanche diode. (b) What 
is meant by the knee of the curve? (c) By the dynamic resistance? (d) By the 
temperature coefficient? 

3-23 Describe the physical mechanism for avalanche breakdown. 
3-24 Describe the physical mechanism for Zener breakdown. 
3-25 Draw a circuit which uses a breakdown diode to regulate the voltage across 

a load. 
3-26 Sketch the volt-ampere characteristic of a tunnel diode. Indicate the 

negative-resistance portion. 
3-27 Draw the small-signal model of the tunnel diode operating in the negative- 

resistance region. Define each circuit element. 
3-28 (a) Draw the volt-ampere characteristics of a p-n photodiode. (b )  Does the 

current correspond to a forward- or reverse-biased diode? (c) Each curve is drawn for 
a different value of what physical parameter? 

3-29 (a) Write the equation for the volt-ampere characteristic of a photodiode. 
(b) Define each symbol in the equation. 

3-30 (a) Sketch the curve of photodiode current as a function of the position of a 
narrow light source from the junction. (b )  Explain the shape of the curve. 

3-31 (a) Define photovoltaic potential. (b) What is its order of magnitude? 
(c) Does it correspond to a forward or a reverse voltage? 

3-32 Explain how to obtain maximum power output from a photovoltaic cell. 
3-33 What is a light-emitting diode? 



I DIODE CIRCUITS 

The p-n junction diode is considered as a circuit element. The concept 
of "load line" is introduced. The piecewise linear diode model is 
exploited in the following applications: clippers (single-ended and 
double-ended), comparators, diode gates, and rectifiers. Half-wave, 
full-wave, bridge, and voltage-doubling rectification are considered. 
Capacitor filters are discussed. 

Throughout this chapter we shall assume that the input wave- 
forms vary slowly enough so that the diode switching times (Sec. 3-10) 
may be neglected. 

4- 1 THE DIODE AS A CIRCUIT ELEMENT 

The basic diode circuit, indicated in Fig. 4-1, consists of the device in 
series with a load resistance RL and an input-signal source vi. This cir- 
cuit is now analyzed to find the instantaneous current i and the 
instantaneous diode voltage v, when the instantaneous input voltage 
is vi. 

The Load Line From Kirchhoff's voltage law (KVL), 

where RL is the magnitude of the load resistance. This one equation 
is not sufficient to determine the two unknowns v and i in this expres- 
sion. However, a second relation between these two variables is given 
by the static characteristic of the diode (Fig. 3-7). I n  Fig. 4-2a is 
indicated the simultaneous solution of Eq. (4-1) and the diode char- 
acteristic. The straight line, which is represented by E y  (4-I), is 
called the toad line. The load line passes through the points i = 0, 
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Fig. 4-1 The basic diode circuit. The anode (the p 

1+ side) of the diode is marked A ,  and the cathode (the n 

s i d e  is labeled K. 
- - 

v = v,, and i = u,/RL, v = 0. That is, the intercept with the voltage axis is 
u,, and with the current axis is v,/RI,. The slope of this line is determined, 
therefore, by RL;  the negative value of the slope is equal to I/RL. The point 
of intersection A of the load line and the static curve gives the current i A  

that  will flow under these conditions. This construction determines the cur- 
rent in the circuit when the instantaneous input potential is u,. 

A slight complication may arise in drawing the load line because i = v,/Rr, 
is too large to appear on the printed volt-ampere curve supplied by the manu- 
facturer. Under such circumstance choose an arbitrary value of current I' 
which is on the vertical axis of the printed characteristic. Then the load line 
is drawn through the point P (Fig. 4-2a), where i = It, v = v, - I 'RL, and 
through a second point i = 0, v = v,. 

The Dynamic Characteristic Consider now that  the input voltage is 
allowed to vary. Then the above procedure must be repeated for each volt- 
age value. A plot of current vs. input voltage, called the dynamic charac- 
teristic, may be obtained as follows: The current iA is plotted vertically above 
vi a t  point B in Fig. 4-2b. As vi changes, the slope of the load line does not 

curve 

Fig. 4-2 (a) The intersection A of the load line with the diode static characteristic 

gives the current iA corresponding to an instantaneous input voltage vi. (b) The 

method of constructing the dynamic curve from the static curve and the load line. 
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Fig. 4-3 The method of obtaining the output-voltage wave- 

form from the transfer characteristic for a given input-signal- 

voltage waveform. 

vary since RL is fixed. Thus, when the applied potential has the value v:, the 
corresponding current is i ~ t .  This current is plotted vertically above vi a t  B'. 
The resulting curve OBB' that is generated as vi varies is the dynamic 
characteristic. 

The Transfer Characteristic The curve which relates the output voltage 
v, to the input vi of any circuit is called the transfer, or transmission, character- 
istic, Since in Fig. 4-1 v, = iRL, then for this particular circuit the transfer 
curve has the same shape as the dynamic characteristic. 

It must be emphasized that, regardless of the shape of the static volt- 
ampere characteristic or the waveform of the input signal, the resultant output 
waveshape can always be found graphically (at low frequencies) from the 
transfer curve. This construction is illustrated in Fig. 4-3. The input-signal 
waveform (not necessarily triangular) is drawn with its time axis vertically 
downward, so that the voltage axis is horizontal. Suppose that the input 
voltage has the value v i ~  indicated by the point A a t  an instant t'. The corre- 
sponding output voltage is obtained by drawing a vertical line throughe A 
and noting the voltage v , ~  where this line intersects the transfer curve. This 
value of v, is then plotted (a) a t  an instant of time equal tot'. Similarly, points 
b,  c, d, . . . of the output waveform correspond to points B, C, D, . . . of the 
input-voltage waveform. Note that v, = 0 for vi < V,, so that the diode acts 
as a clipper and a portion of the input signal does not appear a t  the output. 
Also note the distortion (the deviation from linearity) introduced into the 
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Fig. 4-4 The output circuit of most devices 

R~ consist of a supply voltage V in series with a load 

resistance RL. 

output in the neighborhood of vi = V ,  because of the nonlinearity in the 
transfer curve in this region. 

4-2 THE LOAD-LINE CONCEPT 

We now show that the use of the load-line construction allows the graphical 
analysis of many circuits involving devices which are much more complicated 
than the p-n diode. The external circuit a t  the output of almost all devices 
consists of a dc (constant) supply voltage V in series with a load resistance 
R L ,  as indicated in Fig. 4-4. Since KVL applied to this output circuit yields 

we once again have a straight-line relationship between output current i and 
output (device) voltage v. The load line passes through the point i = 0, 
v = V and has a slope equal to - 1/RL independently of the device characteristics. 
A p-n junction diode or an avalanche diode possesses a single volt-ampere 
characteristic a t  a given temperature. However, most other devices must be 
described by a family of curves. For example, refer to Fig. 3-21, which gives 
the volt-ampere characteristics of a photodiode, where a separate curve is 
drawn, for each fixed value of light intensity. The load line superimposed 
upon these characteristics corresponds to a 40-V supply and a load resistance 
of 40/500 M = 50 K. Note that, from the intersection of the load line with 
the curve for an intensity L = 3,000 fc, we obtain a photodiode current of 
530 PA and a device voltage of 13.5 V. For L = 2,000 fc, i = 320 and 
v = 24.0 V, etc. 

The volt-ampere characteristics of a transistor (which is discussed in the 
following chapter) are similar to those in Fig. 3-21 for the photodiode. How- 
ever, the independent parameter, which is held constant for each curve, is the 
input transistor current instead of light intensity. The output circuit is iden- 
tical with that in Fig. 4-4, and the graphical analysis begins with the construc- 
tion of the load line. 

4-3 THE PIECEWISE LINEAR DIODE MODEL 

If the reverse resistance R, is included in the diode characteristic of Fig. 3-9, 
the piecewise linear and continuous volt-ampere characteristic of Fig. 4-5a is 
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Fig. 4-5 (a) The piece- 

wise linear volt-ampere 
1 

characteristic of a p-n 
diode. (b) The large- 

signal model in the ON, or 

forward, direction (anode 

A more positive than V, 
with respect to the cath- 

ode). (c) The model in % 
the OFF, or reverse, direc- 

tion ( v  < V,). 

obtained. The diode is a binary device, in the sense that it can exist in only 
one of two possible states; that is, the diode is either ON or OFF a t  a given time. 
If the voltage applied across the diode exceeds the cutin potential V, with the 
anode A (the p side) more positive than the cathode K (the n side), the diode 
is forward-biased and is said to be in the ON state. The large-signal model for 
the ON state is indicated in Fig. 4-5b as a battery V, in series with the low 
forward resistance Rf (of the order of a few tens of ohms or less). For a reverse 
bias (v < V,) the diode is said to be in its OFF state. The large-signal model 
for the OFF state is indicated in Fig. 4-5c as a large reverse resistance R, (of 
the order of several hundred kilohms or more). Usually R, is so much larger 
than any other resistance in the diode circuit that this reverse resistance may 
be considered to be infinite. We shall henceforth a,ssume that R, = a ,  
unless otherwise stated. 

A Simple Application Consider that in the basic diode circuit of Fig. 4-1 
the input is sinusoidal, so that vi = V, sin a, where a = wt ,  w = Zrf, and f is 
the frequency of the input excitation. Assume that the piecewise linear model 
of Fig. 4-5 (with R, = m) is valid. The current in the forward direction 
(vi > V,) may then be obtained from the equivalent circuit of Fig. 4-6a. 
We have 

for vi = V, sin a 2 V, and i = 0 for ui < V,. This waveform is plotted in 
Fig. 4-6b, where the cutin angle $I is given by 

If,  for example, V, = 2V,, then $I = 30". For silicon (germanium), 

V,. = 0.6 V (0.2 V), 
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Fig. 4-6 (a) The equivalent circuit of a diode D (in the ON state) in 

series with a load resistance R L  and a sinusoidal voltage v i .  (b) 
The input waveform vi and the rectified current i. 

and hence a cutin angle of 30" is obtained for very small peak sinusoidal 
voltages; 1.2 V (0.4 V) for Si (Ge). On the other hand, if V ,  2 10 V, then 
4 5 3.5" (1.2") fop Si (Ge) and the cutin angle may be neglected; the diode 
conducts essentially for a full half cycle. Such a rectifier is considered in more 
detail in Sec. 4-8. 

Incidentally, the circuit of Fig. 4-6 may be used to charge a battery from 
an ac supply line. The battery Vg is placed in series with the diode D, and 
Rt is adjusted to supply the desired dc (average) charging current. The 
instantaneous current is given by Eq. (4-3), with Ve added to V,. 

The Break Region The piecewise linear approximation given in Fig. 4-5a 
indicates an abrupt,discontinuity in slope a t  V,. Actually, the transition 
of the diode from the OFF condition to the ON state is not abrupt. Therefore 
the waveform transmitted through a clipper or a rectifier will not show an 
abrupt change of attenuation a t  a break point, but instead there will exist a 
break region, that is, a region over which the slope of the diode characteristic 
changes gradually from a very small to a very large, value. We shall now 
estimate the range of voltage of this break region. 

The break point is defined a t  the voltage V,, where the diode resistance 
changes discontinuously from the very large value R, to the very small value 
R,. Hence, let us arbitrarily define the break region as the voltage change 
over which the diode resistance is multiplied by some large factor, say 100. 
The incremental resistance r dV/dI = l / y  is, from Eq. (3-13), 

If  V1(V2) is the potential a t  which r = rl(rz), then 
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For rl/rz = 100, AV = V 2  - V1 = llVT In 100 = 0.12 V for Ge (11 = 1) and 
0.24 V for Si (11 = 2) a t  room temperature. Note that  the break region AV is 
only one- or two-tenths of a volt. If the input signal is large compared with 
this small range, then the piecewise linear volt-ampere approximation and 
models of Fig. 4-5 are valid. 

Analysis of Diode Circuits Using the Piecewise Linear Model Consider 
a circuit containing several diodes, resistors, supply voltages, and sources of 
excitation. A general method of analysis of such a circuit consists in assuming 
(guessing) the state of each diode. For the ON state, replace the diode by a 
battery V, in series with a forward resistance Rf, and for the OFF state replace 
the diode by the reverse resistance R, (which can usually be taken as infinite), 
as indicated in Fig. 4-5b and c. After the diodes have been replaced by these 
piecewise linear models, the entire circuit is linear and the currents and voltages 
everywhere can be calculated using Kirchhoff's voltage and current laws. 
The assumption that  a diode is ON can then be verified by observing the sign 
of the current through it. If the current is in the forward direction (from 
anode to cathode), the diode is indeed ON and the initial guess is justified. 
However, if the current is in the reverse direction (from cathode to anode), 
the assumption that  the diode is ON has been proved incorrect. Under this 
circumstance the analysis must begin again with the diode assumed to be OFF. 

Analogous to the above trial-and-error method, we test the assumption 
that  a diode is OFF by finding the voltage across it. If this voltage is either 
in the reverse direction or in the forward direction but with a voltage less 
than V,, the diode is indeed OFF. However, if the diode voltage is in the 
forward direction and exceeds V,, the diode must be ON and the original 
assumption is incorrect. I n  this case the analysis must begin again by assum- 
ing the ON state for this diode. 

The above method of analysis will be employed in the study of the diode 
circuits which follows. 

CLIPPING (LIMITING) CIRCUITS 

Clipping circuits are used to select for transmission that  part of an arbitrary 
waveform which lies above or below some reference level. Clipping circuits 
are also referred to as voltage (or current) limiters, amplitude selectors, or 
slicers. 

I n  the above sense, Fig. 4-1 is a clipping circuit, and input voltages 
below V, are not transmitted to the output, as is evident from the waveforms 
of Figs. 4-3 and 4-6. Some of the more commonly employed clipping circuits 
are now to be described. 

Consider the circuit of Fig. 4-7a. Using the piecewise linear model, the 
transfer characteristic of Fig. 4-7b is obtained, as may easily be verified. 
For example, if D is OFF, the diode voltage v < V, and vi < V, + VR. HOW- 
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Fig. 4-7 (a) A diode clipping circuit which transmits that part of the waveform 

more negative than VR + V,. (b) The piecewise linear transmission characteristic 

of the circuit. A sinusoidal input and the clipped output are shown. 

ever, if D is OFF, there is no current in R and u, = v,. This argument justifies 
the linear portion (with slope unity) of the transmission characteristic extending 
from arbitrary negative values to vi = V R  + V,. For u, larger than V R  + V7, 
the diode conducts, and i t  behaves as a battery V ,  in series with a resistance 
Rr, so that  increments Av~ in the input are attenuated and appear a t  the output 
as increments Avo = Av,Rf/(Rr + R). This verifies the linear portion of 
slope Rf/(Rr + R) for v, > V R  + V ,  in the transfer curve. Note tha t  the 
transmission characteristic is piecewise linear and continuous and has a break 
point a t  Vn + V,. 

Figure 4-7b shows a sinusoidal input signal of amplitude large enough 
so that  the signal makes excursions past the break point. The corresponding 
output exhibits a suppression of the positive peak of the signal. If Rf << R, 
this suppression will be very pronounced, and the positive excursion of the 
output will be sharply limited a t  the voltage V R  + V,. The output will 
appear as though the positive peak had been "clipped off" or "sliced off." 



Often i t  turns out that  VR >> V,, in which case one may consider tha t  VR 
itself is the limiting reference voltage. 

I n  Fig. 4-8a the clipping circuit has been modified in that  the diode in 
Fig. 4-7a has been reversed. The corresponding piecewise linear representa- 
tion of the transfer characteristic is shown in Fig. 4-8b. I n  this circuit, the 
portion of the waveform more positive than VR - V, is transmitted without 
attenuation, but the less positive portion is greatly suppressed. 

I n  Figs. 4-7b and 4-8b we have assumed R, arbitrarily large in comparison 
with R. If this condition does not apply, the transmission characteristics 
must be modified. The portions of these curves which are indicated as having 
unity slope must instead be considered to have a slope R,/(R, + R). 

I n  a transmission region of a diode clipping circuit we require that  R, >> R, 
for example, tha t  R, = kR, where k is a large number. I n  the attenuation 
region, we require that  R >> Rf, for example, that  R = kRf. From these two 
equations we deduce that  R = ~ R , R ,  and that  k = dR,/Rf. On this 

Fig. 4-8 (a) A diode clipping circuit which transmits that part of the wave- 

form more positive than V R  - V,. (b) The piecewise linear transmission 
characteristic of the circuit. A sinusoidal input and the clipped output are 
shown. 



96 / INTEGRATED ELECTRONICS Sec. 4-4 

Fig. 4-9 Four diode clipping circuits. In (a) and (c) the diode appears as a 

shunt element. In (b) and (d) the diode appears as a series element. Under each 

circuit appears the output waveform (solid) for a sinusoidal input. The clipped 

portion of the input is shown dashed. 

basis we concludt: tll:it it  is reasonablb to select R :IS tllc geomctric:il mean of 
R, and Rr. And we note that  the ratio IZ,/Rf m:Ly tvcll sclrvc :is a figure of 
merit for diodes used in the present application. 

Additional Clipping Circuits 1:igures 4-7 and 4-S appear again in I;ig. 4-9, 
together with variations in which the diodes Lippear as scrics clcnwnts. If in 
each case a sirlusoid is applied a t  the input, the ivnvcforms :it the output will 
appear as sllowrl by the heavy lines. In these output n-avtlforms \vc 1i:tvc 
neglected V ,  in comparison tvith V R  and ~ v e  have assumed that, tllc break region 
is negligible in comparison with the amplitude of the wavcforms. We havc 
also ;issumcd tha t  R, >> R >> Rf. I n  two of tllcsrb circuits tlic portion of the 
waveform tritnsmittecl is that  part wllich lies below I T I t ;  in t l i ~  other t\vo tllti 
portion above V R  is transmitted. In two the cliodt. :tppcnrs 3s nn clement 
in series wit11 the signal lead; in two it appc:rrs 3s :t s l ~ u n t  clt~rnt~nt. The use 
of the diodc :is :L scrics clemc.nt has thc dis:idv:lrlt:~gci tll:tt when t l ~ c  diodc is 
OFF and it is i n t ~ ~ i d d  t1i:tt there be no transmission, fast s igrds  or higli- 
frequency tv:iveforms m:~y be tr:tnsmitted t,o the output througli tllc diodc 
capacitance. The use of the diode :ts :i sliun t clcnlcnt 1i:is t l l ~  disac1v:intngc~ 
that  when the diode is open (back-bi:isccl) :tnd it is intc.ndcti that  tllcre bc 
transmission, the diodc c:tp:tcitanc~~, together ~vi th  all otllcr c:tpscit:incc in 
shunt with the output terminals, will round sharp edges of input w:tvcforrns 
and attenuate high-frequency signals. A s r ~ o n d  disadvantage of the use 
of the diode as a shunt element is that  in such circuits tlio impedance It ,  of the 
source wllicl~ supplies T T R  must bc kept lo\\-. This rcquirt~rnt~nt does not :trisc> 
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in circuits where V R  is in series with R,  which is normally large compared with 
R,. 

4-5 CLIPPING AT TWO INDEPENDENT LEVELS 

Diode clippers may be used in pairs to perform double-ended limiting a t  
independent levels. A parallel, a series, or a series-parallel arrangement may 
be used. A parallel arrangement is shown in Fig. 4-10a. Figure 4-lob shows 
the piecewise linear and continuous input-output voltage curve for the circuit 
in Fig. 4-10a. The transfer curve has two break points, one a t  vo = tji = V R ~  
and a second a t  v, = vi = VR2, arid has the following characteristics (assuming 
VR2 > V R  >> V y  and Rf << R): 

Input tji Output V, Diode states 

vi L VR1 V, = VRl D l  O N ,  0 2  O F F  

V R I  < vi < V R ~  v0 = vi D l  O F F ,  0 2  O F F  

Vi 2 V R ~  V, = V R ~  D l  OFF,  0 2  O N  

Fig. 4-10 (a) A double-diode clipper which limits at two independent levels. 

(b) The piecewise linear transfer curve for the circuit in (a). The doubly clipped 
output for a sinusoidal input is shown. 
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Fig. 4-1 1 (a) A double-ended clipper using avalanche diodes; 

(b) the transfer characteristic. 

The circuit of Fig. 4-10a is referred to as a slicer because the output contains 
a slice of the input between the two reference levels VRl and V R z .  

The circuit is used as a means of converting a sinusoidal waveform into a 
square wave. I n  this application, to generate a symmetrical square wave, 
V R ~  and V n z  are adjusted to be numerically equal but of opposite sign. The 
transfer characteristic passes through the origin under these conditions, and 
the waveform is clipped symmetrically top and bottom. If the amplitude 
of the sinusoidal waveform is very large in comparison with the difference 
in the reference levels, the output waveform will have been squared. 

Two avalanche diodes in series opposing, as indicated in E'ig. 4- l la ,  
constitute another form of double-ended clipper. If the diodes have identical 
characteristics, a symmetrical limiter is obtained. If the breakdown (Zener) 
voltage is ITZ and if the diode cutin voltage is V,, then the transfer character- 
istic of Fig. 4-1 lb  is obtained. 

Catching or Clamping Diodes Consider that vi and R in Fig. 4-10a 
represent Th4venin's equivalent circuit a t  the output of a device, such as an  
amplifier. In  other words, R is the output resistance and v, is the open-circuit 
output signal. 
The reason for 

I n  such a situation D l  and D2 are called catching diodes. 
this terminology should be c1e:tr from Fig. 4-12, where we see 

Fig. 4-12 Catching diodes Dl and D2 limit the out- 

I, put excursion of the device between VRl and V R ~ .  
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that  D l  "catches" the output vo and does not allow it to fall below VR1, whereas 
0 2  "catches" v, and does not permit i t  to rise above vR2. 

Generally, whenever a node becomes connected through a low resistance 
(as through a conducting diode) to some reference voltage VR, we say that  
the node has been clamped to VR, since the voltage a t  that  point in the circuit 
is unable to depart appreciably from VR. I n  this sense the diodes in Fig. 4-12 
are called clamping diodes. 

A circuit for clamping the extremity of a periodic waveform to a reference 
voltage is considered in Sec. 4-11. 

COMPARATORS 

The nonlinear circuits which we have used to perfornl the operation of clipping 
may also be used to perform the operation of comparison. I n  this case the 
circuits become elements of a conzparator system and are usu:tlly referred to 
simply as comparators. A comparator circuit is one which m:q be used to 
mark the instant when an arbitrary waveform attains some reference level. 
The distinction between comparator circuits and the clipping circuits con- 
sidered earlier is tha t  in a comparator there is no interest in reproducing any 
part of the signal waveform. E'or example, the comparator output may consist 
of an  abrupt departure from some quiescent level which occurs a t  the time the 
signal attains the reference level but is otherwise independent of the signal. 
Or the comparator output may be a sharp pulse which occurs when signal and 
reference are equal. 

The diode circuit of Fig. 4-13a which we encountered earlier as a clipping 
circuit is used here in a comparator operation. k'or the sake of illustration 
the input signal is taken as a ramp. This input crosses the voltage level 
v, = VR + Vy a t  time t = 11. The output remains quiescent a t  v, - VR until 
t = tl, after which i t  rises with the input signal. 

The device to which the comparator output is applied will respond when 
the comparator voltage has risen to some level V ,  above VR. However, the 
precise voltage a t  which this device responds is subject to some variability 
Avo because of gradual changes which result from aging of con~ponents, temper- 
ature changes, etc. As a consequence (as shown in Fig. 4-136) there will be a 
variability At in the precise moment a t  which this device responds and an 
uncertainty Av, in the input voltage corresponding to At. I:urthermore, if 
the device responds in the range Avo, the device will respond not a t  t = 11,  
but a t  some later time t2 .  The situation may be improved by increasing the 
slope of the rising portion of the output lvaveform P,. If the diode were 
indeed ideal, it would be advantageous to follow the comparator of Fig. 4-13a 
by an amplifier. However, because of the exponential cllurncteristic of a 
physical diode, such an anticipated advant:tge is not realized.' 

Although an amplifier which follows a diode-resistor comparator does not 
improve the sharpness of the comparator break, :In amplifier preceding the 
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Fig. 4-13 (a) A diode comparator; (b) the comparison operation is 

illustrated with a ramp input signal vi,  and the corresponding output 

waveform is indicated. 

comparator will do so. Thus, suppose that  the input signal to a diode com- 
parator must go through a range Avi to carry the comparator through its 
uncertainty region. Then, if the amplifier has a gain A ,  the input signal need 
only go through the range AVi/*4 to carry the comparator output t.hrough the 
same voltage range. The amplifier must be direct-coupled and must be 
extremely stable against drift due to aging of components, temperature change, 
etc. Such an amplifier is the difference or operational amplifier discussed 
in Sec. 15-2. Comparators are treated in detail in Sec. 16-11. 

SAMPLING GATE 

An ideal sampling gate is a transnksion circuit in which the output is an 
exact reproduction of an  input \vaveform during :L selected time interval and 
is zero otherwise. The time interv:il for tr:msn~ission is selected by an  exter- 
nally impressed signal, called the corltml, or gati,,g, si~j,laE, and is usually rec- 
tangular in shape. These s:tmpling gates :Ire also referred to :LS trarls~,lissio,~ 
gates, or time-selectio,, circuits. 

A four-diode sampling gate is irldicated in l'ig. 4-14a. This circuit has 
the topology of a bridge with the extc~rnal signal v, applied a t  node P I ,  the 
output v, talien across the load RI, a t  node I)?, :m(l symn~c.tricnl control vo1t:tges 
+v, and -v, applied to nodes Pg :tnd P4 through the control r c k t o r s  I-?,. 
The rectangularly shaped v,, the. sirlusoiti:~l v, (it could be of arbitrary kvave- 
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shape), and the sampled output v, are dr:tw11 in Fig. 4-14b. Note that  the 
period of v, need not be the same as that of us, although in most practical sys- 
tems the period of v, would equal or be :in integral multiple of that of v,. 

If we assume ideal diodes with V, = 0, Rf = 0, R, = m,  the operation 
of the circuit is easily understood. During the timo interval T,, when o, = V,, 
all four diodes conduct and the voltage across each is zero. Hcncc nodes PI 
and PC are a t  the same poteriti:tl and v, = v,. The output is therefore nn 
exact replica of the input during the selection time T,. During the time T,, 
when u, = -V,, all four diodes are nonconducting and the current in RL is 
zero, so that  v, = 0. 

We must now justify the statements made in the preceding p:tragraph 
that  during T, all diodes conduct and during T,, a11 diodes are noncorlducting. 
Consider the situation when v, = - V,, -v, = + V,, and v, = V, = the 
(positive) peak signal voltagc. Let us assume that  all diodes are reverse- 
biased, so that  v, = 0, and then justify this assumption (Sec. 4-3). From 
Fig. 4-14a we see that  D l  and 0 2  are e:tch reverse-biased by V,, ttmt 0 3  is 
reverse-biased by V, + V,, 3 r d  that  the voltage across 0 4  (in the forward 
direction) is V, - V,. Hence diodes D l ,  0 2 ,  :tnd 0 3  are OFF for any value 
of V ,  or V, and 0 4  is OFF provided that  V ,  2 V,, or the minimum value of 
V, is given by 

I n  other words, there is a restriction on the coiltrol-gate amplitude during the 
nonconducting interval T,; the minimum value of V, just equals the peak 

Fig. 4-14 (a) A four-diode-bridge sampling gate. (b) The control v, ,  the signal 

v,, and the output v, waveforms. 
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Fig. 4-15 The diodes in Fig. 4-14 are replaced by short circuits. (a) The currents 

due to V,; (b) the currents due to V,. 

signal voltage V, if we require that  all four diodes be nonconducting during 
this interval. 

Consider now the situation during Tc, when v, = + V,, -v, = - V,, and 
v6 = V,. We now assume that  all four diodes are ON and then determine the 
restriction required upon V, so that  each diode current is indeed in the forward 
direction. The current in each diode consists of two components, one due to 
Ve (as indicated in Fig. 14-15a) and the other due to V, (as indicated in Fig. 
14-15b). The current due to V ,  is Vc/2Rc and is in the forward direction in 
each diode, but the current due to V ,  is in the reverse direction in 0 3  (between 
Pa and PI )  and in 0 2  (between P2 and P4). The larger reverse current is in 
D3 and equals V8/Rc + V,/2RL, and hence this quantity must be less than 
Vc/2Rc. The minimum value of V, is therefore given by 

Balance Conditions Assume that  v, = 0 but tha t  the four diodes are not 
identical in the parameters V, and Rf (which are now no longer taken to be 
zero). Then the bridge will not be balanced and node P 2  is not a t  the same 
potential (ground) as P I .  Under these circumstances a portion of the rec- 
tangular control waveform appears a t  the output. I n  other words, during 
T, the output is v, = VL, instead of zero. If now the restriction v, = 0 is 
removed, the sampled portion of the output v, in Fig. 4-14b will be raised with 
respect to ground by the voltage VL, and v, is said to be "sitting upon a ped- 
estal." Fortunately, all four diodes can be fabricated simultaneously on a 
tiny chip of silicon by integrated-circuit techniques (Chap. 7), and this ensures 
matched diodes, so that  the pedestal is minimized. It must be emphasized 
that  even with identical diodes a pedestal will exist in the output if the two 
control waveforms are not balanced (one control signal must be the negative of 
the other). Other sampling circuits which minimize control-signal imbalance 
are p ~ s s i b l e . ~  
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4-8 RECTl Fl ERS 

Almost all electronic circuits require a dc source of power. For portable low- 
power systems batteries may be used. More frequently, however, electronic 
equipment is energized by a power supply, a piece of equipment which converts 
the alternating waveform from the power lines into an essentially direct voltage. 
The study of ac-to-dc conversion is initiated in this section. 

A Half-wave Rectifier A device, such as the semiconductor diode, which 
is capable of converting a sinusoidal input waveform (whose average value is 
zero) into a unidirectional (though not constant) waveform, with a nonzero 
average component, is called a rectijier. The basic circuit for half-wave rectifi- 
cation is shown in Fig. 4-16. Since in a rectifier circuit the input v, = Vm sin wt 
has a peak value Vm which is very large compared with the cutin voltage V ,  
of the diode, we assume in the following discussion that  V ,  = 0. (The con- 
dition V ,  # 0 is treated in Sec. 4-3, and the current waveform is shown in 
Fig. 4-6b.) With the diode idealized to be a resistance Rf in the ON state and 
an  open circuit in the OFF state, the current i in the diode or load RL is given 
by 

where a = wt and 

The transformer secondary voltage vi is shown in Fig. 4-16b, and the rectified 

Fig. 4-16 (a) Basic circuit of half-wave rectifier. (b) Transformer sinusoidal 

secondary voltage v i .  (c) Diode and load current i. 



104 / INTEGRATED EL ECTRONlCS Sec. 4-8 

current in Fig. 4-16c. Note that  the output current is unidirectional. We 
now calculate this nonzero value of the average current. 

A dc ammeter i s  constructed so that the needle tleflectio?~ indicates the average 
value of the current passing through it .  By definition, the average value of a 
periodic function is given by the area of one cycle of tlie curve divided by the 
base. Expressed mathematically, 

For the half-wave circuit under consideration, i t  follows from Eqs. (4-9) that  

1 Im 
Idc = - In sin a d a  = - 

2w 0 7r 

Note that  the upper limit of the integral has been changed from 27r to R since 
the instantaneous current in the interval from R to 2~ is zero and so con- 
tributes nothing to the integral. 

The Diode Voltage The dc output voltage is clearly given as 

However, the reading of a dc voltmeter placed across the diode is not given 
by IdcRf because the diode cannot be modeled as a constant resistance, but 
rather it has two values: Rf  in the ON state and a in the OFF state. 

A dc voltmeter reads the average value of the voltage across i ts  termirlals. 
Hence, to obtain VAC across the diode, the instant:meous voltage must be 
plotted as in Fig. 4-17 and the average value obtained by integration. Thus 

1 v:, = 2;; (la ImRf sin a d a  + L2' Vm sin a da)  

where use has been made of Eq. (4-10). Hence 

Fig. 4-17 

Fig. 4-16. 

The voltage across the diode in 
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This result is negative, which means that if the voltmeter is to read upscale, 
its positive terminal must be connected to the cathode of the diode. From 
Eq. (4-13) the dc diode voltage is seen to be equal to the negative of the dc 
voltage across the load resistor. This result is evidently correct because the 
sum of the dc voltages around the complete circuit must add up to zero. 

The AC Current (Voltage) A root-mean-square ammeter (voltmeter) is 
constructed so that the needle deflection indicates the eflective, or rms, current 
(voltage). Such a "square-law" instrument may be of the thermocouple type. 
By definition, the effective or rms value squared of a periodic function of time 
is given by the area of one cycle of the curve, which represents the square of 
the function, divided by the base. Expressed mathematically, 

By use of Eqs. (4-9), it follows that 

Applying Eq. (4-15) to the sinusoidal input voltage, we obtain 

Most ac meters are of the rectifier type discussed in Sec. 4-9, instead of being 
true rms reading instruments. 

i 

Regulation The variation of dc output voltage as a function of dc 
current is called regulation. The percentage regulation is defined as 

V n o  load - Q/, regulation = 
v l o a d  

V1Oad X 100% 

where no load refers to zero current and load indicates the normal load current. 
For an ideal power supply the output voltage is independent of the load (the 
output current) and the percentage regulation is zero. 

The variation of Vdc  .with Idc for the half-wave rectifier is obtained as 
follows: From Eqs. (4-12) and (4-lo), 

Solving Eq. (4-19) for Vdc = IdcRL, we obtain 

This result is consistent with the circuit model given in Fig. 4-18 for the 
dc voltage and current. Note that the rectifier circuit functions as if it were 
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Fig. 4-18 The Th6venin1s model which 

gives the dc voltage and current for a 

power supply. For the half-wave circuit 

of Fig. 4-16, V = VJn- and R, = Rf .  
For the full-wave circuit of Fig. 4-19, 
V = 2VJn- and R, = R,. For the full- 

wave rectifier with a capacitor filter (Sec. 

4-10), V ,  = V ,  and Ro = 1/4fC. 

a constant (open-circuit) voltage source V = V m / r  in series with an effective 
internal resistance (the output resistance) R, = R f .  This model shows that 
Vdc equals V,,,/R a t  no load and that the dc voltage decreases linearly with an 
increase in dc output current. In practice, bhe resistance R, of the transformer 
secondary is in series with the diode, and in Eq. (4-20) R, should be added to 
R,. The best method of edimating the diode resistance is to obtain a regula- 
tion plot of Vdc versus I d c  in the laboratory. The negative slope of the result- 
ing straight line gives Rf + R,. 

ThBvenin's Theorem This theorem states that any two-terminal linear 
network may be replaced by a generator equal to the open-circuit voltage between 
the terminals in series with the output impedance seen at this port. Clearly, 
Fig. 4-18 represents a Th6venin's model, and hence a rectifier behaves as a 
linear circuit with respect to average current and voltage. 

A Full-wave Rectifier The circuit of a full-wave rectifier is shown in 
Fig. 4-19a. This circuit is seen to comprise two half-wave circuits so con- 
nected that conduction takes place through one diode during one half of the 
power cycle and through the other diode during the second half of the cycle. 

The current to the load, which is the sum of these two currents, has the 
form shown in Fig. 4-19b. The dc and rms values of the load current and 
voltage in such a system are readily found to be 

where I, is given by Eq. (4-10) and V ,  is the peak transformer secondary volt- 
age from one end to the center tap. Note by comparing Eq. (4-21) with 
Eq. (4-13) that the dc output voltage for the full-wave connection is twice 
that for the half.-wave circuit. 

From Eqs. (4-10) and (4-21) we find that the dc output voltage varies 
with current in the following manner: 
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Fig. 4-19 (a) A full-wave rectifier circuit. (b) The individual diode currents and 

the load current i. The output voltage is v, = iRL. 

This expression leads to Thkvenin's dc model of Fig. 4-18, except that  the 
internal (open-circuit) supply is V = 2VJr instead of V,/r. 

Peak Inverse Voltage For each rectifier circuit there is a maximum 
voltage to which the diode can be subjected. This potential is called the peak 
inverse voltage because i t  occurs during that  part of the cycle when the diode 
is nonconducting. From Fig. 4-16 it is clear that ,  for the half-wave rectifier, 
the peak inverse voltage is V,. We now show that ,  for a full-wave circuit, 
twice this value is obtained. At the instant of time ~vhen the transformer 
secondary voltage to midpoint is a t  its peak value V,, diode D l  is conducting 
and 0 2  is nonconducting. If we apply KVL around the outside loop and 
neglect the small voltage drop across D l ,  we obtain 2V, for the peak inverse 
voltage across 0 2 .  Note that  this result is obtained without reference to 
the nature of the load, which can be a pure resistance RL or a combination 
of R L  and some reactive elements which may be introduced to "filter" the 
ripple. we conclude that, i n  a full-wave circuit ,  independent ly  of t h e j l t e r  used ,  
the peak inverse voltage across each diode i s  twice the m a x i m u m  t ra t l s f omer  
voltaye measured from midpo in t  to either etld. 

4-9 OTHER FULL-WAVE CIRCUITS 

A variety of other rectifier circuits find extensive use. Among these are the 
bridge circuit, several voltage-doubling circuits, :md :L number of voltage- 

/ 
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- 
Fig. 4-20 Full-wave bridge circuit. 

multiplying circuits. The bridge circuit finds application not only for power 
circuits, but also as a rectifying system in rectifier ac meters for use over u 
fairly wide range of frequencies. 

The Bridge Rectifier The essentials of the bridge circuit are shown in  
Fig. 4-20. To understand the action of this circuit, it  is necessary only to 
note that  two diodes conduct simultaneously. &'or example, during the por- 
tion of the cycle when the transformer polarity is that  indicated in Fig. 4-20, 
diodes 1 and 3 are conducting, and current passes from the positive to the 
negative end of the load. The conduction path is shown in the figure. During 
the next half cycle, the transformer voltage reverses its polarity, and diodes 
2 and 4 send current through the load in the same direction as during the 
previous half cycle. 

The principal features of the bridge circuit are the following: The cur- 
rents drawn in both the primary and the secondary of the supply transformer 
are sinusoidal, and therefore a smaller transformer may be used than for the 
full-wave circuit of the same output; a transformer without a center tap  is 
used; and each diode has only transformer voltage across i t  on the inverse 
cycle. The bridge circuit is thus suitable for high-voltage applications. 

The Rectifier Meter This instrument, illustrated in Kg.  4-21, is essen- 
tially a bridge-rectifier system, except that  no transfornwr is required. Instead, 
the voltage to be measured is applied through a multiplier resistor R tto two 
corners of the bridge, a dc milliammeter being used as an  indicating instrument 
across the other two corners. Since the dc milliammeter reads average values 
of current, the meter scale is calibrated to give rms valum ~vhen :t sinusoidal 
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Fig. 4-21 The rectifier voltmeter. 

voltage is applied to the input terminals. As a result, this instrument will not 
read correctly when used with waveforms which contain appreciable harmonics. 

Voltage Multipliers A common voltage-doubling circuit which delivers 
a dc voltage approximately equal to twice the transformer maximum voltage 
a t  no load is shown in Fig. 4-22. This circuit is operated by alternately 
charging each of the two capacitors to the transformer peak voltage V,, 
current being contirlually drained from the capacitors through the load. The 
capacitors also act to smooth out the ripple in the output. 

This circuit is characterized by poor regulation unless very large capacitors 
are used. The inverse voltage across the diodes during the nonconducting 
cycle is twice the transformer peak voltage. The action of this circuit will 
be better understood after the capacitor filter is studied, in the following 
section. 

4-10 CAPACITOR FILTERS 

Filtering is frequently effected by shunting the load with a capacitor. The 
action of this system depends upon the fact tha t  the capacitor stores energy 
during the conductior; period and delivers this energy to the load during the 
inverse, or nonconducting, period. I n  this way, the time during which the 
current passes through the load is prolonged, and the ripple is considerably 
decreased. The ripple voltage is defined as the deviation of the load voltage 
from its average or dc value. 

Fig. 4-22 The bridge voltage-dou- 

bling circuit. This is the single-phase 

full-wave bridge circuit of Fig. 4-19 

with two capacitors replacing two 

diodes. 
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Consider the half-wave capacitive rectifier of I:ig. 4-23. Suppose, first, 
that  the load resistance RL = m.  The capacitor \vill charge to the potential 
V,, the transformer maximum value. l'urther, the capacitor will maintain 
this potential, for no path exists by which this charge is permitted to leak 
off, since the diode will not pass a negative current. The diode resistance is 
infinite in the inverse direction, and no charge can flow during this portion of 
the cycle. Consequently, the filtering action is perfect, and the capacitor 
voltage v, remains constant a t  its peak value, as is seen in Fig. 4-24. 

The voltage v, across the capacitor is, of course, the same as the voltage 
across the load resistor, since the two elements are in parallel. The diode 
voltage v is given by 

We see from Fig. 4-24 that  the diode voltage is always negative and that  
the peak inverse voltage is twice the transformer m:tximum. Hence the 
presence of the capacitor causes the peak inverse voltage to incre:ise from a 
value equal to the transformer maximum when no capacitor filter is used to 
a value equal to twice the transformer maximum value when the filter is used. 

Suppose, now, that  the load resistor RL is finite. Without the capacitor 
input filter, the load current and the load voltage during the conduction period 
will be sinusoidul functions of time. The inclusion of a capacitor in the 
circuit results in the capacitor charging in step with the applied voltage. Also, 
the capacitor must discharge through the load resistor, since the diode will pre- 
vent a current in the negative direction. Clearly, the diode acts as a switch 
which permits charge to flow into the capacitor when the trmsformer voltage 
exceeds the capacitor voltage, and then acts to discormcct the power source 
when the transformer voltage falls belols. that  of the capacitor. 

U" 
Y- -- Fig. 4-24 Voltages in a half-wave 

capacitor-filtered rectifier at  no 

Zero axis load. The output voltage vo is a 

constant, indicating perfect filtering. 

The diode voltage v is negative for 

all values of time, and the peak in- iw verse voltage is 2V,. 
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The analysis now proceeds in two steps. First, the conditions during 
corduction are considered, and then the situation when the diode is non- 
conducting is investigated. 

Diode Conducting If the diode drop is neglected, the transformer volt- 
age is impressed directly across the load. Hence the output voltage is 
v, = V m  sin wt. The question immediately arises: Over wliat interval of 
time is this equation applicable? In  other words, over what portion of each 
cycle does the diode remain conducting? The point a t  which the diode starts 
to conduct is called the cutin poi~rt, arid that  a t  ~vhich i t  stops conducting is 
called the cutout point. The cutout time tl and the cutin time t z  :ire indicated 
in Fig. 4-25, where we observe that  the output waveform consists of portions 
of sinusoids (when the diode is O N )  joined to exponeritial segments (when the 
diode is O F F ) .  

We now calculate the cutout angle by finding the expression for the 
diode current i and then noting when i = 0. When the diode conducts, 
v, = V ,  sin wt and i is the sum of the load resistor current iL and the capacitor 
current ic. Hence 

. v dv = a + c - - " = -  
RL 

Vm sin at + ~ C V ,  cos wt 
dt RL 

This current is of the form i = I, sin (wt + #), where 

The cutout time tl is found by setting i = 0 a t  t = tl, 

for the cutout angle wtl in the first cycle. The diode 
Fig. 4-25. 

which leads to 

(4-26) 

current is indicated in 

Equation (4-25) shows that  the use of a large capacitance to improve the 
filtering a t  a given load RL is accompanied by a high-peak diode current I,. 
For a specified average load current, i becomes more peaked and the conduc- 

Fig. 4-25 Theoretical sketch of 

diode current i and output voltage 

o, in a half-wave capacitor-filtered 

rectifier. 
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tion period decreases as C is made larger. I t  is to be emphasized that  the 
use of a capacitor filter may impose serious rest,rictions on the diode, sincc 
the average current may be well withi11 the current rating of the diode, and 
yet the peak current may be excessive. 

Diode Nonconducting In  the interval between the cutout time t l  arid 
the cutin time t z ,  the diode is effectively out of tlie circuit, :1nd the cap:tcitor 
discharges through the load resistor with zt time constant CR,. Thus the 
capacitor voltage (equal to the load voltage) is 

To determine the value of the constant '4, note from Fig. 4-25 tllat a t  the 
cutout time t = t l ,  v, = v, = V ,  sin d l .  Equation (4-27) thus attains the 
form 

v0 = ( V m  sin w ~ ~ ) E - ( ~ - ~ : ) / C ~ L  (4-28) 

Since t l  is known from Eq. (4-26), v, can be plotted as a function of time. 
This exponential curve is indicated in Fig. 4-25, and where it intersects the 
curve V ,  sin w t  (in the following cycle) is the cutin point 1.. The validity 
of this statement follows from the fact that  a t  an  instant of timc grcatcr t1i:tn t2 ,  
the transformer voltage v, (the sine curve) is greater tllan the c:tpncitor voltage 
v, (the exponential curve). Since the diode vo1t:igt: is v = v, - u,, then v will 
be positive beyond t 2  and the diodcl will become conducting. Thus t z  is the 
cutin point. No analytic expression can be given for t z ;  it must be found 
graphically by the method outlined above. 

Full-wave Circuit Consider a full-wave rectifier with a capacitor filter 
obtained by placing a capacitor C across Rr. in E'ig. 4-19. The analysis of this 
circuit requires a simple extension of that  just made for the half-wave circuit. 
If in Fig. 4-25 a dashed half-sinusoid is added between a and ?a, the result is 
the dashed full-wave voltage in Icig. 4-26. The cutin point now lies between 
a and 2n, where the exponential portion of v, intersects this sinusoid. The 
cutout point is the same as that found for the half-wave rectifier. 

Fig. 4-26 The approximate load-voltage waveform v ,  in a full- 

wave capacitor-filtered rectifier. 
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Approximate Analysis It is possible to obtain the dc output voltage for 
given values of the parameters w, RL, C, and V ,  from the graphical construc- 
tion indicated in Fig. 4-25. Such an  analysis is involved and tedious. Hence 
we now present an approximate solution which is simple and yet sufficiently 
accurate for most engineering applications. 

We assume that  the output-voltage waveform of a full-wave circuit with a 
capacitor filter may be represented by the approximately piecewise linear 
curve shown in Fig. 4-26. For large values of C (so that  wCRL >> 1) we note 
from Eqs. (4-25) and (4-26) that  d l - +  n/2 and v, -, V ,  a t  t = tl. Also, 
with C very large, the exponential decay in Eq. (4-28) can be replaced by a 
linear fall. If the total capacitor discharge voltage (the ripple voltage) is 
denoted by V,, then from Fig. 4-26, the average value of the voltage is 
approximately 

I t  is necessary, however, to express V ,  as a function of the load current 
and the capacitance. If Tp represents the total nonconducting -time, the 
capacitor, when discharging a t  the constant rate Idc, will lose an  amount of 
charge IdcT2. Hence the change in capacitor voltage is IdcT2/C, or 

The better the filtering action, the smaller will be the conduction time T1 and 
the closer T2 will approach the time of half a cycle. Hence we assume that  
T2 = T/2 = 1/2f, where f is the fundamental power-line frequency. Then 

and from Eq. (4-29), 

This result is consistent with Th&~enin's model of Fig. 4-18, with the open- 
circuit voltage V  = V ,  and the effective output resistance R, = 1/4fC. 

The ripple is seen to vary directly ~vith the load current Idc and also 
inversely with the capacitance. Hence, to keep the ripple low and to ensure 
good regulation, very large capacitances (of the order of tens of microfarads) 
must be used. The most common type of capacitor for this rectifier applica- 
tion is the electrolytic capacitor. These capacitors are polarized, and care 
must be taken to insert them into the circuit with the terminal marlied + to 
the positive side of the output. 

The desirable features of rectifiers employing capacitor input filters are 
the small ripple and the high voltage : ~ t  light 1o:td. The no-load voltage is 
equal, theoretically, to the maximum transformer voltage. The distdv:xntnges 
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of this system are the relatively poor regulation, the high ripple a t  large loads, 
and the peaked currents that  the diodes must pass. 

An approximate analysis similar to that  given above applied to the half- 
wave circuit shows that  the ripple, and also the drop from no load to a given 
load, are double the v:tlues calculated for the full-wave rectifier. 

4-1 1 ADDITIONAL" DIODE CIRCUITS 

Many applications depend upon the semiconductor diode besides those already 
considered in thislchapter. We mention four others below. 

Peak Detector The half-wave capacitor-filtered rectifier circuit of Fig. 
4-23 may be used to measure the peak value of an  input waveform. Thus, 
for RL = m, the capacitor charges to the rnaximum value V,,, of v,, the 
diode becomes nonconducting, and v, remains a t  V,,, (assuming an ideal 
capacitor with no leakage resistance shunting C). Refer to Fig. 4-24, where 
V,,, = V ,  = the peak value of the input sinusoid. Improved peak detector 
circuits are given in Sec. 16-13. 

In  an  AA4 radio the amplitude of the high-frequency wave (called the 
carrier) is varied in accordance with the audio inforn~ation to be transmitted. 
This process is called amplitude moclulation, and such an  Ah1 waveform is 
illustrated in Fig. 4-27. The audio information is contained in the envelope 
(the locus, shown dashed, of the peak values) of the modn!~tcd waveform. 
The process of extracting the audio signal is called detection, or rle~notlulation. 
If the input to Fig. 4-23 is the AM waveform shown in Fig. 4-27, the output 
v, is the heavy-weight curve, provided that  the time corlstant RLC is chosen 
properly; that  is, RLC must be small enough so that ,  when the envelope decreases 
in magnitude, the voltage across C can fall fast enough to keep in step with 
the envelope, .but RLC must not be so small as to introduce excessive ripple. 
The order of magnitude of the frequency of an  AAI radio carrier is 1,000 kHz, 
and the audio spectrum extends from about 20 Hz to 20 kHz. Hence there 
should be at least 50 cycles of the carrier waveform for each audio cycle. I f  
Fig. 4-27 were drawn more reczlistically (with a much higher ratio of carrier to 
audio frequency), then clearly, the ripple amplitude of the demodulated signal 

,Detected audio signal 

Fig. 4-27 An amplitude-modulated wave 

and the detected audio signal. (For ease 

of drawing, the carrier waveform is indi- 

cated triangular instead of sinusoidal and 

of much lower frequency than it really is, 

relative to the audio frequency.) 
~ i ~ h - f r e i u e n c y  carrier 

'Envelope containing audio information 
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Fig. 4-28 (a) A circuit which clamps to the voltage V R .  (b) The 

output voltage v ,  for a sinusoidal input v i .  

would be very much smaller. This low-amplitude high-frequency ripple in v, 
is easily filtered so that  the smoothed detected waveform is an  excellent repro- 
duction of the audio signal. The capacitor-rectifier circuit of Fig. 4-23 there- 
fore also acts as an  envelope demodulato~. 

A Clamping Circuit A function which must be frequently performed with 
a periodic waveform is the establishment of the recurrent positive or negative 
extremity a t  some constant reference level V R .  Such a clamping circuit is 
indicated in Fig. 4-28a. Assuming an ideal diode, the drop across the device 
is zero in the forward direction. Hence the output cannot rise above VR 
and is said to be clamped to this level. If the input is sinusoidal with a peak 
value V ,  and an average value of zero, then, as indicated in Fig. 4-28b, the 
output is sinusoidal, with an  average value of VR - V,. This waveform is 
obtained subject to the following conditions: the diode parameters are Rf = 0, 
R, = m,  and V, = 0 ;  the source impedance R, = 0; and the time constant 
RC is much larger than the period of the signal. I n  practice these restrictions 
are not completely satisfied and the clamping is not perfect; the output voltage 
rises slightly above VR, and the waveshape is a somewhat distorted version of 
the input.3 

Digital-computer Circuits Since the diode is a binary device existing in 
either the ON or OFF state for a given interval of time, i t  is a very usual com- 
ponent in digital-computer applications. Such so-called "logic" circuits are 
discussed in Chap. 6 in conjunctiorl with transistor binary applications. 

Avalanche-diode Regulator The basic circuit used to decrease voltage 
variat,ions across a load due to variations in output current or supply voltage 
is given in Fig. 3-17 and discussed in Sec. 3-11. 

R E F E R E N C E S  

1. Millman, J., and H. Taub: "Pulse, Digital, and Switching Waveforms," sec. 7-11, 
McGraw-Hill Book Company, New York, 1965. 
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2. Ref. 1, chap. 17. 

3. Ref. 1, chap. 3. 
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R E V I E W  Q U E S T I O N S  

4-1 Explain how to  obtain the dynamic characteristic from the static volt- 
ampere curve of a diode. 

4-2 You are given the V-I output characteristic in graphical form of a new 
device. (a) Sketch the circuit using this device which will require a load-line construc- 
tion to  determine i and v .  (b) Is the load line vertical, horizontal, a t  135O or 45' for 
infinite load resistance? (c) For zero load resistance? 

4-3 (a) Draw the piecewise linear volt-ampere characteristic of a p-n diode. 
(b)  What is the circuit model for the ON state? (c) The OFF state? 

4-4 Consider a circuit consisting of a diode Dl  a resistance R,  and a signal source 
Vi in series. Define (a) static characteristic; (b) dynamic characteristic; (c) transfer, or 
transmission, characteristic. (d) What is the correlation between (b) and (c)? 

4-5 Consider the circuit of Rev. 4-4 using a silicon diode and a 100-Q resistance. 
(a) Plot approximately the dynamic curve. (b) If the input is v ,  = - 1 + A sin wt, 
plot the current waveform for A = 1.5, 2.0, and 5.0 V. 

4-6 For the circuit of Rev. 4-4, v ,  = V, sin wt. If the diode is represented by its 
piecewise linear model, find the current as a function of time and plot. 

4-7 What is meant by break region of a diode? 
4-8 In  analyzing a circuit containing several diodes by the piecewise linear 

method, you assume (guess) that  certain of the diodes are ox and others are OFF. 

Explain carefully how you determine whether or not the assumed state of each diode is 
correct. 

4-9 Consider a series circuit consisting of a diode Dl a resistance R, a reference 
battery VR, and an input signal v,. The output is taken across R and VR in series. 
Draw the transfer characteristic if the anode of D is connected to the positive terminal 
of the battery. Use the piecewise linear diode model. 

4-10 Repeat Rev. 4-9 with the anode of D connected to the negative terminal of 
the battery. 

4-1 1 If v ,  is sinusoidal and D is ideal (with Rf = 0, V ,  = 0, and R, = m), find 
the output waveforms in (a) Rev. 4-9 and (b) Rev. 4-10. 

4-12 Sketch the circuit of a double-ended clipper using ideal p-n diodes which 
limit the output between + 10 V. 

4-1 3 Repeat Rev. 4-12 using avalanche diodes. 
4-14 (a) What is a comparator circuit? (b) How does such a circuit differ from a 

clipping circuit? 
4-1 5 (a) What is a sampling gate? (b) Sketch the circuit of a four-diode sampling 

gate. 
4-16 Define in words and as an equation (a) dc current Ide; ( b )  dc voltage Vd,; 

(c) ac current I,,,. 
4-17 (a) Sketch the circuit for a full-wave rectifier. (b) Derive the expression 

for (1) the dc current; (2) the dc load voltage; (3) the dc diode voltage; (4) the rms 
current. 
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4-18 ( a )  Define regulation. (b )  Derive the regulation equation for a full-wave 
circuit. 

4-19 Draw the Thbvenin's model for a full-wave rectifier. 
4-20 ( a )  Define peak inverse voltage. (b )  What is the peak inverse voltage for a 

full-wave circuit using ideal diodes? (c)  Repeat part b for a half-wave rectifier. 
4-21 Sketch the circuit of a bridge rectifier and explain its operation. 
4-22 Repeat Rev. 4-21 for a rectifier meter circuit. 
4-23 Repeat Rev. 4-21 for a voltage multiplier. 
4-24 ( a )  Draw the circuit of a half-wave capacitive rectifier. (b )  At no load 

draw the steady-state voltage across the capacitor and also across the diode. 
4-25 ( a )  Draw the circuit of a full-wave capacitive rectifier. (b )  Draw the output 

voltage under load. Indicate over what period of time the diode conducts. Make no 
calculations. (c )  Indicate the diode current waveform superimposed upon the output 
waveform. 

4-26 For the circuit of Rev. 4-25, derive the expression for ( a )  the diode current; 
(b )  the cutout angle. (c) How is the cutin angle found? 

4-27 ( a )  Consider a full-wave capacitor rectifier using a large capacitance C .  
Sketch the approximate output waveform. (b )  Derive the expression for the peak 
ripple voltage. (c) Derive the Th6venin's model for this rectifier. 

4-28 For a full-wave capacitor rectifier circuit, list ( a )  two advantages; (b )  three 
disadvantages. 

4-29 Describe ( a )  amplitude modulation and (b )  detection. 



i':'i 1 TRANSISTOR CHARACTERISTICS 

The physical behavior of a semiconductor triode, called a bipolar 
junctio~l tr'ansistor (BJT), is given. The volt-ampere cl~aracteristics 
of this device are studied. I t  is demonstrated that  the transistor is 
capable of producing amplificution. Analytical expressions relating 
the transistor currents with the junction voltages :ire inclicated. Typi- 
cal voltage values are given, for the several possible modes of oper n t '  10x1. 

5- 1 THE JUNCTION TRANSISTOR1 

A junction transistor consists of a silicon (or germanium) crystal in 
which a layer of n-type silicon is sandwiched between two layers of 
p-type silicon. Alternatively, a transistor may consist of a layer of 
p-type between two layers of n-type material. In  the former case 
the transistor is referred to as a p-n-p transistor, and in the latter case, 
as an  n-p-TL transistor. The semiconductor sandwich is extremely 
small, and is 1wrmetic;llly sealed against moisture inside :L metal or 
plztstic case. AIanufacturing techniques and constructional details for 
several transistor types are described in Sec. Fi-4. 

The two types of transistor are represented in Fig. 5-la. The 
representations employed when transistors are used as circuit elements 
are shown in Fig. 5-lb.  The thrcc portions of a transistor are known 
as emitter, base, and collector. The arrow on t h ~  emitter lead specifics 
the direction of current flow when the emitter-base junction is biuscrl 
in the forward direction. In  both cases, however, the emitter, base, 
and collector currents, I E ,  I R ,  and Ic, respectively, are assumed posi- 
tive when the currents flow into the transistor. The symbols V E H ,  

Vcs, and VCE are the emitter-base, collector-base, and collector-emitter 
voltages, respectively. (More specifically, VEn represents the voltage 
drop from emitter to base.) 
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Emitter Base . Collector Emitter Base Collector 

Base 

( b )  n-p-n type 

Fig. 5-1 (a)  A p-n-p and an n-p-n transistor. The emitter (col- 

lector) junction is J E ( J ~ ) .  (b) Circuit representation of the two 

transistor types. 

Open-circuited Transistor If no external biasing voltages are applied, 
all transistor currents must be zero. The potential barriers a t  the junctions 
adjust to the contact difference of potential Vo-given in Eq. (2-63) (a few 
tenths of a volt)-required so that  no free carriers cross each junction. If we 
assume a completely symmetrical junction (emitter and collector regions hav- 
ing identical physical dimensions and doping concentrations), the barrier height 
is identical a t  the emitter junction JE and a t  the collector junction Jc, as 
indicated in Fig. 5-2a. The narrow space-charge regions a t  the junctions have 
been neglected. 

Under open-circuited conditions, the minority concentration is constant 
within each section and is equal to its thermal-equilibrium value, n,, in the 
p-type emitter and collector regions and p,, in the n-type base, as shown in 
Fig. 5-2b. Since the transistor may be looked upon as a p-12 diode followed by 
an  n-p diode, much of the theory developed in the preceding chapters for the 
junction diode will be used to explain the physical behavior of the transistor, 

Potential, V 
I 

Minority-carrier 
concentration 

I pm 
 PO r-'------ i npo 

I------ 
emitter collector --------' I 

J~ (p-type) J' (n-type) Jc (P-type) 

( a )  ( b )  

Fig. 5-2 (a) The potential and (b) the minority-carrier density in each section 

of an open-circuited symmetrical p-n-p transistor. 
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when voltages are applied so as to disturb it from the equilibrium situation 
pictured in Fig. 5-2. 

The Transistor Biased in the Active Region We may now begin to 
appreciate the essential features of a transistor as an  active circuit element by 
considering the situation depicted in Fig. 5-32. Here a p-n-p transistor is 
shown with voltage sources which serve to bias the emitter-base junction in 
the forward direction and the collector-base junction in the reverse direction. 
The potential variation through the biased transistor is indicated in Fig. 5-3b. 
The dashed curve applies to the case before the application of external biasing 
voltages (Fig. 5-2a), and the solid curve to the case after the biasing voltages 
are applied. The externally applied voltages appear, essentially, across the 
junctions. Hence, as shown in Fig. 5-3b, the forward biasing of the emitter 
junction lowers the emitter-base potential barrier by I V E R J ,  whereas the reverse 
biasing of the collector junction increases the collector-base potential barrier 
by IV~BI.  The lowering of the emitter-base barrier permits minority-carrier 
injection; that  is, holes are injected into the base, and electrons are injected 
into the emitter region. The excess 

Emitter 

Collector 
junction 
barrier 

v, + l vc* 1 

P-type n-type P-type 
emitter base collector 

J~ J~ 

( b )  

Fig. 5-3 (a) A p-n-p transistor biased 

holes diffuse across the n-type base, 

Minority -carrier 
concentration 

in the active region (the emitter is for- 

ward-biased and the collector is reverse-biased). (b) The potential variation 

through the transistor. The narrow depletion regions a t  the junctions are negligi- 

bly small. (c) The minority-carrier concentration in each section of the tran- 

sistor. It is assumed that the emitter is much more heavily doped than the base. 
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where the electric field intensity & is zero, to the collector junction. At J c  
the field is positive and large (8 = - d V / d x  >> O ) ,  and hence holes are accel- 
erated across this junction. In  other words, the holes which reach Jc  fall 
down the potential barrier, and are therefore collected by the collector. Since 
the applied potential across Jc  is negative, then from the law of the junction, 
Eq. (3-4), p, is reduced to zero a t  the collector as shown in Fig. 5-3c. Simi- 
larly, the reverse collector-junction bias reduces the collector electron density 
n, to zero a t  Jc.  The minority-carrier-density curves pictured in Fig. 5-3c 
should be compared with the corresponding concentration plots for the for- 
ward- and reverse-biased p-n junction given in Fig. 3-14. 

5-2 TRANSISTOR CURRENT COMPONENTS 

I n  Fig. 5-4 we show the various current components which flow across the 
forward-biased emitter junction and the reverse-biased collector junction. 
The emitter current IE consists of hole current I p ~  (holes crossing from emitter 
into base) and electron current I,g (electrons crossing from base into the 
emitter). The ratio of hole to electron currents, I p ~ / I n ~ ,  crossing the emitter 
junction is proportional to the ratio of the conductivity of the p material 
to that of the n material. In  a commercial transistor the doping of the 
emitter is made much Iarger than the doping of the base. This feature ensures 
(in a p-n-p transistor) that the emitter current consists almost entirely of holes. 

Fig. 5-4 Transistor current components for a forward-biased emitter junction 

and a reversed-biased collector junction. If a current has a subscript p(n),  it 
consists of holes (electrons) moving in the same (opposite) direction as the 

arrow indicating the current direction. 
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Such a situation is desirable since the current which results from electrons 
crossing the emitter junction from base to emitter does not contribute carriers 
which can reach the collector. 

We assume low-level injection, and hence (Sec. 2-11) the minority current 
Ip& is the hole difusion current into base and its magnitude is proportional to 
the slope a t  J E  of the p, curve [Eq. (2-36)]. Similarly, I n E  is the electron 
diflusion current into the emitter, and its magnitude is proportional to the 
slope a t  JE of the np curve. Note that  IpE and I ,E correspond to the minority- 
carrier diffusion currents Ipn(0) and Inp(0), respectively, in Fig. 3-4 for the 
currents crossing a p-n junction. Just as the total current crossing the junc- 
tion in Fig. 3-4 is I = Ipn(0) + Inp(0), so the total emitter current in Fig. 5-4 is 

All currents in this equation are positive for a p-n-p transistor. 
Not all the holes crossing the emitter junction JE reach the collector 

junction J c ,  because some of them combine with the electrons in the n-type 
base. I n  Fig. 5-4, let IPcl represent the hole current a t  Jc as a result of holes 
crossing the base from the emitter. Hence there must be a bulk recombination 
hole current IpE - Ipcl leaving the base, as indicated in Fig. 5-4 (actually, 
electrons enter the base region from the external circuit through the base lead 
to supply those charges which have been lost by recombination with the holes 
injected into the base across JE). 

Consider, for the moment, an open-circuited emitter, while the collector 
junction remains reverse-biased. Then Ic must equal the reverse saturation 
current Ice of the back-biased diode a t  J c .  This reverse current consists of 
two components, as shown in Fig. 5-4, Into consisting of electrons moving 
from the p to the n region across JC and a term, Ipco, resulting from holes 
crossing from n to p across Jc .  

(The minus sign is chosen arbitrarily so that  Ic and Ico will have the same 
sign.) 

Since IE = 0 under open-circuit conditions, no holes are injected across 
JE, and hence none can reach JC from the emitter. Clearly, I,CO results 
from the small concentration of holes generated thermally within the base. 

Now let us return to the situation depicted in Fig. 5-4, where the emitter 
is forward-biased so that  

where a is defined as the fraction of the total emitter current [given in Eq. 
(5-111 which represents holes which have traveled from the emitter across the 
base to the collector. For a p-n-p transistor, IE is positive and both IC and 
Ice are negative, which means that  the current in the collector lead is in the 
direction opposite to that  indicated by the arrow of Ic in Fig. 5-4. For an  
n-p-n transistor these currents are reversed. 
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The electron current crossing J c  is I,co and represents electrons diffusing 
from the collector into the base (and hence a positive current from the base 
into the collector), and its magnitude is proportional to the slope a t  JC of the 
n, distribution in Fig. 5-3c. The total diffusion hole current crossing Jc 
from the base is 

and its magnitude is proportional to the slope a t  Jc of the p, distribution in 
Fig. 5-3c. 

Large-signal Current Gain a From Eq. (5-3) it follows that a may be 
defined as the ratio of the negative of the collector-current increment from 
cutoff (Ic = ICO) to the emitter-current change from cutoff ( IE = O), or 

a = -  I c  - Ico 
IE - 0 

Alpha is called the large-signal current gain of a common-base transistor. 
Since Ic and IE have opposite signs (for either a p-n-p or an n-p-n transistor), 
then a, as defined, is always positive. Typical numerical values of a lie in 
the range 0.90 to 0.995. I t  should be pointed out that a is not a constant, 
but varies with emitter current IE, collector voltage VCB, and temperature. 

A Generalized Transistor Equation Equation (5-3) is valid only in the 
active region, that is, if the emitter is forward-biased and the collector is 
reverse-biased. For this mode of operation the collector current is essentially, 
independent of collector voltage and depends only upon the emitter current. 
Suppose now that we seek to generalize Eq. (5-3) so that it may apply not only 
when the collector junction is substantially reverse-biased, but also for any 
voltage across Jc .  To achieve this generalization we need only replace ICO by 
the current in a p-n diode (that consisting of the base and collector regions). 
This current is given by the volt-ampere relationship of Eq. (3-7), with I, 
replaced by -Ice and V by VC, where the symbol Vc represents the drop 
across JC from the p to the n side. The complete expression for IC for any 
VC and I E  is 

Note that if VC is negative and has a magnitude large compared with V T ,  
Eq. (5-6) reduces to Eq. (5-3). The physical interpretation of Eq. (5-6) is 
that the p-n junction diode current crossing the collector junction is aug- 
mented by the fraction a of the current IE flowing in the emitter. This 
relationship is derived in Sec. 19-14 by evaluating quantitatively the various 
current components introduced above. 

The similarity between Eq. (5-6) and Eq. (3-34) for the photodiode should 
be noted. Both equations represent the volt-ampere characteristics of a 
reverse-biased diode (with reverse saturation current lo = Ico) subjected to 
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external excitation. I n  the case of the photodiode, the external stimulus is 
radiation, which injects minority carriers into the semiconductor, resulting in 
the current I,. This component of current, which is proportional to the light 
intensity, augments the current from the simple p-n junction diode. Similarly, 
for the transistor, the collector-base diode current is increased by the term 
-~ IE ,  which is proportional to the "external excitation," namely, the emitter 
current resulting from the voltage applied between emitter and base. 

5-3 THE TRANSISTOR AS A N  AMPLIFIER 

A load resistor R L  is in series with the collector supply voltage Vcc of Fig. 
5-3a. A small voltage change AVi between emitter and base causes a rela- 
tively large emitter-current change AIE. We define by the symbol a' tha t  
fraction of this current change which is collected and passes through RL, or 
AIc = a' AIg. The change in output voltage across the load resistor 

may be many times the change in input voltage AVi. Under these circum- 
stances, the voltage amplification A = AVL/AVi will be greater thaa  unity, 
and the transistor acts as an  amplifier. If the dynamic resistance of the 
emitter junction is re, then AVi = re A I E ,  and 

From Eq. (3-14), re = 2 6 / I ~ ,  where I E  is the quiescent emitter current in milli- 
amperes. For example, if re = 40 a, a' = - 1, and RL = 3,000 Q, A = +75. 
This calculation is oversimplified, but in essence it is correct and gives a physi- 
cal explanation of why the transistor acts as an  amplifier. The transistor pro- 
vides power gain as well as voltage or current amplification. E'rom the fore- 
going explanation i t  is clear that  current in the low-resistance input circuit is 
transferred to the high-resistance output circuit. The word "transistor," 
which originated as a contraction of "transfer resistor," is based upon the 
above physical picture of the device. 

The Parameter a' The parameter a' introduced above is defined as the 
ratio of the change in the collector current to the change in the emitter current 
a t  constant collector-to-base voltage and is called the negative of the small-signal 
short-circuit current transfer ratio, or yaiu. ilIore specifically, 

On the assumption that  a is independent of IE, then from Eq. (5-3)  it follotvs 
that  a' = -a. 
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. 5-4 TRANSISTOR CONSTRUCTION 

Four basic techniques have been developed for the manufacture of diodes, 
transistors, and other semiconductor devices. Consequently, such devices 
may be classified2p3 into one of the following types: grown, alloy, diffusion, or 
epitaxial. 

Grown Type The n-p-n grown-junction transistor is illustrated in Fig. 
5-5a. I t  is made by drawing a single crystal from a melt of silicon or ger- 
manium whose impurity concentration is changed during the crystal-drawing 
operation by adding n- or p-type atoms as required. 

Alloy Type This technique, also called the fised, construction, is illus- 
trated in Fig. 5-5 for a p-n-p transistor. The center (base) section is a thin 
wafer of n-type material. Two small dots of indium are attached to opposite 
sides of the wafer, and the whole structure is raised for a short time to a high 
temperature, above the melting point of indium but below that  of germanium. 
The indium dissolves the germanium beneath i t  and forms a saturation solu- 
tion. On cooling, the germanium in contact with the base material recrystal- 
lizes, with enough indium concentration to change i t  from n to p type. The 
collector is made larger than the emitter, so tha t  the collector subtends a large 
angle as viewed from the emitter. Because of this geometrical arrangement, 
very little emitter current follows a diffusion path which carries i t  to the base 
rather than to the collector. 

Diffusion Type This technique consists of subjecting a semiconductor 
wafer to gaseous diffusions of both TL- and p-type impurities to form both the 
emitter and the collector junctions. A planar silicon transistor of the diffusion 

- I L m r n l t  Aluminum 
- Silicon - metalization 

Collector 

Fig. 5-5 Construction of transistors. (a) Grown, (b) alloy, and (c) 

diffused planar types. (The dimensions are approximate, and the 

figures are not drawn to scale.) 
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type is illustrated in Fig. 5-5c. In  this process (described in greater detail in 
Chap. 7 on integrated-circuit fabrication), the base-collector junction area is 
determined by a diffusion mask. The emitter is then diffused on the base 
through a different mask. A thin layer of silicon dioxide is grown over the 
entire surface and photoetched, so that  aluminum contacts can be made for 
the emitter and base leads (Fig. 5-5c) .  Because of the passivating action of 
this oxide layer, most surface problems are avoided and very low leakage 
currents result. There is also an improvement in the current gain a t  low 
currents and in the noise figure. 

Epitaxial Type The epitaxial technique (Sec. 7-2) consists of growing 
a very thin, high-purity, single-crystal layer of silibon or germanium on a 
heavily doped substrate of the same material. This augmented crystal forms 
the collector on which the base and emitter may be diffused (Fig. 7-6). 

The foregoing techniques may be combined to form a large number of 
methods for constructing transistors. For example, there are difusecl-alloy 
types, grown-difused devices, alloy-em itter-epitaxial-base transistors, etc. The 
special features of transistors of importance a t  high frequencies are discussed 
in Chap. 11. The volt-ampere characteristics a t  low frequencies of all types 
of junction transistors are essentially the same, and the discussion to follow 
applies to them all. 

Finally, because of its historical significance, let us mention the first type 
of transistor to be invented. This device consists of two sharply pointed 
tungsten wires pressed against a semiconductor wafer. However, the relia- 
bility and reproducibility of such point-contact transistors are very poor, and 
as a result these transistors are no longer of practical importance. 

5-5 ' THE COMMON-BASE CONFIGURATION 

I n  Fig. 5-3a, a. p-n-p transistor is shown in a ~/rounn'ehbase configuration. This 
circuit is also referred to as a common-base, or CB, configuration, since the base 
is common to the input and output circuits. 14'or a p-n-p transistor the largest 
current components are due to holes. Since holes flow from the emitter to the 
collector and down toward ground out of the base terminal, then, referring to 
the polarity conventions of Fig. Fi-1, we see that  IE is positive, IC is negative, 
and In  is negative. For a forward-biased emitter junction, VEn is positive, 
and for a reverse-biased collector junction, VcH is negative. For an  n-p-n  
transistor all current and voltage polarities :we the negativc of those for a 
p-n-p transistor. 

From Eq. (5-6) we see that  the output (collector) current I c  is completely 
determined by the input (emitter) current IE and the output (collector-to-base) 
voltage VCB = VC. This output relationship may be written in implicit form 
as 

I c  = +z(Vco, IE) (5-9) 

(This equation is read "Ic is some function +2  of Vcs  and IE.") 
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Fig. 5-6 Typical common- 

base output characteristics 

of a p-n-p transistor. The 

cutoff, active, ,and saturation 

regions are indicated. 

Note the expanded voltage 

scale in the saturation 

region. 

TRANSISTOR CHARACTERISTICS / 

Saturation - region+------~ctive region . 

Collector-to-base voltage drop V,., , V 

Similarly, if we continue to choose VcB and IE as independent variables, 
the input (emitter-to-base) voltage VEB is completely determined from these 
two variables. In implicit form the input characteristic is given by 

VEB = 41(Vcn, I s )  (5- 10) 

The relation of Eq. (Fi-9) is given in Fig. 5-6 for a typical p-n-p germanium 
transistor and is a plot of collector current Ic versus collector-to-base voltage 
drop VCR, with emitter current IE as a parameter. The curves of Fig. 5-6 
are ltnown as the output, or collector, static characteristics. The relation of 
Eq. (5-10) is given in Fig. ,5-7 for the same transistor, and is a plot of emitter- 
to-base voltage VER versus emitter current IE, with collector-to-base voltage 
VCB as a parameter. This set of curves is referred to as the input, or emitter, 
static characteristics. We digress now to discuss a phenomenon which is used 
to account for the shapes of the transistor characteristics. 

Fig. 5-7 Common-base input 

characteristics of a typical 

p-n-p germanium junction 

transistor. 

0 10 20 30 40 50 

Emitter current I,, m A  
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The Early Effect, or Base-width Modulat ion4 In  1:ig. 5-3 the narrow 
space-charge regions in the neighborhood of the junctions arc neglected. 
This restriction is no~v  to be removed. From Eq. (3-21) I\-r note that  the 
width 1Y of the depletion region of n dioctc increascs I\-ith t l ~ e  magnitude of 
the revcrse voltagc. Since the emitter junction is for\\-3rd-biased but the 
collector junction is reverse-biased in the active region, thcn in Fig. 5-S the 
barrier widtl~ a t  J E  is negligible compared \\-it11 the space-charge \\it11 TY a t  JC.  

The transition region a t  a junctiori is the region of uncovered charges 
on both sides of the junction a t  the positions occupied by the impurity atoms. 
As the voltage applied across the junction increases, the transition region 
penetrates deeper into the collector and base. Because neutrality of charge 
must be maintained, the number of uncovered charges on each side remains 
equal. Since the doping in the bnse is ordinarily substantially smaller than 
that  of the collector, the penetration of the trnnsition regiori into the base is 
much larger than into the collector. Hence the collector depletion region is 
neglected in Fig. 5-8, and all the immobile charge is indicated in the base region. 

If the metallurgical b:tse width is W B ,  then the effective e1ectric:d base 
width is WL = W B  - W. This modulation of the effective bnse width by 
the collector voltage is known as the E a d y  cflecf. The decrcnse in V7k with 
increasing reverse collector voltage has three consequences: First, there is less 
chance for recombination within the base region. Hence a increases with 
increasing lVCKI. Second, the concentration gradient of minority ctlrricrs p ,  
is increased witllin the bnse, as indica td  in Fig. 5-Sb.  Note that  p ,  becomes 

Fig. 5-8 (a) The potential variation through a p-n-p tran- 

sistor. The space-charge width W at the collector junction 

increases, and hence the effective base width 11'; decreases 

with increasing lVcsl. (Compare with Fig. 5-3.) (b) The 

injected minority-carrier charge density within the base. 
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zero a t  the distance d (between W; and WB), where the potential with respect 
to the base falls below V,. At this distance the effective applied potential 
becomes negative, and the law of the junction, Eq. (3-4), yields p, = 0. 
Since the hole current injected across the emitter is proportional to the gradient 
of p, a t  JE, then I E  increases with increasing reverse collector voltage. Third, 
for extremely large voltages, W', may be reduced to zero, as in Fig. 5-24, 
causing voltage breakdown in the transistor. This phenomenon of punch- 
through is discussed further in Sec. 5-13. 

The Input Characteristics A qualitative understanding of the form of 
the input and output characteristics is not difficult if we consider the fact tha t  
the transistor consists of two diodes placed in series "back to back" (with the 
two cathodes connected together). In  the active region the input diode 
(emitter-to-base) is biased in the forward direction. The input characteristics 
of Fig. 5-7 represent simply the forward characteristic of the emitter-to-base 
diode for various collector voltages. A noteworthy feature of the input char- 
acteristics is that  there exists a cutin, ogset, or threshold, voltage V ,  below 
which the emitter current is very small. In  general, V, is approximately 0.1 V 
for germanium transistors (Fig. 5-7) and 0.5 V for silicon. 

The shape of the input characteristics can be understood if we consider 
the fact that  an  increase in magnitude of collector voltage will, by the Early 
effect, cause the emitter current to increase, with VEB held constant. Thus 
the curves shift downward as 1 VcBl increases, as noted in Fig. 5-7. The curve 
with the collector open represents the characteristic of the forward-biased 
emitter diode. 

The Output Characteristics Note, as in Fig. 5-6, tha t  i t  is customary 
to plot along the abscissa and to the right that  polarity of VcB which reverse- 
biases the collector junction even if this polarity is negative. If IE = 0, the 
collector current is I c  = Ice. For other values of I E ,  the output-diode reverse 
current is augmented by the fraction of the input-diode forward current which 
reaches the collector. Note also that  Ic and Ico are negative for a p-n-p 
transistor and positive for an  n-p-n transistor. 

Active Region I n  this region the collector junction is biased in the reverse 
direction and the emitter junctiol~ in the forward direction. Consider first tha t  
the emitter current is zero. Then the collector current is small and equals 
the reverse saturation current Ico (microamperes for germanium and nano- 
amperes for silicon) of the collector junction considered as a diode. Suppose 
now that  a forward emitter current I E  is caused to flow in the emitter circuit. 
Then a fraction - dE of this current will reach the collector, and Ic is therefore 
given by Eq. (5-3). f n  the active region, the collector current is essentially 
independent of collector voltage and depends only upon the emitter current. 
Ho ver, because of the Early effect, we note in Fig. 5-6 that  there actually is r a s all (perhaps 0.5 percent) increase in lIcl with I VcBl. Because cr is less 
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than, but almost equal to, unity, the magnitude of the collector current is 
(slightly) less than that  of the emitter current. 

Saturation Region The region to the left of the ordinate, Vcs  = 0, and 
above the IE = 0 characteristics, in which both emitter and collector junctions 
are forward-biased, is called the saturation region. We say that  "bottoming" 
has taken place because the voltage has fallen near the bottom of the charac- 
teristic where VcB - 0. Actually, VCB is slightly positive (for a p-n-p tran- 
sistor) in this region, and this forward biasing of the collector accounts for the 
large change in collector current with small changes in collector voltage. For 
a forward bias, Ic  increases exponentially with voltage according to the diode 
relationship [Eq. (3-9)]. A forward bias means that  the collector p material 
is made positive with respect to the base n side, and hence that  hole current 
flows from the p side across the collector junction to the n material. This 
hole flow corresponds to a positive change in collector current. Hence the 
collector current increases rapidly, and as indicated in Fig. 5-6, Ic  may even 
become positive if the forward bias is sufficiently large. 

Cutoff Region The characteristic for IE = 0 passes through the origin, 
but is otherwise similar to the other characteristics. This characteristic is 
not coincident with the voltage axis, though the separation is difficult to show 
because Ice is only a few nanoamperes or microamperes. The region below 
the IE  = 0 characteristic, for which the emitter and collector junctions are both 
reverse-biased, is referred to as the cut08 region. The temperature character- 
istics of I C ~  are discussed in Sec. 5-7. 

5-6 THE COMMON-EMITTER CONFIGURATION 

Most transistor circuits have the emitter, rather than the base, as the terminal 
common to both input and output. Such a com?non-emitter (CE), or yrounded- 
emitter, configuration is indicated in Fig. 5-9. In  the common-emitter (as in 
the common-base) configuration, the input current and the output voltage 
are taken as the independent variables, whereas the input voltage and output 

B Fig. 5-9 A transistor common-emitier con- 

figuration. The symbol Vcc i s  a positive 

number representing the magnitude of the 

2; v,., supply voltage. 

A - - 
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current are the dependent variables. We may write 

Equation (5-11) describes the fanlily of input characteristic curves, and 
Eq. (5-12) describes the family of output characteristic curves. Typical out- 
put and input characteristic curves for a p-rl-p junction germanium transistor 
are given in Figs. 5-10 and 5-11, respectively. In  E'ig. 5-10 the abscissa is the 
collector-to-emitter voltage VCE, the ordinate is the collector current Ic, and 
the curves are given for various values of base current IB. E'or a fixed value 
of I B ,  the collector current is not a very sensitive value of VCE. However, 
the slopes of the curves of E'ig. 5-10 :we larger than in the common-base charac- , teristics of E'ig. 5-6. Observe also that  the base current is much smaller than 
the emitter current. 

The locus of all points a t  which the collector dissipation is 150 mW is indi- 
cated in Fig. 5-10 by a solid line P C  = 150 mW. This curve is the hyperbola 
PC = V c ~ I c  .=: VcEIc = constant. To the right of this curve the rated col- 
lector dissipation is exceeded. I n  Fig. 5-10 we have selected RL = 500 S2 and 
a supply Vcc = 10 V and have superimposed the corresponding load line 
on the output characteristics. The method of constructing a load line is 
identical with that  explained in Sec. 4-2 in connection with a diode. 

The Input Characteristics I n  Fig. 5-11 the abscissa is the base current I B ,  

the ordinate is the base-to-emitter voltage VnE, and the curves are given for 
various values of collector-to-emitter voltage V C E .  We observe that, with the 
collector shorted to the emitter and the emitter forward-biased, the input char- 
acteristic is essentially tha t  of a forward-biased diode. If V ~ E  becomes zero, 
then I n  will be zero, since under these conditions both emitter and collector 
junctions will be short-circuited. In  general, increasing / VcEl ~vith constant 

Fig. 5-1 0 Typical common-emitter 

output characterisiics of a p-n-p 
germanium junction transistor. A 
load line corresponding to Vcc = 

10 V and RL = 500 Q is superim- 

posed. (Courtesy of Texas Instru- 

ments, Inc.) 

0 - 2  -4 - 6  -8 -10 

Collector-emitter voltage V( .E ,  V 
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Fig. 5-1 1 Typical common-emitter input 

characteristics of the p-n-p germanium junc- 

tion transistor of Fig. 5-10. 

0 - 1  - 2  - 3  - 4  - 5  

Base current I,, mA 

VBE causes a decrease in base width W ;  (Fig. 5-8) and results in a decreasing 
recombination base current. These considerations account for the shape of 
input characteristics shown in Fig. 5-11. 

The input characteristics for silicon transistors are similar in form to those 
in Fig. 5-11. The only notable difference in the case of silicon is that  the curves 
break away from zero current in the range 0.5 to 0.6 V, rather than in the . 
range 0.1 to 0.2 V as for germanium. 

The Output Characteristics This family of curves may be divided into 
three regions, just as was done for the CB configuration. The first of these, 
the active region, is discussed here, and the cutof and sa tu~a t ion  reyions are 
considered in the next two sections. 

I n  the active region the collector junction i s  reverse-biased and the emitter 
junction i s  forward-biased. In  Fig. 5-10 the active region is the area to the 
right of the ordinate Vcs = a few tenths of a volt and above I n  = 0. In  this 
region the transistor output current responds most stlnsitively to an  input 
signal. If the transistor is to be used as an  amplifying device without appreci- 
able distortion, i t  must be restricted to operate in this region. 

The common-emitter characteristics in the active region are readily under- 
stood qualitatively on the basis of our earlier discussion of the common-base 
configuration. From Kirchhoff's current law (KCL) applied to Fig. 5-9, the 
base current is 

IB = - ( Ic  + IE)  

Combining this equation with 

(5- 13) 

Eq. (5 -3 ) ,  we find 
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If we define @ by 

then Eq. (5-14) becomes 

Note that  usually I B  >> ICO, and hence IC =: @Ifl in the active region. 
If a were truly constant, then, according to Ey. (5-14), I c  would be inde- 

pendent of 17cE and the curves of Fig. 5-10 would be horizontal. Assume that ,  
because of the Early effect, a increases by only one-half of 1 percent, from 
0.98 to 0.985, as I VcEl increases from a fen- volts to 10 V. T h e n  the value 
of /3 increases from 0.98/(1 - 0.98) = 49 to 0.9S5/(1 - 0.985) = 66, or about 
34 percent. This numerical example illustrates tha t  a very small change 
(0.5 percent) in a is reflected in :L very large change (34 percent) in the value 
of P. I t  should also be clear that  a slight change in a has a large effect on P, 
and hence upon the common-emitter curves. Therefore the common-emitter 
characteristics are normally subject to a wide variation even among transis- 
tors of a given type. This variability is caused by the fact tha t  I B  is the 
difference between large and nearly equal currents, IE and Ic. 

EXAMPLE (a)  Find the transistor currents in the circuit of Fig. 5-12a. A silicon 
transistor with p = 100 and Ico = 20 n A  = 2 X lnL1 is under consideration. 
(b )  Repeat part a if a 2-K emitter resistor is added to the circuit, as in Fig. 5-12b. 

Solution a .  Since the base is forward-biased, the transistor i s  not cut off. Hence 
it must be either in its active region or in saturation. Assume that the transistor 
operates in the active region. From KVL applied to  the base circuit of Fig. 

&- 

(a) 

Fig. 5-12 An example illustrating how to determine whether or 

or not a transistor is operating in the active region. 
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5-12a (with IB expressed in milliamperes), we have 

As noted above, a reasonable value for V B E  is 0.7 V in the action region, and hence 

Since Ice << IB ,  then I c  = BIB = 2.15 r r A  
We must now justify our assumption that  the transistor is in the active region, 

by verifying that  the collector junction is reverse-biased. From KVL applied to  
the collector circuit we obtain 

For an  n-p-n device a positive value of Vce represents a reverse-biased collector 
junction, and hence the transistor is indeed in its active region. 

Note that  IB and Ic in the active region are independent of the collector 
circuit resistance R,. Hence, if R, is increased sufficiently above 3 K, then VcB 
changes from a positive to a negative value, indicating that  the transistor is no 
longer in its active region. The method of calculating I B  and IC when the transis- 
tor is in saturation is given in Sec. 5-9. 

b. The current in the emitter resistor of Fig. 5-12b is 

assuming ICO << I B .  Applying KVL to the base circuit yields 

Note that  ICO = 2 X mA << I&, as assumed. 
To  check for active circuit operation, we calcillate 17cB. Thus 

Since VcB is positive, this (n-p-n) transistor is in its active region. 

5-7 THE CE CUTOFF REGION 

We might be inclined to think that  cutoff in Fig. .5-10 occurs a t  the intersec- 
tion of the load line with the current I B  = 0; however, we now find that  
appreciable collector current may exist under these conditions. From Eqs. 
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(5-13) and (5-14)) if Ie = 0, then IE = - IC and 

The actual collector current with collector junction reverse-biased and base 
open-circuited is designated by the symbol ICEO. Since, even in the neighbor- 
hood of cutoff, a may be as large as 0.9 for germarliurn, then Ic - l0Ico a t  
zero base current. Accordingly, in order to cut off the transistor, it is not 
enough to reduce IB to zero. Instead, it is necessary to reverse-bias the 
emitter junction slightly. We shall define cutoff as the conditiori where the col- 
lector current is equal to the reverse saturation current Ico and tlie emitter cur- 
rent is zero. I t  is found (Sec. 19-15) that  a reverse-biasing voltage of the 
order of 0.1 V established across the emitter jurictiori ~vill ordinarily be ade- 
quate to cut off a germanium transistor. In  silicon, a t  collector currents of 
the order of Ice, a is very nearly zero because of recombiri :~tion~~~ in the 
emitter-junction transition region. Hence, even with IB = 0, we find, from 
Eq. (5-17)) that  Ic = Ico = -IE, SO that  the tr:msistor is still very close to 
cutoff. We verify in Sec. 19-15 that ,  in silicon, cutoff occurs a t  VBE =: 0 V 
corresponding to a base short-circuited to the emitter. I t 1  summary, cutofl 
means that IE = 0, IC = ICO, IB = -IC = -ICO, and ITUE i s  a reverse voltage 
whose magnitude i s  of the order of 0.1 V for germa?liunt ant1 0 V for a silicon 
transistor. 

The Reverse Collector Saturation Current ICHo The collector current in 
a physical transistor (a real, nonidealized, or commerci:tl device) when the 
emitter current is zero is designated by the symbol Icno. Two factors cooper- 
ate to m:ke lIcsol larger than IIcol. Icirst, there cxists a lcnk:~ge currcrlt 
which flows, riot through the junction, but around it and across the surfaces. 
The leakage current is proportional to the voltage across the jurlctiori. The  
second reason why IIcso( exceeds lIcol is th:~t new carriers may be gencr:ited 
by collision in the collector-junction transition region, leading to nvnlnliche 
multiplication of current and eventual breakdown. But even before break- 
down is approached, this multiplication componerlt of current may attain con- 
siderable proportions. 

At 25OC, Icno for a germanium tr*~nsistor whose pon-cr (1issip:~tion is in 
the range of some hundreds of mil1i1v:itts is of tlie order of micronrnpercs. 
Under similar conditions silicon transistor 1 1 : ~  :in Icllo in the range of riano- 
amperes. The temperature sensitivity of Icljo is the same :is t h t  of the reverse 
saturation current lo of a p-71 diode (Stlc. 3-5). Specifically, it is found8 
that  Iclro approximately doubles for every 10°C iricre:~se in tcmpcrnture for 
both Ge arid Si. However, because of the iower absolute value of Icno in 
silicon, these transistors may be used up to about 200°C, wlierens gcrmnriium 
transistors are limited to about 100°C. 

I n  addition to the variability of reverse saturation curretit \\it11 tempera- 
ture, there is also a wide variability of reverse current nrnorig samples of a 
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Fig. 5-13 Reverse biasing o f  the 

emitter junction to maintain the tran- 

sistor in cutoff in the presence of the 

reverse saturation current ICB0 
through Rs. 

given transistor type. For example, the specification sheet for :L Texas Instru- 
ment type 2N337 grown-diffused silicon switching tr:~nsistor indicates tha t  this 
type number includes units with values of Ic.130 extending over the tremendous 
range from 0.2 nA to 0.3 Accordingly, any p:~rticular transistor may 
have an ICBo which differs very considerably from the average characteristic 
for the type. 

Circuit Considerations at Cutoff Because of temperature effects, ava- 
lanche multiplication, and the wide variability encountcrcd from sample to 
sample of a particular transistor type, even silicon may have values of Icno 
of the order of many tens of microamperes. Considcr the circuit configuration 
of Fig. 5-13, where VnB represents a biasing vo1t:~ge intended to keep the tran- 
sistor cutoff. Assume that  the transistor is just a t  the point of cutoff, with 
I E  = 0,  SO that  IB = -ICBo. If we require that  a t  cutoff V N E  = -0.1 V ,  
then the condition of cutoff requires that  

V H E  = -VBB + RBICBO < -0.1 V (5-  1 S )  
- 2 3 q  

As an extreme example consider that  RIj is, say, :LS large :is 100 IC and that  
we want to allow for the contingency that Icno may become as large as 100 PA. 
Then VBB must be a t  least 10.1 V. When Icno is small, the magnitude of the 
voltage across the base-emitter junction will be 10.1 V. Hence we must use 
a transistor whose maximum allowable reverse base-to-emitter junction volt- 
age before breakdown exceeds 10 V. I t  is with this contingency in mind that  
a manufacturer supplies a rating for the reverse breakclown voltage between 
emitter and base, represented by the symbol BVEBO. The subscript 0 indi- 
cates that  BVEno is measured under the condition that  the collector current is 
zero. Breakdown voltages BVBRo may be as high as some tens of volts or us 
low as 0.5 V. If BVEBo = 1 V, then Vun must be chosen to have :L maximum 
value of 1 V. 

5-8 . THE CE SATURATION REGION 

In  the saturation region the collector junction ( a s  well a s  the emitter junction) 
i s  forward-biased by at least the cut in  voltage. Since the voltage VljE (or bTnc) 
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across a forward-biased junction has a magnitude of only a few tenths of a . 

volt, the VcE = VBE - VBC is also only a few tenths of a volt a t  saturation. 
Hence, in Fig. 5-10, the saturation region is very close to the zero-voltage axis, 
where all the curves merge and fall rapidly toward the origin. A load line 
has been superimposed on the characteristics of Fig. 5-10 corresponding to a 
resistance RL = 500 Q and a supply voltage of 10 V. We note tha t  in the 
saturation region the collector current is approximately independent of base 
current, for given values of VCC and R L .  Hence we may consider that  the onset 
of saturation takes place a t  the knee of the transistor curves in Fig. 5-10. Satu- 
ration occurs for the given load line a t  a base current of -0.17 mA, and a t  this 
point the collector voltage is too small to be read in Fig. 5-10. I n  saturation, 
the collector current is nominally Vcc/RL, and since RL is small, it may well 
be necessary to keep VCC correspondingly small in order to stay within the 
limitations imposed by the transistor on maximum current and dissipation. 

We are not able to read the collector-to-emitter saturation voltage, 
V C E , ~ ~ ~ ,  with any precision from the plots of Fig. 5-10. We refer instead to 
the characteristics shown in Fig. 5-14. In  these characteristics the 0- to 
-0.5-V region of Fig. 5-10 has been expanded, and we have superimposed the 
same load line as before, corresponding to RL = 500 Q. We observe from 
Figs. 5-10 and 5-14 that  VCE and IC no longer respond appreciably to base 
current Ig ,  after the base current has attained the value -0.15 mA. At this 
current the transistor enters saturation. For IB = -0.15 mA, I VcEJ = 
175 mV. At IB = -0.35 mA, ( VCE~ has dropped to I VCE~ - 100 mV. Larger 
magnitudes of I B  will, of course, decrease ( V C E ~  slightly further. 

Saturation Resistance For a transist'or operating in the saturation 
region, a quantity of interest is the ratio VcE,s,,/l~. This parainster is 
called the common-emitter saturation resistance, variously abbreviated Rcs, 
RcEs, or RCE,(lat. TO specify RCS properly, we must indicate the operating 

Fig. 5-14 Saturation-region com- 

mon-emitter characteristics of the 

type 2N404 germanium transistor. 

A load line corresponding to Vcc 

= 10 V and Rr, = 500 Q is super- 

imposed. (Courtesy of Texas In- 

struments, Inc.) 

Collector-emitter voltage V,.,. , V 
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point a t  which i t  was determined. For example, from Fig. 5-14, we find that ,  
a t  Ic = -20 mA and IB = -0.35 mA, RCS = -0.1/(-20 X lov3) = 5 $2. 
The usefulness of Rcs stems from the fact, as appears in Fig. 5-14, that  to the 
left of the knee each of the plots, for fixed IB ,  may be approximated, a t  least 
roughly, by a straight line. 

The Base-spreading Resistance rbal Recalling that  the base region is 
very thin\Fig. 5-5) ,  we see that  the current which enters the base region across 
the emitter junction must flow through a long narrow path to reach the base 
terminal. The cross-sectional area for current flow in the collector (or emitter) 
is very much larger than in the base. Hence, usually the ohmic resistance of 
the base is very much larger than that  of the collector or.emitter. The dc 
ohmic base resistance, designated by rbb*, is called the base-spreading resistance 
and is of the order of magnitude of 100 a. 

The Temperature Coefficient o f  the Saturation Voltages Since both 
junctions are forward-biased, a reasonable value for the temperature coefficient 
of either VBE,sat or V B C , ~ ~ ~  is -2.5 mV/OC. I n  saturation the transistor con- 
sists of two forward-biased diodes back to back in series opposing. Hence 
i t  is to be anticipated that  the temperature-induced voltage change in one 
junction wi!l be canceled by the change in the other junction. We do indeed 
find such to be the case for Vca,sat, whose temperature coefficient is about 
one-tenth that  of VBE,sat. 

The D C  Current G a i n  hFE A transistor parameter of interest is the ratio 
Ic/IB, where Ic is the collector current and I B  is the base current. This 
quantity is designated by Pdc or hFE, and is known as the (negative of the) 
dc beta, the dc forward current transfer ratio, or the dc current gain. 

Fig. 5-15 Plots of dc current gain 

~ F E  (at V C E  = -0.25 V) versus collec- 

tor current for three samples of the 

type 2N404 germanium transistor. 

(Courtesy of General Electric Com- 

pany.) 
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I n  the saturation region, the parameter ~ F E  is a useful number and one 
which is usually supplied by the manufacturer when a switching transistor is 
involved. We know (Ic/, which is given approximately by Vcc/RL, and a 
knowledge of hFE tells us the miriimum base current (Ic/hFE) which will be 
needed to saturate the transistor. For the type 2x404, the variation of h ~ g  
with collector current a t  a low value of V C ~  is as given in Fig. 5-15. Note the 
wide spread (a ratio of 3: 1) in the value which may be obtained for ~ F E  even 
for a transistor of a particular type. Commercially available transistors have 
values of hFE that  cover the range from 10 to 150 a t  collector currents as 
small as 5 mA and as large as 30 A. 

5-9 TYPICAL TRANSISTOR-JUNCTION VOLTAGE VALUES 

The characteristics plotted in E'ig. 5-16 of output current IC as a function of 
input voltage VBE for n-p-n germanium and silicon transistors are quite 
instructive and indicate the several regions of operation for a CE transistor 
circuit. The numerical values indicated are typical values obtained experi- 
mentally or from the theoretical equations of the following section. (The 
calculations are made in Sec. 19-15.) Let us examine the various portions of 
the transfer curves of Fig. 5-16. 

The Cutoff Region C u t o f  is defined, as in Sec. 5-5, to mean I E  = 0 and 
IC = ICO, and it is found that  a reverse bias VBE,cutoff = 0.1 V (0 V) will cut off a 
germanium (silicon) transistor. 

What happens if a larger reverse voltage than VB~,cutoff is applied? I t  
turns out that  if VE is negative and much larger than VT, that  the collector 
current falls slightly below Ice and that  the emitter current reverses but remains 
small in magnitude (less than Ice). 

Short-circuited Base Suppose that, instead of reverse-biasing the emitter 
junction, we connect the base to the emitter so tha t  VE = VBE = 0. AS indi- 
cated in Fig. 5-16, IC = IcEs does not increase greatly over its cutoff value ICO. 

Open-circuited Base If instead of a shorted base we allow the base to 
"float" so that  IB = 0, we obtain the Ic = I C E o  given in Eq. (9-17). At low 
currents a = 0.9 (0) for Ge (Si), and hence Ic =: 10Ico(Ico) for Ge (Si). 
The values of VBE calculated for this open-base condition (Ic = -IE) are a 
few tens of millivolts of forward bias, as indicated in Fig. 5-16. 

The Cutin Voltage The volt-ampere characteristic between base and 
emitter a t  constant collector-to-emitter voltage (Fig. 5-11) is not unlike the 
volt-ampere characteristic of a simple junction diode. When the emitter , 
junction is reverse-biased, t'he base current is very small, being of the order 
of nanoamperes or microamperes, for silicon and germanium, respectively. 
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I 

(Short-circuited base) (Open-circuited base) 

Silicon 

Fig. 5-16 Plots of collector current against base-to-emitter voltage for (a) 

germanium and (b) silicon n-p-n transistors. ( I c  is not drawn to scale.) 
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When the emitter junction is forward-biased, again, as in the simple diode, no 
appreciable base current flows until the emitter junction has been forward- 
biased to the extent where \VeE\  > 1 V,1, n-here V ,  is called the cutin voltage. 
Since the collector current is nominally proportional to the base current, no 
appreciable collector current will flow until an appreciable base current flows. 
Therefore a plot of collector current against base-to-emitter voltage will 1 
exhibit a cutin voltage, just as does the simple diode. 

In  principle, a transistor is in its active region whenever the base-to- 
emitter voltage is on the forward-biasing side of the cutoff voltage, which 
occurs a t  a reverse voltage of 0.1 V for germanium and 0 V for silicon. I n  
effect, however, a transistor enters its active region when VnE > V,. 

We may estimate the cutin voltage V ,  by :~ssuming that  V B E  = V ,  when 
the collector current reaches, say, 1 percent of the maximum (saturation) 
current in the C E  circuit of Fig. 5-9. Typical values of V, are 0.1 V for 
germanium and 0.5 V for silicon. 

Figure 5-17 shows plots, for several temperatures, of the collector current 
as a function of the base-to-emitter voltage a t  constant collector-to-emitter 
voltage for a typical silicon transistor. We see that  a value for V ,  of the 
order of 0.5 V a t  room temperature is entirely reasonable. The temperature 
dependence results from the temperature coefficient of the emitter-junction 
diode. Therefore the lateral shift of the plots with change in temperature 
and the change with temperature of the cutin voltage V, are approximately 
-2.5 mV/"C [Eq. (3-12)]. 

Saturation Voltages R4anufacturers specify saturation values of input 
and output voltages in a number of different ways, in addition to supplying 
characteristic curves such as Figs. 5-11 and 5-14. For example, they may 
specify RCS for ~eve ra l  values of In Or they may supply curves of and 
VB,y.8st as functions of I g  and I c . ~  The saturation voltages depend not only 

Fig. 5-17 Plot of collector 

current against base-to- 

emitter voltage for various 

temperatures for the type 

2N337 silicon transistor. 

(Courtesy of Transitron 

Electronic Corporation.) 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Input voltage V,,, , V 
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on the operating point, but  also on the semiconductor material (germanium or 
silicon) and on the type of transistor construction. Typical values of satura- 
tion voltages are indicated in Table 5-1. 

Summary The voltages referred to above and indicated in Fig. 5-16 are 
summarized in Table 5-1. The entries in the table are appropriate for an  
n-p-n transistor. For a p-n-p transistor the signs of all entries should be 
reversed. Observe that  the total range of V B E  between cutin and saturation 
is rather small, being only 0.3 V. The voltage V B E , a c t i v e  has been located 
somewhat arbitrarily, but nunetheless reasonably, near the midpoint of the 
active region in Fig. 5-16. 

Of .course, particular cases will depart from the estimates of Table 5-1. 
But i t  is unlikely that  the numbers will be found in error by more than 0.1 V. 

TABLE 5-1 Typical n-p-n transistor-junction voltages at 25OC 

EXAMPLE (a) The circuits of Fig. 5-12a and b are modified by changing the 
base-circuit resistance from 200 to 50 K (as indicated in Fig. 5-18). If ~ F B  = 100, 
determine whether or not the silicon transistor is in saturation and find I g  and I c .  
(b )  Repeat with the 2K emitter resistance added. 

Si 
Ge 

Fig. 5-18 An example illustrating how to determine whether or not a tran- 

sistor i s  operating in the saturation region. 

t The temperature variation of these voltages is discussed in Secs. 5-8 and 5-9. 

VBE,actlve 

0 .7  
0 . 2  

V C E , ~ ~  

0 .2  
0 . 1  

V ~ ~ . s a t  V g  

0 . 8  
0 . 3  

V B E t , e u t l n  V y  

0 . 5  
0 . 1  

V ~ ~ , ~ ~ t ~ r f  

0 .0  
-0 .1  
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Solution Assume t,hat the transistor is in saturation. Using the values 
V B E , , . ~  and V C E , , , ~  in Table 5-1, the cilcuit of Fig. 5-18a is obtained. Applying 
KVL to the base circuit gives 

Applying KVL to the collector circuit yields 

The minimum value of base current required for saturation is 

Since IB = 0.084 > lB,,,,  = 0.033 mA, we have verified that the transistor is in 
saturation. 

b. If the 2-K emitter resistance is added, the circuit becomes that in Fig. 
518b. Assume that the transistor is in saturation. iipplying KVL to the base 
and collector circuits, we obtain 

-10 + 3 Ic + 0 . 2  + 2 ( I c  + IB) = 0 

If these simultaneous equaiions are solved for Ic and IB,  we obtain 

Since ( IB) , , ,  = Ic/hFE = 0.0195 mA > IB = 0.0055, the transistor is not in 
saturation. Hence the device must be operating in the active region. Proceeding 
cxactly as we did for the circuit of Fig. 5-12b (but with the 200 I( replrtc~d by 50 K), 
we obtain 

5-10 COMMON-EMITTER CURRENT GAIN 

Three different definitions of currerlt gain appear in tllcl 1itt.r:iture. The 
interrelationships between these are now to be found. 

Large-signal Current Gain P We define P in t,erms of cr by Eq. (5-15). 
From Eq. (5-16), with ICO replaced by ICBO, we find 
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I n  Sec. 5-7 we define cutof to mean that  IE = 0, IC = ICnO, and lo = - Icno. 
Consequently, Eq. (5-19) gives the ratio of the collector-current increment to 
the base-current change from cutoff to lo, and  hence fl rep~.eso~ts the (negative 
of the) Large-signal current yairl of a colnulon-emifter tra?)sistor. This parameter 
is of primary importance in connection with the biasing and stability of tran- 
sistor circuits, as discussed in Chap. 9. 

DC Current G a i n  ~ F E  In  Sec. 5-5 we define the dc current gain by 

I n  that  section i t  is noted that  hpE is most useful in conrlectiori wit11 deter- 
mining whether or not a transistor is in saturation. I n  grneral, the base 
current (and hence the collector current) is large compared with Ic,$o. Under 
these conditions the large-signal and the dc betas are approximately equal; 
then hFE = 0. 

Small-signal Current G a i n  hf, We define 0' as the ratio of a collector- 
current increment AIc for a small base-current change A I D  (at a given quiescent 
operating point, a t  a fixed collector-to-emitter voltage VCE), or 

Clearly, fl' is (the negative of) the small-signal current gain. If /3 were inde- 
pendent of current, we see from Eq. (5-20) that  0' = fl =: k F E .  However, 
Fig. 5-15 indicates that  0 is a function of current, and differentiating Ey. 
(5-16) with respect to IC gives (with ICO = I c R ~ )  

The small-signal CE gain 0' is used in the analysis of small-signal amplifier 
circuits and is designated by hfe in Chap. 8. Using Eq. (5-21), and with 
0' = hfe and = h F ~ ,  Eq. (5-22) becomes 

Since hFE versus Ic given in Fig. 5-15 shows a maximum, hfe  is larger than IIFE 
for small currents (to the left of the maximum) and h f e  is smaller than hpE for 
currents larger than that  corresponding to the maximum. Over most of the 
wide current range in Fig. 5-14, hf, differs from hFE by less than 20 percent. 

I t  should be emphasized that  Eq. (5-23) is valid in the active region only. 
From Fig. 5-14 we see that  hfe -+ 0 in the saturation region because A I c  -+ 0 
for a small increment AIB. 
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Fig. 5-19 The 
configuration. 

transistor 

5-1 1 THE COMMON-COLLECTOR CONFIGURATION 

Another transistor-circuit configuration, shown in Fig. 5-19, is known as the 
common-collector configuration. The circuit is basically the same as the cir- 
cuit of Fig. 5-9, with the exception that  the load resistor is in the emitter 
lead rather than in the collector circuit. If we continue to specify the oper- 
ation of the circuit in terms of the currents which flow, the operation for the 
common-collector is much the same as for the common-emitter configuration. 
When the base current is I c ~ ,  the emitter current will be zero, and no current 
will flow in the load. As the transistor is brought out of this back-biased 
condition by increasing the magnitude of the base current, the transistor will 
pass through the active region and eventually reach saturation. In  this condi- 
tion all the supply voltage, except for a very small drop across the transistor, 
will appear across the load. 

5-1 2 ANALYTICAL EXPRESSIONS FOR 
TRANSISTOR CHARACTERISTICS 

The dependence of the currents in a transistor upon the junction voltages, or 
vice versa, may be obtained by starting with Eq. (5-6), repeated here for 
convenience : 

We have added the subscript N to a to indicate that  we are using the tran- 
sistor in the normal manner. We must recognize, however, that  there is no 
essential reason which constrains us from using a transistor in an  inverted 
fashion, that  is, interchanging the roles of the emitter junction and the col- 
lector junction. From a practical point of view, such an  arrangement might 
not be as effective as the normal mode of operation, but  this matter does not 
concern us now. With this inverted mode of operation in mind, we may now 
write, in correspondence with Eq. (5-24), 



146 / INTEGRATED ElECTRONlCS Sec. 5-1 2 

Here is the i~wertecl common-base current gain, just as QN in Eq. (5-24) is 
the current gain in nornzal operation. IEO is the emitter-junction reverse satu- 
ration current, and VE is the voltage drop from r, side to n side a t  the emitter 
junction and is positive for a forward-biased emitter. 

Equations (5-24) and (5-25) werc derived in a heuristic manner. A 
physical analysis of the transistor currents by Ebers and lIol17 verifies these 
equations (Sec. 19-13). This quantit:ttive study reveals that  the parameters 
LYN, QI, ICO, and I E ~  are not independent, but are related by the condition 

Manufacturer's data sheets often provide information about CYN, ICO, and IEO, 
so that  cur may be determined. For many transistors IEO lies in the range 
O.5Ico to Ico. 

Since the sum of the three currents must be zero, the base current is 
given by 

If three of the four parameters QN, ar, ICO, and I E O  are known, the equa- 
tions in this section allow calculations of the three currents for given values 
of junction voltages Vc and VE. Explicit expressions for I c  and IE in terms 
of VC and VE are found in Sec. 19-13. 

I n  the literature, QR (reversed alpha) and a~ (forward alpha) are sometimes 
used in place of ar  and QN, respectively. 

Reference Polarities The symbol Vc(VE) represents the drop across the 
collector (emitter) junction and is positive if the junction is forward-biased. 
The reference directions for currents and voltages are indicated in Fig. 5-20. 
Since VCB represents the voltage drop from collector-to-base terminals, then 
VCR differs from Vc by the ohmic drop in the base-spreading resistance Tab), or 

The Ebers-Moll Model Equations (5-24) and (5-2Ti) have a simple inter- 
pretation in terms of a circuit known as the Ebers-Moll rnocleL7 This model is 
shown in Icig. 5-21 for a p-n-p transistor. We see that  i t  involves two ideal 
diodes placed back to back with reverse saturation currents - IEO and - ICO 
and two dependent current-controlled current sources shunting the ideal 
diodes. lcor a p-n-p transistor, both I C o  and I E O  are negative, so that  -ICO 
and -IEO are positive values, giving the magnitudes of the reverse saturation 
currents of the diodes. The current sources account for the minority-carrier 
transport across the base. An application of KCL to the collector node of 
Fig. 5-21 gives 

where the diode current I is given by Eq. (3-9). Since I, is the magnitude 
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B 
(base) 

Fig. 5-20 Defining the voltages and currents used in the Ebers-Moll equations. 

For either a p-n-p or an n-p-n transistor, a positive value of current means that 

positive charge flows into the junction and a positive V E ( V ~ )  means that the 

emitter (collector) junction is forward-biased (the p side positive with respect 

to the n side). 

of the reverse saturation, then I, = - Ico .  Substituting this value of I ,  into 
the preceding equation for Ic  yields Eq. (5-24). 

This model is valid for both forward and reverse static voltages applied 
across the transistor junctions. I t  should be noted that  we have omitted the 
base-spreading resistance from Fig. 5-20 and have neglected the difference 
between Icsa and ICO. 

Observe from Fig. 5-21 that  the dependent current sources can be elimi- 
nated from this figure provided CXAJ = a1 = 0. For example, by making the 
base width much larger than the diffusion length of minority carriers in  the 
base, all minority carriers will recombine in the base and none will survive to 
reach the collector. For this case the currcnt gain a will be zero. Under 
these conditions, transistor action ceases, and we simply have two diodes 
placed back to back. This discussion shows why i t  is impossible to construct 
a transistor by simply connecting two separate (isolated) diodes in series 
opposing. A cascade of two p-n diodes exhibits transistor properties (for 

Fig. 5-21 The Ebers- 

Mol l  model for a p-n-p 
transistor. 
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example, it is capable of amplification) only if carriers injected across one 
junction d i f u s e  across the second junction. 

Voltages as Functions of Currents We may solve explicitly for the 
junction voltages in terms of the currents from Eqs. (5-24) and (5-25), with 
the result tha t  

We now derive the analytic expression for the common-emitter charac- 
teristics of Fig. 5-10. The abscissa in this figure is the collector-to-emitter 
voltage VCE = V E  - VC for an  n-p-n transistor and is VCE = VC - VE for a 
p-n-p transistor (remember that  Vc and VE are positive a t  the p side of the 
junction). Hence the common-emitter characteristics are found by subtract- 
ing Eqs. (5-29) and (5-30) and by eliminating Iz by the use of Eq. (-5-27). 
The resulting equation can be simplified provided that  the following inequali- 
ties are valid: I g  >> I E O  and I e  >>.Ico/a~. After some manipulations and by 
the use of Eqs. (5-1,5) and (5-26), we obtain (except for very small values of IB)  

where 

Note that  the + sign in Eq. (5-31) is used for an  n-p-n transistor, and the 
- sign for a p-n-p device. For a p-n-p germanium-type transistor, a t  Ic = 0, 
VCE = - VT In (l /aI) ,  so that  the comrno~l-emitter characteristics do not pass 
through the origin. l o r  ar = 0.78 and VT = 0.026 V, we have VCE = -6 mV 
a t  room temperature. This voltage is so small that  the curves of Fig. 5-10 
look as if they pass through the origin, but they are actually displaced to the 
right by a few millivolts. 

If Ic is increased, then VCE rises only slightly until Ic/In approaches @. 
For example, even for I c / I e  = 0.9@ = 90 (for P = loo), 

This voltage can barely be detected a t  the scale to which Fig. 5-10 is drawn, 
and hence near the origin it appears as if the curves rise vertically. However, 
note that  Fig. 5-14 confirms that  a voltage of the order of 0.2 V is required for 
IC to reach 0.9 of its maximum value. 

The maximum value of I c / I e  is @, and as this value of Ic / ln  is :~pproached, 
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Fig. 5-22 The common- 

emitter output characteris- 

tic for a p-n-p transistor as 

obtained analytically. 

VCE -+ - 0 0 .  Hence, as Ic/Ie increases from 0.90 to P ,  ) V C E ~  increases from 
0.15 V to infinity. A plot of the theoretical common-emitter characteristic is 
indicated in Fig. 5-22. We see th:tt, a t  a fixed value of VCE, the ratio Ic/IB is 
a constant. Hence, for equal increments in I B ,  we should obtain equal incre- 
ments in IC at  a given VCE. This conclusion is fairly well satisfied by the 
curves in Fig. 5-10. However, the IB = 0 curve seems to be inconsistent since, 
for a constant Ic/In, this curve should coincide with the IC = 0 axis. This 
discrepancy is due to the approximation made in deriving Eq. (5-31), which is 
not valid for I g  = 0. 

The theoretical curve of Fig. 5-22 is much flatter than the curves of Fig. 
5-10 becttuse we have implicitly assumed that  c y ~  is truly constant. As already 
pointed out, a very slight increase of crN with VCE can account for the slopes 
of the comn~ori-emitter characteristic. 

5-13 M A X I M U M  VOLTAGE RATINGg 

Even if the rated dissipation of a transistor is not exceeded, there is an  upper 
limit to the maximum allowable collector-junction voltage since, a t  high 
voltages, there is the possibility of voltage brealxlown in the transistor. Two 
types of breakdown are possible, avalanche brealicloul)~, discussed in Sec. 3-11, 
and reach-through, discussed below. 

Avalanche Multiplication The maximum reverse-biasing voltage which 
may be applied before breakdown between the collector and base terminals 
of the trarisi~t~or, under the condition that  the emitter lead be open-circuited, is 
represented by the symbol HT7cBo. This breakdown voltage is a characteristic 
of the trmsistor alone. Breakdown may occur because of avalanche multi- 
plication of the current Ice that  crosses the collector junction. As a result 
of this multiplication, the current becomes MIco, in which M is the factor 
by which the original current Ico is multiplied by the avalance effect. (We 
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neglect leakage current, ~vliich does not flow through the junction and is there- 
fore not subject to  avalanche multiplication.) At a high enough voltage, 
namely, RLrcljo, the n111ltiplic:ition factor Af becomes nominally infinite, and 
the region of breakdown is then attained. Here thc current rises abruptly, 
and large ch:mgcs in current accompany small c1~ngc.s in applied voltage. 

The :tvxlanche multiplication factor depends on the voltage V C R  between 
collector and base. We shall consider that  

Equation (3-33) is employed because it is a simple expression which gives 
a good empirical fit to the breakdown characteristics b f  many transistor types. 
The parameter 11 is found to be in the range of about 2 to 10, and controls 
the sharpness of the onset of breakdown. 

If a current I E  is caused to flow across the emitter junction, then, neglect- 
ing the avnl:mche effect, a fraction a I E ,  where CY is the common-base current 
gain, reaches the collector junction. Taking multiplication into account, I c  
has the magnitude illaIE. Consequently, it appears that ,  in the presence 
of avalanche multiplication, the transistor behaves as though its common-base 
current gain were J f a .  

An nnnlysisg of avalanche breakdown for tLe CE configuration indicates 
that  t l ~ e  collector-to-emitter breakdown voltage with  opeu-cir.cuitetl base, desig- 
nated BVCEO, is 

For an  n-p-u germanium transistor, a reasonable value for 7 1 ,  determined 
experimentally, is n = 6. If we now take h,vE = 50, we find that  

so tha t  if RVcmo = 40 V, BVcEo is about half as much, or about 20 V. Iclenl- 

Fig. 5-23 Idealized common- 

emitter characteristics ex- 

tended into the breakdown 

region. 
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ized common-emitter cllaracteristics extended into the breakdown region are 
shown in Fig. 5-23. If the base is not open-circuited, these breakdown char- 
acteristics are modified, the shapes of the curves being determined by the 
base-circuit connections. In  other words, the maximum allowable collector- 
to-emitter voltage depends not only upon the transistor, but also upon the 
circuit in which i t  is used. 

Reach-through The second mechanism by which a transistor's usefulness 
may be terminated as the collector voltage is increased is called punch-through, 
or reach-through, and results from the increased width of the collector-junction 
transition region with increased collector-junction voltage (the Early effect). 

The transition region a t  a junction is the region of uncovered charges 
on both sides of the junction a t  the positions occupied by the impurity atoms. 
As the voltage applied across the junction increases, the transition region 
penetrates deeper into the base (Fig. 5-8a). Since the base is very thin, i t  is 
possible that, a t  moderate voltages, the transition region will have spread 
completely across the base to reach the emitter junction, as indicated in 
Fig. 5-24, which should be compared with Fig. ,543. The emitter barrier is 
now V', which is smaller than the normal value V ,  - I V E R l  because the col- 
lector voltage has "reached through" the base region. This lowering of the 
emitter-junction voltage may result, in an excessively large emitter current, 
thus placing an upper limit on the magnitude of the collector voltage. 

Punch-through differs frorn avalanche breakdown in that  i t  takes place 
a t  a fixed voltage [given by Vj in Eq. (3-21), with I/' = IVR] between collector 
and base, and is not dependent on circuit configuration. I n  a particular 
transistor, the voltage limit is determined by puncll-through or breakdown, 
whichever occurs a t  the lower voltage. 

------ 
Fig. 5-24 The potential variation through a p-n-p f 
transistor after "reach-through" when the effec- 

tive base width (Fig. 5-8) ~1'; = 1.2'8 - 1.1' has been 

reduced to zero. The effective emitter barrier is 

V'. 
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5-1 4 THE PHOTOTRANSISTOR 

The phototransistor (also called photorluodiotle) is :L nlucll more st~rlsitive stmi- 
conductor photodevice than the p-11 pllotodiode. Tlw phototr:insistor is 
usually connected in :L common-emitter configur:ition \\-it11 thc base open, 
and radiation is concentrated on tht. region ncL:ir the collcctor junction Jc, 
as in Fig. 5-25a. The operation of this tlc!viccl c:ln be understood i f  \vc rwog- 
nize that  the junction JE is slightly for~vard-bi:~sed (Fig. 5-16, open-circuitcd 
base), and the junction J c  is reverse-bi:ised (th:it is, the transistor is bi:~scd 
in the active region). Assume, first, that  there is no r:idinnt excitation. 
Under these circumstances minority carrier:: are gentr:ited therm:dly, :ind the 
electrons crossing from the base to the collcctor, as well as the holes crossing 
from the collector to the base, constitute the rcvcrsc sntur:ition collector cur- 
rent Ico (Sec. 5-2). The collector current is given by Eq. (5-16), with = 0; 
namely, 

If the light is now turned on, addition:~l minority carriers are pllotogenerated, 
and these contributt> to the reverse sntur:ttion current in cxactly the same 
manner as do the thermally gcncrated minority ch:irges. If the component 
of the reverse saturation current due to thc ligllt is designated I L ,  the total 
collector current is 

We note 'that, due to trmsistor action, the current caused by thc radiation is 
multiplied by the large factor ,t? + 1. 

Rad 

I sdurce temp = 2870°K 

0 5.0 10 15 20 25 
b, collector-emitter voltage, V 

Fig. 5-25 (a) A phototransistor. (b) The output characteristics of the MRD 450 
n-p-n silicon phototransistor. (Courtesy of Motorola Semiconductor Products, Inc.) 
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Typical volt-ampere characteristics are shown in Fig. 5-23b for an  n-p-n 
planar phototransistor for different values of illumination intensities. Note 
the similarity between this family of curves and those in Fig. 5-10 for the CE 
transistor output characteristics with base current (instead of illumination) 
as a parameter. I t  is also possible to bring out the base lead and to inject a 
base current I B .  The current Ic  in Eq. (5-36) is then increased by the term ~ I B .  
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R E V I E W  Q U E S T I O N S  

5-1 Draw the circuit symbol for a p-n-p transistor and indicate the reference 
directions for the three currents and the reference polarities for the three voltages. 
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5-2 Repeat Rev. 51 for an n-p-n transistor. 
5-3 For a p-n-p transistor biased in the active region, plot (in each region El B, 

and C) (a) the potential variation; (b) the minority-carrier concentration. (c) Explain 
the shapes of the plots in (a) and (b). 

5-4 (a) For a p-n-p transistor biased in the active region, indicate the various 
electron and hole current components crossing each junction and entering (or leaving) 
the base terminal. (b) Which of the currents is proportional to the gradient of p, a t  
JE and Jc ,  respectively? (c) Repeat part b with p, replaced by n,. (d) What is the 
physical origin of the seveial current components crossing the base terminal? 

5-5 (a) From the currents indicated in Rev. 5-4 obtain an expression for the 
collector current Ic. Define each symbol in this equation. (b) Generalize the equation 
for Ic in part a so that it is valid even if the transistor is not operating in its active 
region. 

5-6 (a) Define the current gain a in words and as an equation. (b) Repeat part 
a for the parameter a'. 

5-7 Describe the fabrication of an alloy transistor. 
5-8 For a p-n-p transistor in the active region, what is the sign (positive or 

negative) of Is, Ic, I g ,  V C ~ ,  and VE,? 
5-9 Repeat Rev. 5-8 for an n-p-n transistor. 
5-10 (a) Sketch a family of CB output characteristics for a transistor. (b) 

Indicate the active, cutoff, and saturation regions. (c) Explain the shapes of the curves 
qualitatively. 

5-1 1 (a) Sketch a family of CB input characteristics for a transistor. (b) Explain 
the shapes of the curves qualitatively. 

5-12 Explain base-width modulation (the Early effect) with the aid of plots of 
potential and minority concentration throughout the base region. 

5-1 3 Explain qualitatively the three consequences of base-width modulation. 
5-14 Define the following regions in a transistor: (a) active; (b)  saturation; 

(c) cutoff. 
5-15 (a) Draw the circuit of transistor in the CE configuration. (b) Sketch the 

output characteristics. (c) Indicate the active, saturation, and cutoff regions. 
5-16 (a) Sketch a family of CE input characteristics. (b) Explain the shape of 

these curves qualitatively. 
5-17 (a) Derive the expression for IC versus IB for a CE transistor configuration 

in the active region. (b) For l a  = 0, what is Ic? 
5-1 8 (a) What is the order of magnitude of the reverse collector saturation current 

ICBO for a silicon transistor? (b) How does Icgo vary with temperature? 
5-19 Repeat Rev. 5-18 for a germanium transistor. 
5-20 Why does ICBO differ from ICO? 
5-21 (a) Define saturation resistance for a CE transistor. (b) Give its order of 

magnitude. 
5-22 (a) Define base-spreading resistance for a transistor. (b) Give its order of 

magnitude. 
5-23 What is the order of magnitude of the temperature coefficients of V B E , ~ ~ ~ ,  

V ~ ~ , s a t ,  and VCB,.~~? 
5-24. (a) Define ~ F E .  (b) Plot bps versus Ic. 
5-25 (a) Give the order of magnitude of VBB a t  cutoff for a silicon transistor. 

(b )  Repeat part a for a germanium transistor. (c) Repeat parts a and b for the cut,in 
voltage. 
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5-26 Is IVBE,~,,I greater or less than IT'CE,eatI? Explain. 
5-27 (a )  What is the range in volts for VBE between cutin and saturation for a 

silicon transistor? (b)  Repeat part a for a germanium transistor. 
5-28 What is the collector current relative to Ico in a silicon transistor (a )  if the 

base is shorted to the emitter? ( b )  If the base floats? (c) Repeat parts a and b for a 
germanium transistor. 

5-29 Consider a transistor circuit with resistors Rb, R,, and Re in the base, 
collector, and emitter legs, respectively. The biasing voltages are VBB and VCC in base 
and collector circuits, respectively. (a) Outline the nwthod for finding the quiescent 
currents, assunling that  the transistor operates in the active region. (b) How do you 
test to  see if your assumption is correct? 

5-30 Repeat Rev. 5-29, assuming that the transistor is in scturation. 
5-31 For a CE transistor define (in words and symbols) (a )  P ;  (b) P d ,  = ~ F P ;  

( c )  ,@ = hfe. 
5-32 Derive the relationship between ~ F E  and h,,. 
5-33 (a )  For what condition is P = hpE? (b)  For what condition is h~,q = h],? 
5-34 (a )  Draw the circuit of a CC trarisistor configuration. (b) Indicate the 

input and output terminals. 
5-35 What is meant by the inverted mode of operation of a transistor? 
5-36 (a )  Write the Ebers and Moll equations. (b) Sketch the circuit model 

which satisfies these equations. 
5-37 Discuss the two possible sources of breakdown in a transistor as the collector- 

to-emitter voltage is increased. 
5-38 (a )  Sketch the circuit of a phototransistor. (b) The radiation is concentrated 

near which junction? Explain why. (c)  Describe the physical action of this device. 
5-39 (a )  For a phototransistor in the active region, write the expression for the 

collector current. Define ali terms. (b) Sketch the family of output characteristics. 
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An integrated circuit consists of a single-crystal chip of silicon, typi- 
cally 50 by 50 mils in cross section, containing both active and passive 
elements and their interconnections. Such circuits are produced by 
the same processes used to fabricate individual transistors and diodes. 
These processes include epitaxial growth, masked impurity diffusion, 
oxide growth, and oxide etching, using photolithography for pattern 
definition. A method of batch processing is employed which offers 
excellent repeatability and is adaptable to  the production of large 
numbers of integrated circuits a t  low cost. I n  this chapter we 
describe the basic processes involved in fabricating an  integrated 
circuit. 

7- 1 INTEGRATED-CIRCUIT TECHNOLOGY 

The fabrication of integrated circuits is based on materials, processes, 
and design principles which constitute a highly developed semicon- 
ductor (planar-diffusion) technology. The basic structure of an inte- 
grated circuit is shown in Fig. 7-16, and consists of four distinct layers 
of material. The bottom layer @ (6 mils thick) is p-type silicon 
and serves as a substrate upon which the integrated circuit is to be 
built. The second layer @ is thin (typically 25 pm = 1 mil) n-type 
material which is grown as a single-crystal extension of the substrate. 
A11 active and passive components are built within the t hi11 n-type layer 
using a series of diffusion steps. These components are transistors, 
diodes, capacitors, and resistors, and they are made by diffusing p-type 
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and n-type impurities. The most complicated component fabricated is the 
trarisistor, and all other elements are constructed with one or more of the 
processes required to make a transistor. In  the fabrication of all the above 
elements it is necessary t o  distribute impurities in cert air1 precisely defined 
regions within the second (n-type) layer. The selective diffusion of impuri- 
ties is accomplished by using Si02 as a barrier which protects portions of 
the wafer against impurity penetration. Thus the third layer of material @ 
is silicon dioxide, and it also provides protection of the semiconductor surface 
against contamination. In  the regions where diffusion is to take place, the 
Si02 layer is etched away, leaving the rest of the wafer protected against 
diffusion. To permit selective etching, the Si02 layer must be subjected to 
a photolithographic process, described in Sec. 7-4. Finally, a fourth metallic 
(aluminum) layer @ is added to supply the necessary interconnections 
between components. 

The p-type substrate which is required as a foundation for the integrated 
circuit is obtained by growing an  ingot (1 to 2 in. in diameter and about 10 
in. long) from 2 silicon melt with a predetermined nunlber of impurities. The 
crystal ingot is subsequently sliced into round lvafers approximately G mils 
thick, and one side of each wafer is lapped and polished to eliminate surface 
imperfections. 

We are now in a position to appreciate some of the significant advantages 
of the integrated-circuit technology. Let us consider a 1-in.-square wafer 
divided into 400 chips of surface area 50 mil by TiO mil. We demonst rate in this 
chapter that n reasonable area under which a componer~t (say, a transistor) is 
fabricated is 50 mils2. Hence each chip (each integrated circuit) contains 
50 separttte components, and there are 50 X 400 = 20,000 compon~nt s / in .~  
on each wafer. 

I f  we process 10 wafers in a batch, we c:m manufacturt~ 4,000 ir1tegr:~ted 
circuits simultnr~eously, and these contain 200,000 components. Some of the 
chips will contain faults due to imperfections in the rrmnufacturing process, 
but the yield (the percentage of fault-free chips per wafer) is extremely large. 

The following advantages are offered by integrated-circuit technology 
as compared with discrete components interconnected by corlvmtionnl 
techniques : 

1. Low cost (due to the large quantities processed). 
2 .  8m:dl size. 
3. High rc1i:tbilit y. (All cornporlents :ire fabricat cd siluult:trlcously, :md 

there are no soldered joints.) 
4. Improved performance. (Because of the low cost, more complex cir- 

cuitry may be used to obtain better function:tl c1l:irttcteristics.) 

In  the next, sections we examine the processes rcquircd to fabricate an  
integrated circuit. 
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. 7-2 BASIC MONOLITHIC INTEGRATED CIRCUITS's2 

We now examine in some detail the various techniques and processes required 
to obtain the circuit of Fig. 7-la in an integrated form, as shown in Fig. 7-lb. 
This configuration is called a monolithic integrated circuit because it is formed 
on a single silicon chip. The word "monolithic" is derived from the Greek 
monos, meaning '(single," and lithos, meaning "stone." Thus a monolithic 
circuit is built into a single stone, or single crystal. 

In  this section we describe qualitatively a complete epit axial-diff used 
fabrication process for integrated circuits. I n  subsequent sections we examine 
in more detail the epitaxial, photographic, and diffusion processes involved. 
The logic circuit of Fig. 7-la is chosen for discussion because it contains typical 
components: a resistor, diodes, and a transistor. These elements (and also 
capacitors with small values of capacitances) arc the components encountered 
in integrated circuits. The monolithic circuit is formed by the steps indicated 
in Fig. 7-2 and described below. 

Step 1. Epitaxial Growth An n-type epitaxial layer, typically 25 p m  

thick, is grown onto a p-type substrate which has a resistivity of typically 

1 Diode junctions 

Silicon dioxide 

( b )  

Fig. 7-1 (a) A circuit containing a resistor, two diodes, and a tran- 

sistor. (b) Cross-sectional view of the circuit in (a) when transformed 

into a monolithic form (not drawn to scale). The four layers are @ 
substrate, @ n-type crystal containing the integrated circuit, @ silicon 

dioxide, and @ aluminum metalization. (After P h i l l i ~ s . ~  Not drawn 

to scale.) 
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10 Q-cm, corresponding to N A  = 1.4 X 1015 atoms/cm3. The epitaxial 
process described in Sec. 7-3 indicates that the resistivity of the n-type epitaxial 
layer can be chosen independently of that of the substrate. Values of 0.1 to 
0.5 Q-cm are chosen for !he n-type layer. After polishing and cleaning, a thin 
layer (0.5 pm = 5,000 A) of oxide, Si02,  is formed over the entire wafer, as 
shown in Fig. 7-2a. The S i02  is grown by exposing the epitaxial layer to an 
oxygen atmosphere while being heated to about 1000°C. Silicon dioxide has 
the fundamental property of preventing the diffusion of impurities through it. 
Use of this property is made in the following steps. 

Step 2. Isolation Diffusion In  Fig. 7-2b the wafer is shown with the 
oxide removed in four different places on the surface. This removal is accom- 
plished by means of a photolithographic etching process described in Sec. 7-4. 
The remaining SiOz serves as a mask for the diffusion of acceptor impurities 
(in this case, boron). The wafer is now subjected to the so-called isolation 
diflusion, which takes place a t  the temperature and for the time interval 
required for the p-type impurities to penetrate the ri-type epitaxial layer and 
reach the p-type substrate. We thus leave the shaded n-type regions in Fig. 
7-2b. These sections are called isolation islands, or isolated regions, because 
they are separated by two back-to-back p-n junctions. Their purpose is t o  
allow electrical isolation between different circuit components. For example, 
it will become apparent later in this section that a different isolation region 
must be used for the collector of each separate transistor. The 71-type sub- 
trate must always be held a t  a negative potential with respect to the isolation 
islands in order that  the p-n junctions be reverse-biased. If these diodes n-ere 
to become forward-biased in an operating circuit,, then, of course, the isolation 
would be lost. 

I t  should be noted that  the concentratiorl of acceptor atoms (NA = 5 X 
1020 cmF3) in the region between isolation islands will gencrally be much higher 
(and hence indicated as p+) then in the p-type su  strate. The reason for this 
higher density is to prevent the depletion region o 1 the reverse-biased isolation- 
to-substrate junction from extending into p+-t ype material (Sec. 3-7) and possi- 
bly connecting two isolation islands. 

Parasitic Capacitance I t  is now important to consider that  these isola- 
tion regions, or junctions, are connected by a significant barrier, or transition 
capacitance CTs, to the p-type substrate, which capacitance can affect the oper- 
ation of the circuit. Since CTA is an undesirable by-product of the isolation 
process, it is called the parasitic capacitance. 

The parasitic capacit mce is the sum of t \\-o components, the citpacit mce  
C1 from the bottom of the n-type region to the substrate (k'ig. 7-2b) and CZ 
from the sidewalls of the isolation islands to the p+ region. The bottom com- 
ponent, C1, results from an essentially step junction due to the epitaxial growth 
(Sec. 7-3)) and hence varies inversely as the square root of the voltage V 
between the isolation region and the substrate (Sec. 3-7). The side\\-all capaci- 
tance Cz is associated with a diffused graded junction, and it varies as I.'-$. 
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ilicon dioxide 

A Isolation islands 

Sidewall C ,  

Bottom C, 

/Resistor ,Anode of diode / Base 

Cathodes of diodes n' - 
Emitter n+ 

-- - - - - -  

( d l  

Resistor Diodes Transistor 

I p-type substrate I 

Sec. 7-2 

Fig. 7-2 The steps involved in fabricating a monolithic circuit (not 

drawn to scale). (a) Epitaxial growth; (b) isolation diffusion; 

(c) base diffusion; (d) emitter diffusion; (e) aluminum metalization. 
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For this component the junction area is equal to the pdrimeter of t,he isolation 
region times the thickness y of the epitaxial n-type layer. The total capaci- 
tance is of the order of a few picofarads. 

Step 3. Base Diffusion During this process a new layer of oxide is 
formed over the wafer, and the photolithographic process is used again to create 
the pattern of openings shown in Fig. 7-2c. The p-type impurities (boron) are 
diffused through these openings. In  this way are formed the transistor base 
regions as well as resistors, the anode of diodes, and junction capacitors (if 
any). I t  is important to control the depth of this diffusion so that  it is shallow 
and does not penetrate to  the substrate. The resistivity of the base layer will 
generally be much higher than that  of the isolation regions. 

Step 4. Emitter Diffusion A layer of oxide is again formed over the 
entire surface, and the masking and etching processes are used again to open 
windows in the p-type regions, as shown in Fig. 7-2d. Through these open- 
ings are diffused n-type impurities (phosphorus) for the formation of transistor 
emitters, the cathode regions for diodes, and junct,ion capacitors. 

Additional windows (such as W1 and W2 in Fig. 7-2d) are often made 
into t,he n regions to which a lead is to 'be  connected, using aluminum as the 
ohmic contact, or interconnecting metal. During the diffusion of phosphorus 
a heavy concentration (called n+) is formed a t  the points where contact with 
aluminum is to be made. Aluminum is a p-type impurity in silicon, and a 
large concentration of phosphorus prevents the formation of a p-n junction 
when the aluminum is alloyed to form an ohmic ~ o n t a c t . ~  

Step 5. Aluminum Metalization All p-n junctions and resistors for the 
circuit of Fig. 7-la have been formed in the preceding steps. I t  is now neces- 
sary to interconnect the various components of the integrated circuit as dic- 
tated by the desired circuit. To make these connections, a fourth set of 
windows is opened into a newly formed S i02  layer, as shown in Fig. 7-2e, a t  
the points where contact is to be made. The interconnections are made first, 
using vacuum deposition of a thin even coating of aluminum over the entire 
wafer. The photoresist technique is now applied to  etch away all undesired 
aluminum areas, leaving the desired pattern of interconnections shown in 
Fig. 7-2e between resistors, diodes, and transistors. 

In  production a large number (several hundred) of identical circuits such 
as that  of Fig. 7-la are manufactured simultaneously on a single wafer. After 
the metalization process has been completed, the wafer is scribed with a 
diamond-tipped tool and separated into individual chips. Each chip is then 
mounted on a ceramic wafer and is attached to a suitable header. The pack- 
age leads are connected to the integrated circuit by stitch bonding1 of a 1-mil 
aluminum or gold wire from the terminal pad on the circuit to the package 
lead (Fig. 7-27). 
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Summary In  thisesection the epitaxial-diffused method of fabricating 
integrated circuits is described. We have encountered the following processes: 

1. 
2. 
3. 
4. 
5 .  
6. 

Using 

Crystal growth of a substrate 
Epitaxy 
Silicon dioxide growth 
Photoetching 
Diffusion 
Vacuum evaporation of aluminum 

these techniques, it is possible to produce the following elements 
on the same chip: transistors, diodes, resistors, capacitors, and aluminum 
interconnections. 

7-3 EPITAXIAL GROWTH1 

The epitaxial process produces a thin film of single-crystal silicon from the 
gas phase upon an existing crystal wafer of the same material. The epitaxial 
layer may be either p-type or n-type. The growth of an epitaxial film with 
impurity atoms of boron being trapped in the growing film is shown in Fig. 7-3. 

The basic chemical reaction used to describe the epitaxial growth of pure 
silicon is the hydrogen reduction of silicon tetrachloride: 

Since it is required to produce epitaxial films of specific impurity concen- 
trations, it is necessary to introduce impurities such as phosphine for n-type 
doping or biborane for p-type doping into the silicon tetrachloride-hydrogen 

Gas phase 

I Fig. 7-3 The epitaxial 

J growth of an epitaxial film 

showing impurity (boron) 

I atoms being trapped in the 
Epitaxial film growing film. (Courtesy of 

1 
Motorola, Inc.') 

I Substrate 
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Fig. 7-4 A diagram- 

matic representation of 

a system for production 

growth of silicon epi- 

taxial films. (Courtesy 

of Motorola, Inc.1) 

Induction coil 

Silicon wafers 

1 \ Graphite boat 

gas stream. An apparatus for the production of an epitaxial layer is shown in 
Fig. 7-4. In  this system a long cylindrical quartz tube is encircled by a 
radio-frequency induction coil. The silicon wafers are placed on a re~t~angular 
graphite rod called a boat. The boat is inserted in the reaction chamber, and 
the graphite is heated inductively to about 1200°C. At the input of the 
reaction chamber a control corlsole permits the introduction of various gases 
required for the growth of appropriate epitaxial layers. Thus i t  is possible 
to form an almost abrupt step p-n junction similar to the junction shown in 
Fig. 3-10. 

7-4 MASKING AND ETCHING' 

The monolithic technique described in Sec. 7-2 requires the selective remova,l 
of the SiOn to form openings through which impurities may be diffused. The 
photoetching method used for this removal is illustrated in Fig. 7-5. During 
the photolithographic process the wafer is coated with a uniform film of a photo- 
sensitive emulsion (such as the Kodak photoresist KI'R). A large black-and- 
white layout of the desired pattern of openings is made and then reduced 
photographically. This negative, or stencil, of the required dimensions is 
placed as a mask over the photoresist, as shown in Fig. 7-5a. By exposing 
the KPR to ultraviolet light through the mask, the photoresist becomes 
polymerized under the transparent regions of the stencil. The mask is now 
removed, and the wafer is "developed" by using a chemical (such as trichloro- 
ethylene) which dissolves the unexposed (unpolymerized) portions of the 
photoresist film and leaves the surface patter11 as shown in Fig. 7-5b. The 
emulsion which was not removed in development is now $xed, or cured, so 
that  it becomes resistant to the corrosive etches used next. The chip is 
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Ultraviolet Polymerized 
I I I I I I I  photoresist 

Silicon chip I I &silicon chip 

Fig. 7-5 Photoetching technique. (a) Masking and exposure to 

ultraviolet radiation. (b) The photoresist after development. 

immersed in an etching solution of hydrofluoric acid, which removes the oxide 
from the areas through which dopants are to  be diffused. Those portions of 
the SiO 2 which are protected by the photoresist are unaffected by the acid. 
After etching and diffusion of impurities, the resist mask is removed (stripped) 
with a chemical solvent (hot &So4) and by means of a mechanical abrasion 
process. 

7-5 DIFFUSION OF IMPURITIES5 

The most important process in the fabrication of integrated circuits is the 
diffusion of impurities into the silicon chip. We now examine the basic t,heory 
connected with this process. The solution to the diffusion equation will-give 
the effect of temperature and time on the diffusion distribution. 

The Diffusion Law 

where N is the particle 

The equation governing the diffusion of neutral atoms is 

(7-2) 

concentration in atoms per unit volume as a function 
of distance x from the surface and time t, and D is the diffusion constant in 
area per unit time. 

The Complementary Error Function If an  intrinsic silicon wafer is 
exposed to a volume of gas having a uniform concentration No atoms per unit 

, volume of n-type impurities, such as phosphorus, these atoms will diffuse into 
the silicon crystal, and their distribution will be as shown in Fig. 7-6a. If 
the diffusion is allowed to proceed for extremely long times, the silicon will 
become uniformly doped with No phosphorus atoms per unit volume. The 
basic assumptions made here are that  the surface concentration of impurity 
atoms remains a t  No for all diffusion times and that  N(x) = 0 at  t = 0 for 
x > 0. 
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If Eq. (7-2) is solved and the above boundary conditions are applied, 

where erfc y means the error-function complement of y, and the error function 
of 9 

and 
Fig. 

is defined by 

is tabulated in Ref. 3. The function erfc y = 1 - erf y is plotted in 
7-7. 

The Gaussian Distribution If a specific number Q of impurity atoms 
per unit area are deposited on one face of the wafer, and then if the material is 
heated, the impurity atoms will again diffuse into the silicon. When the 

boundary conditions lom N ( x )  dx = Q for all times and N ( r )  = 0 at  t = 0 

for x > 0 are applied to Eq. (7-2), we find 

Equation (7-5) is known as the Gaussian distribution, and is plotted in Fig. 
7-6b for two times. I t  is noted from the figure that as time increases, the sur- 
face concentration decreases. The area under each curve is the same, how- 
ever, since this area represents the total amount of impurity being diffused, and 

Fig. 7-6 The concentration N as a function of distance x into a silicon chip for 

two values t ,  and t 2  of the diffusion time. (a) The surface concentration is held 

constant at  No per unit volume. (b) The total number of atoms on the surface is 

held constant at Q per unit area. 
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Fig. 7-7 The complemen- 

tary error function plotted 

on semilogarithmic paper. 

this is a constant amount Q. Note that  in Eqs. (7-3) and (7-5) time t and the 
diffusion constant D appear only as a product Dt. 

Solid S~lubi l i ty l *~  The designer of integrated circuits may wish to  produce 
a specific diffusion profile (say, the complementaxy error function of an  n-type 
impurity). In  deciding which of the available impurities (such as phosphorus, 
arsenic, antimony) can be used, i t  is necessary to  know if the number of atoms 
per unit volume required by the specific profile of Eq. (7-3) is less than the 
diffusant's solid solubility. The solid solubility is defined as the maximum 
concentration No of the element which can be dissolved in the solid silicorl 
a t  a given temperature. Figure 7-8 shows solid solubilities of some impurity 

Fig. 7-8 Solid solubilities 

of some impurity elements 

in silicon. (After Trurn- 

bore,6 courtesy of Moto- 

rola, Inc.') 
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Temperature, " C 
1420 1300 1200 1100 1000 900 

Fig. 7-9 Diffusion coefficients as a 

function of  temperature for some 

impurity elements in silicon. (After 

Fuller and Ditzenbergert5 courtesy 

o f  Motorola, Inc.') 

elements. I t  can be seen that, since for phosphorus the solid solubility is 
approximately 1021 atoms/cm3 and for pure silicon we have 5 X atoms/ 
cm3, the maximum concentration of phosphorus in silicon is 2 percent. For 
most of the other impurity elements the solubility is a small fraction of 1 
percent. 

Diffusion Coefficients Temperature affects the diffusion process because 
h'lgher temperatures give more energy, and thus higher velocities, to the 
diffusant atoms. I t  is clear that the diffusion coeficierlt is a function of 
temperature, as shown in Fig. 7-9. From this figure it can be deduced that  
the diffusion coefficient could be doubled for ,z few degrees increase in tem- 
perature. This critical dependence of D on temperature has forced the 
development of accurately controlled diffusion furrl:tces, where temperatures 
in the range of 1000 to 1300°C can be held to a tolerance of k0.5"C or better. 
Since time t in Eqs. (7-3) and (7-Fi) appears in the product Dt, an  increase 
in either diffusion constant or diffusion time has the same effect on diffusant 
density. 

Note from Fig. 7-9 that  the diffusion coefficients, for the sirme tempera- 
ture, of the ?L-type impurities (:tntimony : ~ n d  arsenic) are lo\\-er than the 
coefficients for t hc p-type impuri t ics (gallium :md uluminum), but that phos- 
phorus ())-type) and boron (p-type) 11:~vc tlic s:Lme diffusior~ cotficicnts. 

Typical Diffusion Apparatus Reaso~l:hle diffusion times require high 
diffusion temper:tt ures (-1000°C). Therefore a high-tempcrat ure diffusion 
furnace, having :t closely controlled tcmper:~ture over the ler~gth (20 in.) of 
the hot zonc of the furrl:ice, is st:tnd:~rd equipment in :t facility for the fabricu- 
tion of integrated circuits. Impurity sources used in connect ion with diffu- 
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Gas 
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input 

Fig. 7-1 0 Schematic representation of typical apparatus for POC13 diffusion. 

(Courtesy of Motorola, Inc.1) 

sion furnaces can be gases, liquids, or solids. For example, POC13, which is 
a liquid, is often used as a source of phosphorus. Figure 7-10 shows the 
apparatus used for POC13 diffusion. I n  this apparatus a carrier gas (mixture 
of nitrogen and oxygen) bubbles through the liquid-diffusant source and 
carries the diffusant atoms to the silicon wafers. Using this process, we 
obtain the complementary-error-function distribution of Eq. (7-3). A two- 
step procedure is used to  obtain the Gaussian distribution. The first step 
involves predeposition, carried out a t  about 900°C, followed by drive-in a t  
about 1 100°C. 

- -- 

EXAM P L E A uniformly doped n-type silicon epitaxial layer of 0.5 a-cm resistivity 
is subjected to a boron diffusion with constant surface concentration of 5 X 1018 
cmc3. I t  is desired to form a p-n junction a t  a depth of 2.7 pm. At what tem- 
perature should this diffusion be carried out if it is to be completed in 2 hr? 

Solution The concentration N of boron is high a t  the surface and falls off with 
distance into the silicon, as indicated in Fig. 7-6a. At that distance x = x, 
at  which N equals the concentration n of the doped silicon wafer, the net impurity 
density is zero. For z < z,, the net impurity density is positive, and for x > x,, 
it is negative. Hence x, represents the distance from the surface a t  which a 
junction is formed. We first find n from Eq. (2-8): 

where all distances are expressed in centimeters and the mobility pn for silicon 
is taken from Table 2-1, on page 29. The jurxtion is formed when N = n. For 
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we find from Fig. 7-7 that y = 2.2. Hence 

Solving for D, we obtain D = 5.2 X 10-l3 cm2/sw. This value of diffusion con- 
stant for boron is obtained from Fig. 7-9 a t  T = 1130°C. 

7-6 TRANSISTORS FOR MONOLITHIC 

A planar transistor made for monolithic integrated circuits, using epitaxy and 
diffusion, is shown in Fig. 7-l la.  Here the collector is electrically separated 
from the substrate by the reverse-biased isolation diodes. Since the anode 
of the isolation diode covers the back of the entire wafer, i t  is necessary to  
make the collector contact on the top, as shown in Fig. 7-l la.  I t  is now 
clear tha t  the isolation diode of the integrated transistor has two undesirable 
effects: i t  adds a parasitic shunt capacitance to the collector and a leakage 
current path. I n  addition, the necessity for a top connection for the collector 
increases the collector-current path and thus increases the collector resistance 
and V C ~ , ~ ~ ~ .  All these undesirable effects are absent from the discrete epi- 
taxial transistor shown in Fig. 7-llb. What is then the advantage of the 
monolithic transistor? A significant improvement in performance arises from 
the fact that  integrated transistors are located physically close together and 
their electrical characteristics are closely matched. For example, integrated 
transistors spaced within 30 mils (0.03 in.) have VBE matching of better than 

Emitter conta 
Collector contact 

p-type isolation 
diffusion 

Fig. 7-1 1 Comparison of 

. , 
cuit transistor with (b) a 

cross sections of (a) a 

discrete planar epitaxial Emitter contact, /Base contact 

p substrate 

transistor. [For a top 

view of the transistor in 

(a) see Fig. 7-13.] 

monolithic integrated cir- (a) 
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Fig. 7-12 A typical 

impurity profile in a 

monolithic integrated 

transistor. [Note that 

N ( x )  is plotted on a 

logarithmic scale.] 

5 mV with less than 10 ,AV/"C drift and an  h F E  match of + 10 percent. These 
matched transistors make excellent difference amplifiers (Sec. 15-3). 

The electrical characteristics of a transistor depend on the size and 
geometry of the transistor, doping levels, diffusion schedules, and the basic 
silicon material. Of all these factors the size and geometry offer the greatest 
flexibility for design. The doping levels and diffusion schedules are deter- 
mined by the st,andard processing schedule used for the desired transistors in 
the integrated circuit. 

Impurity Profiles for Integrated Transistors1 Figure 7-12 shows a typical 
impurity profile for a monolithic integrated circuit transistor. The back- 
ground, or epitaxial-collector, concentration N B C  is shown as a dashed line in 
Fig. 7-12. The base diffusion of p-type impurities (boron) starts with a sur- 
face concentration of 5 X 1018 atoms/cm3, and is diffused to  a depth of 2.7 
pm, where the collector junction is formed. The emitter diffusion (phos- 
phorus) starts from a much higher surface concentration (close to  the solid 
solubility) of about 1021 atoms/cm3, and is diffused to  a depth of 2 pm, where 
the emitter junction is formed. This junction corresponds to the intersection 
of the base and emitter distribution of impurities. We no see that  the base 
thickness for this monolithic transistor is 0.7 pm. The emit ter-to-bme junc- 
tion is usually treated as a step-graded junction, whereas the base-to-collector 
junction is considered a linearly graded junction. 

EXAMPLE (a) Obtain the equations for the impurity profiles in Fig. 7-12. 
( b )  If the phosphorus diffusion is conducted at llOO°C, how long should be 
allowed for this diffusion? 
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Solution a. The base diffusion specifications are exactly those given in the 
example on page 208, where we find (with x expressed in micrometers) that  

Hence the boron profile, given by Eq. (7-3), is 

The emitter junction is formed a t  x = 2 pm, and the boron concentration here is 

2 
N g  = 5 X 1018 erfc --- = 5 X 1018 X 2 X 

1.23 
= 1.0 X lOI7 

The phosphorus concentration N p  is given b y  

~ p  = erfc 2- 
2 6  

At x = 2, N p  = N n  = 1.0 X 1017, so that  

2 lo" 
= 1.0 )( 10-4 erf c - = 

From Fig. 7-7, 2/(2 'fi) = 2.7 and 2 dz = 0.75 pm. Hence the phos- 
phorus profile is given by 

~ p  = 1021 erfc 5 
0.74 

b. From Fig. 7-9, a t  T = llOO°C, D = 3.8 X 10-l3 cm2/sec. Solving for 
t from 2 -\/E = 0.74 pm, we obtain 

Monolithic Transistor L a y ~ u t ' . ~  The physical size of a transistor deter- 
mines the parasitic isolation capacitance as well as the junction capacitance. 
I t  is therefore necessary to  use small-geometry transistors if the integrated 
circuit is designed to operate a t  high frequencies or high switching speeds. 
The geometry of a typical monolithic txansistor is shown in Fig. 7-13. The 
emitter rectangle measures 1 by 1.5 mils, and is diffused into a 2.5- by 4.0-mil 
base region. Cont<act to  the base is made through two metalized stripes on 
either side of the emitter. The rectangular metalized area forms the ohmic 
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contacts 

Emitter diffusion 

Base diffusion- 

Isolation diffusioi 

Fig. 7-13 A typical double-base stripe geometry of an integrated- 

circuit transistor. Dimensions are in mils. (For a side view of the 

transistor see Fig. 7-1 1 .) (Courtesy of Motorola Monitor.) 

contact to  the collector region. The rectangular collector contact of this 
transistor reduces the saturation resistance. The substrate in this structure 
is located about 1 mil below the surface. Since diffusion proceeds in three 
dimensions, i t  is clear tha t  the lateral-digusion distance will also be 1 mil. The 
dashed rectangle in Fig. 7-13 represents t,he substrate area and is 6.5 by 8 
mils. A summary of the electrical properties2 of this transistor for both the 
0.5- and the 0.1-Q-cm collectors is given in Table 7-1. 

Buried Layer1 We noted above that  the integrated transistor, because of 
the top collector contact, has a higher collector series resistance than a similar 
discrete-type transistor. One common method of reducing the collector series 
resistance is by means of a heavily doped n+ "buried" layer sandwiched 
between the p-type substrate and the n-type epitaxial collector, as shown in 
Fig. 7-14. The buried-layer structure can be obtained by diffusing the n+ 
layer into the substrate before the n-type epitaxial collector is grown or by 
selectively growing the n+-type layer, using masked epitaxial techniques. 

We are now in a position to appreciate one of the reasons why the inte- 
grated transistor is usually of the n-p-n type. Since the collector region is 
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TABLE 7-1 Characteristics for 1- by 1.5-mil double- 
base stripe monolithic transistors2 

Transistor parameter 

BVcso, V . . . . . . . . . . . . . . . . . . . . . . .  
B V E B ~ ,  V . . . . . . . . . . . . . . . . . . . . . . . .  
BVc,yo, V .  . . . . . . . . . . . . . . . . . . . . . .  
C ~ ~ . f ~ ~ ~ ~ ~ d  bias. PF.  . . . . . . . . . . . . . . . .  
C T ~  at 0.5 V, pF. . . . . . . . . . . . . . . . .  
C T ~  at 5 V ,  p F . .  . . . . . . . . . . . . . . . . .  
~ F E  at 10 mA. . . . . . . . . . . . . . . . . . .  
RCS, n. .  . . . . . . . . . . . . . . . . . . . . . . . .  
V C ~ , , a t  at 5 mA, V ,  . . . . . . . . . . . . . .  
VBE at 10 mA, V . .  . . . . . . . . . . . . . .  

. . . . . . . . . .  j ~  at 5 V, 5 mA, M H z . .  

subjected to heating during the base and emitter diffusions, it is necessary 
that the diffusion coefficient of the collector impurities be as small as possible, 
to avoid movement of the collector junction. Since Fig. 7-9 shows that  
n-type impurities have smaller values of diffusion constant D than p-type 
impurities, the collector is usually n-type. In  addition, the solid solubility 
of some n-type impurities is higher than that, of any p-type impurity, thus 
allowing heavier doping of the n+-t,ype emitter and other n+ regions. 

Lateral p-n-p Transistorg The standard integrated-circuit transistor is 
an n-p-n type, as we have already emphasized. In  some applications it is 
required to have both n-p-n and p-n-p transistors on the same chip. The 
lateral p n - p  structure shown in Fig. 7-15 is the most common form of the 
integrated p-n-p transistor. This p-n-p uses the standard diffusion techniques 
as the n-p-n, but the last n diffusion (used for the n-p-n transistor) is eliminated. 
While the p base for the n-p-n transistor is made, the two adjacent p regions 
are diffused for the emitter and collector of the p-n-p transistor shown in Fig. 
7-15. Note that the current flows laterally from emitter to collector. Because 
of inaccuracies in maslting, and because, also, of lateral diffusion, the base 
width between emitter and collector is large (about 1 mil compared with 1 pm 

Fig. 7-14 Utilization of 

"buried" n+ layer to re- 

duce collector series 

resistance. 
p substrate 
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n epilexia) lager 

p substrate 

Fig. 7-15 A p-n-p lateral 
transistor. 

for an n-p-n base). Hence the current gain of the p-n-p transistor is very low 
(0.5 to 5) instead of 50 to 300 for the n-p-n device. Since the base-p resistivity 
of the n-p-n transistor is relatively high, the collector and emitter resist:mccs 
of the p-n-p device are high. 

Vertical p-n-p Transistorg This trarlsistor uses the substrate for the p 
collector; the n epitaxial layer for the base; and the p base of the s t ~ n d a r d  
n-p-n transistor as the emitter of this p-n-p device. We have already ert,pha- 
sized that  the substrate must be connected to the most negative potential in 
the circuit. Hence a vertical p-n-p transistor can be used only if its collector 
is a t  a fixed negative voltage. Such a configur:ttion i s  called an emitter follower, 
and is discussed in Sec. 8-8. 

Supergain n-p-n Transistorg If the emitter is diffused into the base 
region so as to reduce the effective base width almost to the point of punch- 
through (Sec. 5-13), the current gain may be increased drasticallj- (typically, 
5,000). However, the breakdowi voltage is reduced to a very low value (say, 
5 V). If such a transistor in the CE configuration is operated in series with a 
standard integrated CB transistor (such a combination is called a cascode 
arrangement), the superhigh giiin can be obtained at very low currents and 
with breakdown voltages in excess of 50 V. 

MONOLITHIC DIODES1 

The diodes utilized in integrated circuits a r t  made by using transistor struc- 
tures in one of five possible connections (I'rob. 7-9). Tlie three most popu1:ir 
diode structures are shown in Fig. 7-16. They are obt:iined from a transistor 
structure by using the emitter-base diode, with the collector short-circuited 
to the base (a);  the emitter-base diode, with the collector open (b) ;  and the 
collector-base diode, with tjhe emitter open-circuit etl (or not fabricated a t  all) 
(c). The choice of the diode type used depends upon the application and cir- 
cuit performance desired. Collector-base diodes h ive  the higher collector-base 
voltage-breaking rating of the collector junction (-12 V minimum), :md tlley 
are suitable for common-cathode diode arrays diffused within a single isolation 
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Fig. 7-16 Cross section of 

various diode structures. 

(a) Emitter-base diode 

with collector shorted to L I 

base; (b) emitter-base 

diode with collector open; 

(c) collector-base diode 

(no emitter diffusion). 

( a )  ( b )  ( c )  

island, as shown in Fig. 7-17a. Commori-anode arrays can also be made with 
the collector-base diffusion, as shown in Fig. 7-170. A separate isolation is , 
required for each diode, and the anodes are connected by metalization. 

The emitter-base diffusion is very popular for the fabrication of diodes 
provided that  the reverse-voltage requirement of the circuit does not exceed 
the lower base-emitter breakdown voltage (-7 V).  Common-anode arrays 
can easily be made with the emitter-base diffusion by using a multiple-emitter 
transistor within a single isolation area, as shown in Icig. 7-18. The collector 
may be either open or shorted to the base. The diode pair in Fig. 7-1 is con- 
structed in this manner, with the collector floating (open). 

Diode Characteristics The forward volt-ampere characteristics of the 
three diode types discussed above are sho\vn in k'ig. 7-19. I t  will be observed 
that  the diode-connected transist or (emit ter-base diode wit 11 collector shorted 

Common Common 
cathode anode 

Anode Anode Cathode Cathode 

p substrate I - P+ 
p substrate I 

Fig. 7-17 Diode pairs. (a) Common-cathode pair and (b) common- 

anode pair, using collector-base diodes. 
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Isolation Fig. 7-18 A multiple-emit- 

ter n-p-n transistor. (a) 

Schematic, (b) monolithic 

surface pattern. If the 

base is connected to the 

collector, the result is a 

multiple-cathode diode 

structure with a common 

anode. 

to the base) provides the highest conduction for a given forward voltage. 
The reverse recovery time for this diode is also smaller, one-third to one-fourth 
that  of the collector-base diode. 

7- 8 INTEGRATED RESISTORS' 

A resistor in a monolithic integrated circuit is very often obtained by utilizing 
the bulk resistivity of one of the diffused areas. The p-type base diffusion 
is most commonly used, although the n-type emitter diffusion is also employed. 
Since these diffusion layers are very thin, it is convenient to define n quantity 
known as the sheet resistance Rs. 

Sheet Resistance If, in Fig. 7-20, the width w equals t,he length 1, we 
have a square I by 1 of material with resistivity p, thickness y, and cross-sec- 
tional area A = ly. The resistance of this conductor (in ohms per square) is 

Fig. 7-19 Typical diode volt-ampere char- 

acteristics for the three diode types of 

Fig. 7-16. (a) Base-emitter (collector 

shorted to base); (b) base-emitter (collec- 

tor open); (c) collector-base (emitter open). 

(Courtesy of Fairchild Semiconductor.) 
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Note that RS is independent of the size of the square. Typically, the sheet 
resistance of the base and emitter diffusions whose profiles are given in Fig. 
7-12 is 200 fl/square and 2.2 Q/square, respectively. 

The construction of a base-diffused resistor is shown in Fig. 7-1 and is 
repeated in Fig. 7-21a. A top view of this resistor is shown in Fig. 7-21b. 
The resistance value may be computed from 

where I and w are the length and width of the diffused area, as shown in the 
top view. For example, a base-diffused-resistor stripe 1 mil wide and 10 
mils long contains 10 (1 by 1 mil) squares, and its value is 10 X 200 = 2,000Q. 
Empirica11s2 corrections for the end contacts are usually included in calculations 
of R. 

Resistance Values. Since the sheet resistance of the base and emitter 
diffusions is fixed, the only variables available for diffused-resistor design are 

p substrate I 
Fig. 7-21 A monolithic resistor. (a) Cross- 

sectional view; (b) top view. 

-- 

(a) 
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I Fig.7-22 The equivalent circuit 
o n isolation region 

of a diffused resistor. 

1 - 0  p substrate 

stripe length and stripe width. Stripe widths of less than 1 mil (0.001 in.) 
are not normally used because a line-width variation of 0.0001 in. due to 
mask drawing error or mask misalignment or photographic-resolution error 
can result in 10 percent resistor-tolerance error. 

The range of values obtainable with diffused resistors is limited by the 
size of the area required by the resistor. Practical range of resistance is 20 L? 
to 30 K for a base-diffused resistor and 10 L? to 1 I( for an emitter-diffused 
resistor. The tolerance which results from profile variations and surface 
geometry errors1 is as high as + I 0  percent of the nominal value a t  25OC, 
with ratio tolerance of _f 1 percent. For this reason the design of integrated 
circuits should, if possible, emphasize resistance ratios rather than absolute 
values. The temperature coefficient for these heavily doped resistors is posi- 
tive (for the same reason that  gives a positive coefficient to t,he silicon sensistor, 
discussed in Sec. 2-7) and is +0.06 percent/"C from -55 to O°C and +0.20 
percent/"C from 0 to 125OC. 

Equivalent Circuit A model of the diffused resistor is shown in Fig. 7-22, 
where the parasitic capacitances of the base-isolation (C1) and isolation-sub- 
strate (Cz) junctions are included. In  addition, i t  can be seen that  a parasitic 
p-n-p transistor exists, with the substrate as collector, the isolation n-type 
region as base, and the resistor p-type material as the emitter. The collector 
is reverse-biased because the p-type substrate is a t  the most negative potential. 
I t  is also necessary that  the emitter be reverse-biased to  keep the parasitic 
transistor a t  cutoff. This condition is maintained by placing all resistors in 
the same isolation region and connecting the n-type isolation region surround- 
ing the resist,ors to the most positive voltage present in the circuit. Typical 
values of h,, for this parasitic transistor range from 0.5 to 5 .  

Thin-film Resistors1 A technique of vapor thin-film deposition can also be 
used to fabricate resistors for integrated circuits. The metal (usually nichrome 
NiCr) film is deposited (to a thickrless a t  less than 1 pm) on the silicon dioxide 
layer, and masked etching is used to produce the desired geometry. The 
metal resistor is then covered by an  insulating layer, and apertures for the 
ohmic contacts are opened through this insulating layer. Typical sheet- 
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resistance values for nichrome thin-film resistors are 40 to 400 Qlsquare, 
resulting in resistance values from about 20 Q to 50 1;. 

7-9 INTEGRATED CAPACITORS AND INDUCTORS1s2 

Capacitors in integrated circuits may be obtained by utilizing the transition 
capacitance of a reverse-biased p-n junction or by a thin-film technique. 

Junction Capacitors A cross-sectional view of a junction capacitor is 
shown in Fig. 7-23a. The capacitor is formed by the reverse-biased junction 
J 2 ,  which separates the epitaxial n-type layer from the upper p-type diffusion 
area. An additional junction J1 appears between the n-type epitaxial plane 
and the substrate, and a parasitic capacitance C1 is associated with this reverse- 
biased junction. The equivalent circuit of the junction capacitor is shown 
in Fig. 7-233, where the desired capacitance C2 should be as large as possible 
relative to  C1. The value of C2 depends on the junction area and impurity 
concentration. Since this junction is essentially abrupt, C2 is given by Eq. 
(3-23). The series resistance R (10 to 50 Q) represents the resistance of the 
n-type layer. 

I t  is clear that  the substrate must be a t  the most negative voltage so 
as to minimize C1 and isolate the capacitor from other elements by keeping 
junction J1 reverse-biased. I t  should also be pointed out that  the junction 
capacitor C2 is polarized since the p-71. junction Jz must always be reverse- 
biased. 

Thin-film Capacitors A metal-oxide-semiconductor (AIOS) nonpolarized 
capacitor is indicated in Fig. 7-24a. This structure is a parallel-plate capac- 

C 2  r~ 0.2 ~ F / r n i l ~  

A B 
0 \I = 0 

c2 
R =  

J2 
10-5011 

It  4 1  n-type layer 

J I  Tli 4 C J  

0 = A 0 
Substrate 

Fig. 7-23 (a) Junction monolithic capacitor. (b) Equivalent circuit. (Courtesy 

of Motorola, Inc.) 
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, A1 metalization 

P-type substrate, 5R-cm 

(a) 

p-type substrate 

( b )  

Fig. 7-24 An MOS capacitor. (a) The structure; (b) the equivalent circuit. 

itor with SiOB as the dielectric. A surface thin film of metal (aluminum) is 
the top plate. The bottom plate consists of the heavily doped n+ region that  
is formed during the emitter diffusion. A typical value for capacitance8 is 
0.4 pF/mi12 for an  oxide thickness of 500 A, and the capacitance varies inversely 
with the thickness. 

The equivalent circuit of the M0S capacitor is shown in Fig. 7-24b, 
where C1 denotes the parasitic capacitance J1 of the collector-substrate junc- 
tion, and R is the small series resistance of t'he rif region. Table 7-2 lists the 
range of possible values for the parameters of junction and MOS capacitors. 

TABLE 7-2 lntegrated capacitor parameters 

Characteristic 
Diffused-junction 

capacitor 

Inductors No practical inductance values have been obtained a t  the 
present time (1972) on silicon substrates using semiconductor or thin-film 
techniques. Therefore their use is avoided in circuit design wherever possible. 
If an inductor is required, a discrete component is connected externally to the 
integrated circuit. 

Thin-film MOS 

Capacitance, pF/milZ. . . . . . . . . . .  
Maximum area, milz.. . . . . . . . . .  
Maximum value, p F . .  . . . . . . . . .  
Breakdown voltage, V .  . . . . . . . . .  
Voltage dependence. . . . . . . . . . . .  
Tolerance, percent. . . . . . . . . . . . .  

Characteristics of  lntegrated Components Based upon our discussion 
of integrated-circuit technology, we can summarize the ~i '~nificant charac- 
teristics of integrated circuits (in addition to the advantages listed in Sec. 7-1). 

0 . 2  
2 X lo3  
400 
5-20 
kV-8 
+ 20 

0 .25-0 .4  
2 x 103 
800 
50-200 
0 
+ 20 
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1. A restricted range of values exists for resistors and capacitors. Typi- 
cally, 10 Q 5 R _< 30 K a n d  C 5 200 pF. 

2. Poor tolerances are obtained in fabricating resistors and capacitors of 
specific magnitudes. For example, + 20 percent of absolute values is typical. 
Resistance ratio tolerance can be specified to f 1 percent because all resistors 
are made a t  the same time using the same techniques. 

3. Components have high-temperature coefficients and may also be volt- 
age-sensitive. 

4. High-frequency response is limited by parasitic capacitances. 
5. The technology is very costly for small-quantity production. 
6. No practical inductors or transformers can be integrated. 

I11 the next section we examine some of the design rules for the layout of 
monolithic circuits. 

7-1 0 MONOLITHIC-CIRCUIT LAYOUT1~l0 

In  this section we describe how to transform the discrete logic circuit of Fig. 
7-25a into the layout of the monolithic circuit shown in Fig. 7-26. 

Design Rules for  Monolithic Layout The following 10 reasonable design 
rules are stated by Phillipsl0: 

1. Redraw the schematic to satisfy the required pin connection with the 
minimum number of crossovers. 

Input 

@ 

Fig. 7-25 (a) A DTL gate. (b)  The schematic redrawn to indicate the 10 external 

connections arranged in the sequence in which they will be  brought out to the 

header pins. The isolation regions are shown in heavv outline. 
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2. Determine the number of isolation islands from collector-potential con- 
siderations, and reduce the areas as much as possible. 

3. Place all resistors having fixed potentials at one end in the same iso- 
lation island, and return that  isolation island to the most positive potential 
in the circuit. 

4. Connect the substrate to the most negative potential of the circuit. 
5. In  layout, allow an isolation border equal to twice the epitaxial thick- 

ness to  allow for underdiffusion. 
6. Use 1-mil widths for diffused emitter regions and +-mil widths for base 

contacts and spacings, and for collector contacts and spacings. 
7. For resistors, use widest possible designs consistent with die-size 

limitations. Resistances which must have :L close ratio must have the same 
width and be placed close to one another. 

8. Always optimize the layout arrangement to maintain the smallest 
possible die size, and if necessary, compromise pin connections to achieve this. 

9. Determine component geometries from the performance requirements 
of the circuit. 

10. Keep all metalizing runs as short, and as wide as possible, particularly 
a t  the emitter and collector output connections of the saturating transistor. 

Pin Connections The circuit of Fig. 7-25u is redrawn in Fig. 7-2:'ib) 
with the external leads labeled 1, 2, 3, . . . : 10 and arrmged in the order 
in which they arc connected to the header pins. The diagram reveals that  
the power-supply pins are grouped together, and also that  the inputs are on 
adjacent pins. In  general, the external connections arc determined bj. the 
system in which the circuits are used. 

Crossovers Very often the layout of a monolithic circuit requires two 
conducting paths (such as leads 5 and G in E'ig. 7-256) to ,cross over each other. 
This crossover cannot be made directly because it will result in electric cont:~ct 
between t ~ o  parts of the circuit. Since :dl resistors arc protected by the SiO. 
layer, any resistor may be used us :I crossover region. In other words, if 
aluminum met:ilization is run over. a resistor, no electric contact will take 
place bc twen  the resistor and the :duminum. 

Sonwtimw the 1:~yout is so compiex th:tt :idtlitio~i:tl crossovrlr points may 
be required. A diff uscd st ruct urc \vliich n1lou.s :L crossovcr is :Jso possiblt.. ' 

Isolation Islands The riumber of isolation is1:trids is determined next. 
Since the transistor collector requires one isolation region, tlw Iieavy rectangle 
h:ts been drawn in k'ig. 7 - 2 3  around the transistor. I t  is sllown connected 
to the output pin 2 becnusc this isolation isl:lrid also forms the transistor col- 
lector. Kext, all resistors are p l a c ~ d  in the snmc isolation island, and the 
island is then connected to the most positive voltage in the circuit, for reasons 
discused in Sec. 7-8. 
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To determine the number of isolation regions rcr4uired for the diodes, it 
is necessary first to establish which kind of diode will be fabricated. In  this 
case, because of the loiv for\vnrd drop sho\vn in Fig. 7-19, it was decided to 
make the common-anode diodes of t lie emit ter-base type with the collector 
shorted to the base. Since the "co~lector" is at  the "base" potential, it is 
required to Ilave a single isolntion islaud for the four common-anode diodes. 
P'innlly, the rcimtining ctiocie is f:~bric:ited as an emitter-base diode, with the 
collector open-circuited, and thus it requires a separate isolation island. 

The Fabrication Sequence The find monolithic layout is determined by 
:L trial-and-error process, having as its objectivt~ the smallest possible die size. 
This layout is shown in Fig. 7-26. The re:~der should identify the four iso- 
lation islands, the three ~*esistors, the five diodes, :md the transistor. I t  is 
interesting to note that the 5.6-I< resistor has been :tchieved with a 2-mil-wide 
1.8-I< resistor in series nith it, 1-mil-wide 3.8-I( resistor. To conserve space, 

- - -  - 

- Indicates isolation region k-i lndicates metalization 

Fig. 7-26 Monolithic design layout for the circuit of Fig. 7-25. 

(Courtesy of  Motorola Monitor, Phoenix, Ariz.) 



224 / INTEGRATED ELECTRONICS Sec. 7- 1 1 

Isolation diffusion Base  diffusion 

Emit ter  diffusion Preohmic etch 

Fig. 7-27 Monolithic fab- 

rication sequence for the 

circuit of Fig. 7-25. 
(Courtesy of Motorola 

Monitor, Phoenix, Ariz.) 

Flat  packagc assembly 

the resistor was folded back on itself. 111 addition, two metalizing crossovers 
ran over this resistor. 

From a layout such as shown in Fig. 7-26, the manuf:~cturer produces 
the masks required for the fabrication of the monolithic integrated circuit. 
The production sequence I\-hich involves isolation, base, and emitter cliff usions, 
preohrnic etch, aluminum met:llization, and the flat pncliage assembly is shown 
in Fig. 7-27. 

7-1 1 ADDITIONAL ISOLATION METHODS 

Electrical isolation between the different elements of a monolithic integrated 
circuit is accomplisl~ed by means of a diffusion which yields back-to-back 
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p-n junctions, as indicated in Sec. 7-2. With the application of bias voltage 
to the substrate, these junctions represent reverse-biased diodes with a very 
high back resistance, thus providing adequate dc isolation. But since each 
p-n junction is also a capacitance, there remains tha t  inevitable capacitive 
coupling between components and the substrate. These parasitic distributed 
capacitances thus limit monolithic integrated circuits to frequencies somewhat 
below those a t  which corresponding discrete circuits can operate. 

Additional methods for achieving better isolation, and therefore improved 
frequency response, have been developed, and are discussed in this section. 

Dielectric Isolation I n  this processl1 the diode-isolation concept is dis- 
carded completely. Instead, isolation, both electrical and physical, is achieved 
by means of a layer of solid dielectric which completely surrounds and sepa- 
rates the components from each other and from the common substrate. This 
passive layer can be silicon dioxide, silicon monoxide, ruby, or possibly a glazed 
ceramic substrate which is made thick enough so that  its associated capacitance 
is negligible. 

In  a dielectric isolated integrated circuit i t  is possible to fabricate readily 
p-n-p and n-p-n transistors within the same silicon substrate. It is also simple 
to have both fast and charge-storage diodes and also both high- and low-fre- 
quency transistors in the same chip through selective gold diffusion-a process 
prohibited by conventional techniques because of the rapid rate a t  which gold 
diffuses through silicon unless impeded by a physical barrier such as a dielectric 
layer. 

An isolation met,hod pioneered by RCAL1 is referred to as SOS (silicon- 1 
on-sapphire). On a single-crystal sapphire substrate an  n-type silicon layer 

. is grown heteroepitaxially. By etching away selected portions of the silicon, 
isolated islands are formed (interconnected only by the high-resistance sap- 
phire substrate). 

One isolation method employing silicon dioxide as the isolating material 
is the EPIC process,12 developed by Illotorola, Inc. This EPIC isolation 
method reduces parasitic capacitance by a factor of 10 or more. In  addition, 
the insulating oxide precludes the need for a reverse bias between substrate 
and circuit elements. Breakdown voltage between circuit elements and 
substrate is in excess of 1,000 V, in contrast to the 20 V across an  isolation 
junction. 

Beam Leads The beam-lead concept13 of Bell Telephone Laboratories 
was primarily developed to batch-fabricate semiconductor devices and inte- 
grated circuits. This technique consists in depositing an  array of thick (of 
the order of 1 mil) contacts on t,he surface of a slice of standard monolithic 
circuit, and then removing the excess semiconductor from under the contacts, 
thereby separating the individual devices and leaving them with semirigid 
beam leads cantilevered beyond the senliconductor. The contacts serve not 
only as electrical leads, but also as the structural support for the devices; 
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Isolation a rea  
Common-emitt 

intraconnection 
(one of four) 

Load-resistor 
beam lead tor (one of four) 

Load resistor 

Semiconductor 
wafer 

Common- collector 
beam lead 

Fig. 7-28 The beam-lead isolation technique. (a) Photomicrograph 

of logic circuit connected in a header. (b) The underside of the 

same circuit, with the various elements identified. (Courtesy of 

Bell Telephone Laboratories.) 

hence the name beam leads. Chips of beam-lead circuits are mounted directly 
by leads, without 1-mil alumir~um or gold wires. 

Isolation within integrated circuits may be accomplished by the beam- 
lead structure. By etching away the unwanted silicon from under the beam 
leads which connect the devices on an integrated chip, isolated pads of silicon 
may be attained, interconnected by the beam leads. The only capacitive 
coupling between elements is then through the small metal-over-oxide overlay. 
This is much lower than the jurlct,ion ~apacit~ance incurred with p-n junction- 
isolated monolithic circuits. 

I t  should be pointed out tha t  the dielectric and beam-lead isolation 
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techniques involve additional process steps, and thus higher costs and possible 
reduction in yield of the manufacturing process. 

I:igure 7-28 sho~vs photomicrographs of two different v i e w  of a logic 
circuit made using the beam-lead technique. The top photo shows the logic 
circuit connected in a header. The bottom photo shows tlle underside of 
the same circuit with the various elements identified. This device is made 
using conventional plarmr techniques to form the transistor and resistor regions. 
Electrical isolation is accomplished by removing all unwanted material between 
components. The beam leads then remain to support and intraconnect the 
isolated components. 

Hybrid Circuits1 The hybrid circuit as opposed to the monolithic circuit 
consists of several component parts (transistors, diodes, resistors, capacitors, 
or complete monolithic circuits), all attached t o  the same ceramic substrate 
and employing wire bonding to achieve the interconnections. 111 these circuits 
electrical isolation is provided by the physical separation of the component 
parts, and in this respect hybrid circuits resemble beam-lead circuits. 

7-1 2 LARGE-SCALE AND MEDIUM-SCALE INTEGRATION 
(LSI AND MSI) 

Large-scale integrationll represents the process of fabricating chips with a 
large number of components which are intercormected to form complete sub- 
systems or systems. In  1972 commercially available 131 circuits contained, 
typically, more than 100 gates, or 1,000 individual circuit components. A 
triple-diffused bipolar transistor requires approximately 50 mil2 of chip area, 
whereas a typical AIOS transistor (Chap. 10) requires only 5 mil2. Much 
higher element densities are possible with AIOS LSI than bipolar LSI circuits. 

Since LSI is an  extension of integrated-circuit techniques, the fabrication 
is identical with that  described in Sec. 7-2. Only the met hods of testing and 
interconr~ection are differer~ t with LSI. There are t 11.0 princip:d techniques, 
called discretionary zcjiri~lg and ji.rer1 itltercotl)zectio?l pattert~. The former con- 
sists in manufacturing on a single l a r p  chip m:my identical uuits, called unit 
cells, such as logic gates ivhich are to be iriterconr~wtcd into u system. The 
cells are then tested by an autom:~tic 1,SI tester \vllich rcnlcmbers the loca- 
tion of the "good" cells. The tester is coupled to :t digital computer which 
calculates instructions for :t p t t e r r l  o f  mcta1iz:ttion runs which i~iterconnects 
the good cells so as to yield the desirvd system function. This process must 
be repeated for each I S 1  wafer, since the patterns of good and bad circuits 
wiil differ from wafer to wafer. 

A fixed interconnectio~ patterrl st:trts 11-it11 a more complex cell, called a 
polycell, and then intercormects several of tllcsc to form :L 1:trger system through 
a fixed interconnection I\-hich is less conlpltbx than the pattern rt3qliired for an  
equal array composed of simpler circuits. 
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The most common LSI products are read-write memories (R/W), read- 
only memories (ROM), and shift registers (discussed in Chap. 17). 

Medium-scale Integration MSI devices have a component density 
less than that  of LSI, but  in excess of about 100 per chip. These commer- 
cially available units include shift registers, counters, decoders, adders, etc. 
(Chap. 17). 

7-1 3 THE METAL-SEMICONDUCTOR CONTACT14 

Two types of metal-semiconductor junctions sre possible, ohmic and rectifying. 
The former is the type of contact desired when a lead is to be attached to a 
semiconductor. On the other hand, the rectifying contact results in a metal- 
semiconductor diode (called a Schottky barrier), with volt-ampere character- 
istics very similar to  those of a p-n diode. The metal-semiconductor diode 
was investigated many years ago, but until the late 1960s commercial Schottky 
diodes were not available because of problems encountered in their manufac- 
ture. I t  has turned out tha t  most of the fabrication difficulties are due to  
surface effects; by employing the surface-passivated integrated-circuit tech- 
niques described in this chapter, i t  is possible to construct almost ideal metal- 
semiconductor diodes very economically. 

As mentioned in Sec. 7-2 (step 4)) aluminum acts as a p-type impurity 
when in contact with silicon. If A1 is to  be attached as a lead to n-type Si, 
an  ohmic contact is desired and the formation of a p-n junction must be pre- 
vented. I t  is for this reason that  n+ diffusions are made in the n regions near 
the surface where the A1 is deposited (Fig. 7-2d). On the other hand, if the 
n+ diffusion is omitted and the A1 is deposited directly upon the n-t,ype Si, 
an  equivalent p-n structure is formed, resulting in an  excellent metal-semi- 
conductor diode. I n  Fig. 7-29 contact 1 is a Schottky barrier, whereas con- 
tact 2 is an  ohmic (nonrectifying) contact, and a metal-semiconductor diode 
exists between these two terminals, with the anode a t  contact 1. Note that  

Fig. 7-29 (a) A Schottky 
1 2 diode formed by IC tech- 

SiOz niques. The aluminum and 

the lightly doped n region 

form a rectifying contact 1, 
0 whereas the metal and the 

heavjly doped n+ region 

form an ohmic contact 2. 
(b) The symbol for this 

metal-semiconductor diode. 
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I p base 

n collector 

I p substrate I 

Fig. 7-30 (a) A transistor with a Schottky-diode clamp between base 

and collector to prevent saturation. (b) The cross section of a mono- 

lithic IC equivalent to the diode-transistor combination in (a). (c) The 

Schottky transistor symbol, which is an abbreviation for that shown in (a). 

the fabrication of a Schottky diode is actually simpler than that of a p-n 
diode, which requires an extra (p-type) diffusion. 

The external volt-ampere characteristic of a metal-semiconductor diode 
is essentially the same as tha t  of a p-n junction, but the physical mechanisms 
involved are more complicated. Note that  in the forward direction electrons 
from the n-type Si cross the junction into the metal, where electrons are 
plentiful. I n  this sense, this is a majority-carrier device, whereas minority 
carriers account for a p-n diode characteristic. As explained in Sec. 3-10, 
there is a delay in switching a p-n diode from ON to OFF because the minority 
carriers stored a t  the junction must first be removed. Schottky diodes have 
a negligible storage time t, because the current is carried predominantly by 
majority carriers. (Electrons from the n side enter the aluminum and become 
indistinguishable from the electrons in the metal, and hence are not "stored" 
near the junction.) 

I t  should be mentioned that  the voltage drop across a Schottky diode is 
much less than that  of a p-n diode for the same forward current. Thus, a 
cutin voltage of about 0.3 V is reasonable for a metal-semiconductor diode 
as against 0.6 V for a p-n barrier. Hence the former is closer to the ideal 
diode clamp than the latter. 

The Schottky Transistor T o  reduce the propogation-delay time in a logic 
gate, i t  is desirable to eliminate storage time in all transistors. In  other 
words, a transistor must be prevented from entering saturation. This con- 
dition can be achieved, as indicated in Fig. 7-30a, by using a Schottky diode 
as a clamp between the base and emitter. If an  attempt is made to saturate 
this transistor by increasing the base current, the collector voltage drops, D 
conducts, and the base-to-collector voltage is limited to about 0.4 V. Since 
the collector junction is forward-biased by less than the cutin voltage ( ~ 0 . 5  V), 
the transistor does not enter saturation (Sec. 5-8). 
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m7ith no additional processing steps, the Schottky clamping diode can be 
fabricated a t  the same time that the transistor is constructed. As indicated 
in Fig. 7-30b, the aluminum metalization for the base lead is allowed to make 
contact also with the n-type collector region (but without an intervening nf 
section). This simple procedure forms a metal-semiconductor diode betwecn 
base and collector. The device in Fig. 7-30b is equivalent to the circuit of 
Fig. 7-30a. This is referred to as a Schottky tra)~sistor,  and is represented by 
the symbol in Fig. 7-30c. 

R E F E R E N C E S  

1. Motorola, Inc. (It. M. Warner, Jr., and J. N. Fordemwalt, cds.): "Integrated 
Circuits," McGraw-Hill Book Company, New York, 1965. 

2. Phillips, A. B.: Monolithic Integrated Circuits, IEEE Spectrum, vol. 1, no. 6, 
pp. 83-101, June, 1964. 

3. Jahnke, E., and F. Emde: "Tables of Functions," Dover Publications, New York, 
1945. 

4. Hunter, 1,. P.: "Handbook of Seniiconductor Electronics," 2d ed., sec. 8, McGraw- 
Hill Book Company, New York, 1962. 

5. Fuller, C. S., and J. A. Ditzenberger: Diffusion of Donor and Acceptor Elements in 
Silicon, J. Appl. Phys., vol. 27, pp. 544-553, May, 1956. 
Barrer, P. M.: "Diffusion in and through Solids," Cambridge IJniversity Press, 
London, 1951. 

6. Trumbore, F. A.: Solid Solubilities of Impurity Elements in Germanium and Silicon, 
Bell System Tech. J., vol. 39, pp. 20,5234, January, 1960. 

7. King, D., and L. Stern: Designing Monolithic Integrated Circuits, Semicond. Prod. 
Solid State Technol., LMarch, 1965. 

8. "Custom Microcircuit Design Handhook," Fairchild Semiconductor, Mountain 
View, Calif., 1963. 

9. Hunter, L. P., Ref. 4, see. 10.1. 

10. Phillips, A. R.:  Designing Digital Monolithic Iiitcgratcd Circuits, Motorola Alonitor, 
vol. 2, no. 2, pp. 18-27, 1964. 

11. Khambata, A. J.:  "Introduction to Large-scale Iritegration," Johli Wiley $ Sons, 
Inc., New York, 1969. 

12. Epic Process Isolatcs Integrated Circuit Eleniel~ts with Silicon Dioxide, Electro- 
technol. (New York), July, 1964, 1). 136. 

13. Lepselter, M. P., e t  al.: Beam Leads and Integrated Circuits, Proc. IEIjE,  vol. 53, 
p. 405, April, 1965. 



Sec. 7- 1 3 INTEGRATED CIRCUITS: FABRICATION AND CHARACTERISTICS / 231 

Lepselter, M. P.: Beam-lead Technology, Bell System Tech. J., February, 1966, 
pp. 233-253. 

14. Yu, A. Y. C.: The Metal-semiconductor Contact: An Old Device with a New 
Future, IEEE Spectrum, vol. 7, no. 3, 111). 83-89, March, 1970. 

REVIEW QUESTIONS 

7-1 What are the four advantages of integrated circuits? 
7-2 List the five steps involved in f:tbricating a rnonolithic~ integrated circuit 

(IC), assuming you already have a substrate. 
7-3 List the five basic processes involved in the fabrication of an IC,  assuming 

you already have a substrate. 
7-4 Describe epitaxial growth. 
7-5 (a) Describe the photoetching process. (b) How many masks are required 

to complete an IC? List the function performed by each mask. 
7-6 (a) Describe the difusion process. (b) \.\'hat is meant by an impurity 

profile? 
7-7 (a) How is the surface layer of SiOz formed? (b) How thick is this layer? 

(c) What are the reasons for forming the Si02 layers? 
7-8 Explain how isolation between components is obtained in an IC. 
7-9 How are the con~poncnts interconnected in an IC? 
7-10 Explain what is meant by parasitic capacitance in an IC. 
7-11 Give the order of magnitude of (a) the substrate thickness; (b) the epi- 

taxial thickness; (c) the base width; (d) the diffusion time; (e) the diffusion tempera- 
ture; (f) the surface area of a transistor; (g) the chip size. 

7-12 Sketch the cross section of an IC transistor. 
7-1 3 Sketch the cross sectio~i of a discrete pl:Inar el)it:~sial tran.;i\tor. 
7-14 List the advantages and disadvant:iges of an IC VS. a discrete transistor. 
7-15 (a) 1)efine buried layer. (b) Why is it used? 
7-16 Describe a lateral p-n-p transistor. Why is it.; current gain low? 
7-17 Describe a vertical p-n-p transistor. Why is it of linlited use? 
7-1 8 Describe a supergain transistor. 
7-19 (a) How are IC diodeh fabricated? (b)  Sketch the cros- 5cctionh of two 

types of emitter-base diodes. 
7-20 Sketch the crms section of a diode 1)air u+ing collrctor-bnw rc.gions if (a) the 

cathode is; conmoll and (b) the a~iotle is c0111111011. 
7-21 Sketch the toll view of :t nlultil)lo-c~ilittel. tritnsihtor. Show the iiolation, 

collector, base, and enlitter regions. 
7-22 (a) 1)efinc sheet rcsistanr-c Rs. ( 0 )  1Vh:~t i~ the ortlcr of nlng~iitudc of II'S 

for the base region and also for the emitter region? ( c )  Sketch th t  c r o ~ s  sectiou of :ill 

I C  resistor. (d) \Vhat arc the order of nxtgnitud~\ of the s n ~ a l l ~ ~ t  :111d the largest 
values of an IC resistn~ice? 

7-23 (a) Sketch the equiv:tlc~it circuit of a hn\e-diffuhccl rehi-;tor, showilig all 
parasitic illement,. (b) \Vh:~t mu\t 1)e don(> (~\;ter~l;i l ly) to nli~iinl~ze the  effect of the 
parasitic efements? 

7-24 Describe a thin-film resistor. 
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7-25 ( a )  Sketch the cross section of a junction capacitor. (b )  Draw the equiva- 
lent circuit, showing all parasitic elements. 

7-26 Repeat Rev. 7-25 for an  MOS capacitor. 
7-27 ( a )  What are the two basic distinctions between a junction and an  MOS 

capacitor? (b )  What is the order of magnitude of the capacitance per square mil? 
(c) What is the order of magnitude of the maximum value of C? 

7-28 ( a )  To what voltage is the substrate connected? Why? ( b )  To what 
voltage is the isolation island containing the resistors connected? Why? (c) Can 
several transistors be placed in the same isolation island? Explai?. 

7-29 Describe briefly (a) dielectric isolation; ( b )  beam-lead isolation. 
7-30 What is meant by a hybrid circuit? 
7-31 How is an  aluminum contact made with n-type silicon so that  i t  is ( a )  

ohmic ; (b )  rectifying? 
7-32 Why is storage time eliminated in a metal-semiconductor diode? 
7-33 What is a Schottky transistor.? Why is storage time eliminated in such a 

transistor? 
7-34 Sketch the cross section of an  IC Schottky transistor. 



/ TRANSISTORS 

The field-effect transistor1 is a semiconductor device which depends 
for its operation on the control of current by an electric field. There 
are two types of field-effect transistors, the junction field-eflect transis- 
tor (abbreviated JFET, or simply FET) and the insulated-gate jield- 
e$ect transistor (IGFET), more commonly called the metal-oxide-semi- 
conductor (MOS) transistor (IMOST, or MOSFET). 

The principles on which these devices operate, as well as the 
differences in their characteristics, are examined in this chapter. 
Representative circuits making use of FET transistors are also 
presented. 

The field-effect transistor differs from the bipolar junction tran- 
sistor in the following important characteristics: 

1. Its operation depends upon the flow of majority carriers only. 
I t  is therefore a unipolar (one type of carrier) device. 

2. I t  is simpler to fabricate and occupies less space in integrated 
form. 

3. I t  exhibits a high input resistance, typically many megohms. 
4. I t  is less noisy than a bipolar transistor. 
5. I t  exhibits no offset voltage at zero drain current, and hence 

makes an excellent signal ~ h o p p e r . ~  

The main disadvantage of the FET  is its relatively small gain- 
bandwidth product in comparison with that which can be obtained with 
a conventional transistor. The principal applications of MOSFETs 
are as LSI digital arrays. 

31 0 
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10-1 THE JUNCTION FIELD-EFFECT TRANSISTOR 

The structure of an n-channel field-effect transistor is shown in Fig. 10-1. 
Ohmic contacts are made to the two ends of a semiconductor bar of n-type 
material (if p-type silicon is used, the device is referred to as a p-channel FET). 
Current is caused to flow along the length of the bar because of the voltage 
supply connected between the ends. This current consists of majority carriers, 
which in this case are electrons. A simple side view of a JFET is indicated in 
Fig. 10-la and a more detailed sketch is shown in Fig. 10-lb. The circuit 
symbol with current and voltage polarities marked is given in Fig. 10-2. The 
following FET notation is standard. 

Source The source S is the terminal through which the majority carriers 
enter the bar. Conventional current entering the bar at  S is designated by Is. 

Drain The drain D is the terminal through which the majority carriers 
leave the bar. Conventional current entering the bar a t  D is designated by ID. 
The drain-to-source voltage is called VDs, and is positive if D is more positive 
than S. In Fig. 10-1, V D ~  = VDD = drain supply voltage. 

Gate On both sides of the n-type bar of Fig. 10-1, heavily doped (p+) 
regions of acceptor impurities have been formed by alloying, by diffusion, or 

P + type 
gate 

Source 
Drain 

T Depletion region, 

Fig. 10-1 The basic structure of an n-channel field-effect transistor. (a) Sim- 

plified view. (b) More detailed drawing. The normal polarities of the drain- 

to-source (VnD) and gate-to-source (VW)  supply voltages are shown. In a 

p-channel FET the voltages would be  reversed. 
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by any other procedure available for creating p-n junctions. These impu- 
rity regions are called the gate G. Between the gate and source a voltage 
VGS = -VGG is applied in the direction to reverse-bias the p-n junction. 
Conventional current entering the bar a t  G is designated lo. 

Channel The region in Fig. 10-1 of n-type material between the two 
gate regions is the channel through which the majority carriers move from 
source to drain. 

FET Operation I t  is necessary to recall that on the two sides of the 
reverse-biased p-n junction (the transition region) there are space-charge 
regions (Sec. 3-7). The current carriers have diffused across the junction, 
leaving only uncovered positive ions on the n side and negative ions on the 
p side. The electric lines of field intensity which now originate on the positive 
ions and terminate on the negative ions are precisely the source of the voltage 
drop across the junction. As the reverse bias across the junction increases, so 
also does the thickness of the region of immobile uncovered charges. The con- 
ductivity of this region is nominally zero because of the unavailability of cur- 
rent carriers. Hence we see that the effective width of the channel in Fig. 10-1 
will become progressively decreased with increasing reverse bias. Accordingly, 
for a fixed drain-to-source voltage, the drain current will be a function of the 
reverse-biasing voltage across the gate junction. The term field efect is used 
to describe this device because the mechanism of current control is the e$ed 
of the extension, with increasing reverse bias, of the field associated with the 
region of uncovered charges. 

FET Static Characteristics The circuit, symbol, and polarity conventions 
for an FET  are indicated in Fig. 10-2. The direction of the arrow at  the gate 
of the junction FET  in Fig. 10-2 indicates the direction in which gate current 
would flow if the gate junction were forward-biased. The common-source 
drain characteristics for a typical n-channel FET shown in Fig. 10-3 give I D  

against V D ~ ,  with Vas as a parameter. To see qualitatively why the charac- 
teristics have the form shown, consider, say, the case for which Vos = 0. For 
I D  = 0, the channel between the gate junctions is entirely open. In  response 

Fig. 1.0-2 Circuit symbol for an D r a i n : . l p ~ l  n-channel FET. (For a p-channel FET 

the arrow at the gate junction points 
Gate G 

in the opposite direction.) For an 

n-channel FET, I D  and Vns are posi- 
VGG tive and Vas is negative. For a 

p-channel FET, I D  and Vns are nega- 
- - tive and V G S  is positive. 
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teristics of an n-chan- 

nel field-effect tran- 
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Drain-source voltage VDs , V 

to a small applied voltage VDs, the n-type bar acts as a simple semiconductor 
resistor, and the current I D  increases linearly with VDs. With increasing cur- 
rent, the ohmic voltage drop between the source and the channel region reverse- 
biases the junction, and the conducting portion of the channel begins to con- 
strict. Because of the ohmic drop along the length of the channel itself, the  
constriction is not uniform, but is more pronounced at  distances farther from 
the source, as indicated in Fig. 10-1. Eventually, a voltage VDs is reached 
at  which the channel is "pinched off." This is the voltage, not too sharply 
defined in Fig. 10-3, where the current I D  begins to level off and approach a 
constant value. I t  is, of course, in principle not possible for the channel to 
close completely and thereby reduce the current I D  to zero. For if such, 
indeed, could be the case, the ohmic drop required to provide the necessary 
back bias would itself be lacking. Note that each characteristic curve has an 
ohmic region for small values of VDs, where ID is proportional to VDS. Each 
also has a constant-current region for large values of VDs, where ID responds 
very slightly to VDs. 

If now a gate voltage Vcs is applied in the direction to provide additional 
reverse bias, pinch-off will occur for smaller values of IVDsl, and the maxi- 
mum drain current will be smaller. This feature is brought out in Fig. 10-3. 
Note that a plot for a silicon FET is given even for Vcs = +0.5 V, which is in 
the direction of forward bias. We note from Table 5-1 that, actually, the 
gate current will be very small, because at this gate voltage the Si junction is 
barely at the cutin voltage V,. 

The maximum voltage that can be applied between any two terminals of 
the FFT is the lowest voltage that will cause avalanche breakdown (Sec. 3-11) 
across the gate junction. From Fig. 10-3 it is seen that avalanche occurs at  
a lower value of 1 VDsl when the gate is reverse-biased than for Vcs = 0. This 
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Fig. 10-4 Single-ended-geometry 

junction FET. 

Channel 

I (Substrate) 

is caused by the fact that the reverse-bias gate voltage adds to the drain volt- 
age, and hence increases the effective voltage across the gate junction. 

We note from Fig. 10-2 that the n,-channel FET  requires zero or negative 
gate bias and positive drain voltage. The p-channel FET requires opposite 
voltage polarities. Either end of the channel may be used as a source. We 
can remember supply polarities by using the channel type, p or n, to designate 
the polarity of the source side of the drain supply. 

A Practical FET Structure The structure shown in Fig. 10-1 is not prac- 
tical because of the difficulties involved in diffusing impurities into both sides 
of a semiconductor wafer. Figure 10-4 shows a single-ended-geometry junc- 
tion FET where diffusion is from one side only. The substrate is of p-type 
material onto which an n-type channel is epitaxially grown (Sec. 7-3). A 
p-type gate is then diffused into the n-type channel. The substrate which 
may function as a second gate is of relatively low resistivity material. The 
diffused gate is also of very low resistivity material, allowing the depletion 
region to spread mostly into the n-type channel. 

10-2 THE PINCH-OFF VOLTAGE Vp 

We derive an expression for the gate reverse voltage Vp that removes all the 
free charge from the channel using the physical model described in the pre- 
ceding section. This analysis was first made by Shockley,l using the structure 
of Fig. 10-1. In  this device a slab of n-type semiconductor is sandwiched 
between two layers of p-type material, forming two p-n junctions. 

Assume that the p-type region is doped with N A  acceptors per cubic meter, 
that the n-type region is doped with ND donors per cubic meter, and 'that the 
junction formed is abrupt. The assumption of an abrupt junction is the same 
as that made in Sec. 3-7 and Fig. 3-10, and is chosen for simplicity. More- 
over, if N A  >> No, we see from Eq. (3-17) that W, << W,, and using Eq. (3-21), 
we have, for the space-charge width, W,(x) = W(x) at  a distance x along the 
channel in Fig. 10-1 : 



- - 

S ~ C .  10-3 FIELD-EFFECT TRANSISTORS / 31 5 

where E = dielectric constant of channel material 
q = magnitude of electronic charge 

Vo = junction contact potential at  x (Fig. 3-ld) 
V(x) = applied potential across space-charge region at  x and is a negative 

number for an applied reverse bias 
a - b(x) = penetration W(x) of depletion region into channel at  a point x 

along channel (Fig. 10-1) 
If the drain current is zero, b(x) and V(x) are independent of x and 

b(x) = b. If in Eq. (10-1) we substitute b(x) = b = 0 and solve for V, on the 
assumption that IV,( << (VI, we obtain the pinch-off voltage Vp, the diode 
reverse voltage that removes all the free charge from the channel. Hence 

If we substitute Vas for V, - V(x) in Eq. (10-I), we obtain, using Eq. (10-2)) 

The voltage Vas in Eq. (10-3) represents the reverse bias across the gate 
junction and is independent of distance along the channel if I D  = 0. 

E X A M P L E  For an n-channel silicon F E T  with a = 3 X lop4 cm and No = 1015 
elect,rons/cm3, find (a) the pinch-off voltage and (b) the channel half-width for 
VW = ~ V P  and I D  = 0. 

Solution a. The relative dielectric constant of silicon is given in Table 2-1 as 
12, and hence E = 1 2 ~ ~ .  Using the values of q and E, from Appendix A, we 
have, from Eq. (10-Z), expressed in mks units, 

b. Solving Eq. (10-3) for b, we obtain for VUS = * V p  

j Hence the channel width has been reduced to about one-third its value for VQS = 0. 

10-3 THE JFET VOLT-AMPERE CHARACTERISTICS 

, Assume, first, that a small voltage VDS is applied between drain and source. 
The resulting small drain current I D  will then have no appreciable effect on 
the channel profile. Under these conditions we may consider the effective 

/ channel cross section A to be constant throughout its length. Hence A = 2bw, 
F 
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where 2b is the channel width corresponding to zero drain current as given by 
Eq. (10-3) for a specified VGS, and w is the channel dimension perpendicular 
to the b direction, as indicated in Fig. 10-1. 

Since no current flows in the depletion region, then, using Ohm's law 
[Eq. (2-7)], we obtain for the drain current 

where L is the length of the channel. 
Substituting b from Eq. (10-3) in Eq. (10-4), we have 

The ON Resistance rd,~N Equation (10-5) describes the volt-ampere 
characteristics of Fig. 10-3 for very small VDs, and it suggests that under these 
conditions the FET behaves like an ohmic resistance whose value is deter- 
mined by VGS. The ratio VD~/ID at the origin is called the ON drain resis- 
tance r d , 0 ~ .  For a JFET  we obtain from Eq. (10-5), with VGS = 0, 

For the device values given in the illustrative example in this section and 
with L/w = 1, we find that r d , ~ ~  = 3.3 K. For the dimensions and concen- 
tration used in commercially available FETs and MOSFETs (Sec. 10-5), 
values of T d . 0 ~  ranging from about 100 !d to 100 K are measured. This param- 
eter is important in switching applications where the FET is driven heavily ON. 

The bipolar transistor has the advantage over the field-effect device in that 
Rcs is usually only a few ohms, and hence is much smaller than rd.0~.  HOW- 
ever, a bipolar transistor has the disadvantage for chopper applications2 of 
possessing an offset voltage (Sec. 5-12), whereas the FET characteristics pass 
through the origin, ID = 0 and VDS = 0. 

The Pinch-off Region We now consider the situation where an electric 
field &, appears along the x axis. If a substantial drain current I D  flows, the 
drain end of the gate is more reverse-biased than the source end, and hence 
the boundaries of the depletion region are not parallel to the longitudinal axis 
of the channel, but converge as shown in Fig. 10-1. If the convergence of the 
depletion region is gradual, t,he previous one-dimensional analysis is valid1 in a 
thin slice of the channel of thickness Ax and at a distance x from the source. 
Subject to this condition of the "gradual" channel, the current may be written 
by inspection of Fig. 10-1 as 

As VDs increases, &, and ID increase, whereas b(x) decreases because the 
channel narrows, and hence the current density J = I~/2b(x)w increases. We 
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now see that complete pinch-off (b = 0) cannot take place because, if i t  did, 
J would become infinite, which is a physically impossible condition. If J 
were to increase without limit, then, from Eq. (10-7), so also would &,, provided 
that pn remains constant. I t  is found e~pe r imen t a l l y ,~~~  however, that the 
mobility is a function of electric field intensity and remains constant only 
for 8, < lo3 V/cm in n-type silicon. For moderate fields, lo3 to lo4 V/cm, 
the mobility is approximately inversely proportional to the square root of the 
applied field. For still higher fields, such as are encountered at  pinch-off, 
p, is inversely proportional to 8,. In this region the drift velocity of the 
electrons (v, = p,&,) remains constant, and Ohm's law is no longer valid. 
From Eq. (10-7) we now see that both I D  and b remain constant, thus explain- 
ing the constant-current portion of the V-I characteristic of Fig. 10-3. 

What happens4 if VDs is increased beyond pinch-off, with VGS held 
constant? As explained above, the minimum channel width bmi ,  = 6 has a 
small nonzero constant value. This minimum width occurs a t  the drain end 
of the bar. As VDs is increas'ed, this increment in potential causes an increase 
in G ,  in an adjacent channel section toward the source. Referring to Fig. 10-5, 
the velocity-limited region L' increases with VDs, whereas 6 remains at  a fixed 
value. 

The Region before Pinch-off We have verified that the FET behaves as 
an ohmic resistance for small VDs and as a constant-current device for large 
VDS. An analysis giving the shape of the volt-ampere characteristic between 
these two extremes is complicated. I t  has already been mentioned that in 
this region the mobility is a t  first independent of electric field and then p 

varies with 6,-+ for larger values of E, (before pinch-off). Taking this rela- 
tionship into account, it is p ~ s s i b l e ~ - ~  to obtain an expression for ID as a 

VGG 

/ Depletion region 

Fig. 10-5 After pinch-off, as VDS is increased, then L' 
increases but 6 and I D  remain essentially constant. (GI 
and Gz are tied together.) 
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function of VDS and VUS which agrees quite well with experimentally deter- 
mined curves. 

The Transfer Characteristic In  amplifier applications the FET is almost 
always used in the region beyond pinch-off (also called the constant-current, 
pentode, or current-saturation region). Let the saturation drain current be 
designated by IDS, and its value with the gate shorted to the source (VGS = 0) 
by loss. I t  has been found6 that the transfer characteristic, giving the rela- 
tionship between I D s  and VGS, can be approximated by the parabola 

This simple parabolic approximation gives an excellent fit, with the experi- 
mentally determined transfer characteristics for FETs made by the diffusion 
process. 

Cutoff Consider an FET operating at a fixed value of VDS in the constant- 
current region. As Vcs is increased in the direction to reverse-bias the gate 
junction, the conducting channel will narrow. When VGS = V P ,  the channel 
width is reduced to zero, and from Eq. (10-8), IDS = 0. With a physical 
device some leakage current ID,OFF still flows even under the cutoff condition 
IT"&] > IVp(. A manufacturer usually specifies a maximum value of I D , O F F  

a t  a given value of VGS and VDS. Typically, a value of a few nanoamperes 
may be expected for  ID,^^^ for a silicon FET. 

The gate reverse current, also called the gate cut08 current, designated by 
lass, gives the gate-to-source current, with the drain shorted to the source 
for 1 V ~ s l  > ) VPI. Typically, I ~ s s  is of the order of a few nanoamperes for a 
silicon device. 

10-4 THE FET SMALL-SIGNAL MODEL 

The linear small-signal equivalent circuit for the F E T  can be obtained in a 
manner analogous to that used to derive the corresponding model for a tran- 
sistor. We employ the same notation in labeling time-varying and dc currents 
and voltages as used in Secs. 8-1 and 8-2 for the transistor. We can formally 
express the drain current iD as a function f of the gate voltage v ~ s  and drain 
voltage UDS by 

= f (VGS, VDS) (1 0-9) 

The Transconductance g, and Drain Resistance rd If both the gate and 
drain voltages are varied, the change in drain current is given approximately 
by the first two terms in the Taylor's series expansion of Eq. (10-9), or 
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In  the small-signal notation of Sec. 8-1, AiD = id, Avos = vga, and AvDS = vda, 
so that Eq. (10-10) becomes 

where 

is the mutual conductance, or transconductance. I t  is also often designated 
by y,, or gja and called the (common-source) forward transadmittance. The 
second parameter rd in Eq. (10-11) is the drain (or output) resistance, and is 
defined by 

The reciprocal of rd is the drain conductance gd. I t  is also designated by yo, 
, and go, and called the (common-source) output conductance. 

An amplification factor p for an I'ET may be defined by 

We can verify that p, rd, and g, are related by 

by setting id = 0 in Eq. (10-11). . . 

An expression for g, is obtained by applying the definition of Eq. (10-12) 
to Eq. (10-8). The result is 

where gmo is the value of gm for VGS = 0, and is given by 

Since I D s s  and Vp are of opposite sign, g,, is always positive. Note that the 
transconductance varies as the square root of the drain current. The relation- 
ship connecting g,,, loss, and Vp has been verified e~perimentally.~ Since 
gm0 can be measured and I D s s  can be read on a dc milliammeter placed in the 
drain lead (with zero gate excitation), Eq. (10-17) gives a method for obtain- 
ing Vp. 

The dependence of g, upon Vcs is indicated in Fig. 10-6 for the 2N3277 
FET (with Vp = 4.5 V) and the 2N3278 FET (with Vp = 7 V). The linear 

: relationship predicted by Eq. (10-16) is seen to be only approximately valid. 
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Fig. 10-6 Transconductance g, versus 

gate voltage for types 2N3277 and 

2N3278 FETs. (Courtesy of Fai rchild 

Semiconductor Company.) 

Gate voltage Vcs , V 

Temperature Dependence Curves of g, and rd versus temperature are 
given in Fig. 10-7. The drain current IDS has the same temperature variation 
as does g,. The principal reason for the negative temperature coefficient of 
IDS is that the mobility decreases with increasing temperature.* Since this 
majority-carrier current decreases with temperature (unlike the bipolar tran- 
sistor whose minority-carrier current increases with temperature), the trouble- 
some phenomenon of thermal runaway (Sec. 9-9) is not encountered with 
field-eff ect transistors. 

The FET Model A circuit which satisfies Eq. (10-11) is indicated in 
Fig. 10-8a. This low-frequency small-signal model has a Norton's output cir- 
cuit with a dependent current generator whose current is proportional to the 
gate-to-source voltage. The proportionality factor is the transconductance 
g,, which is consistent with the definition of g, in Eq. (10-12). The output 
resistance is rd, which is consistent with the definition in Eq. (10-13). The 
input resistance between gate and source is infinite, since it  is assumed that 

Fig. 10-7 Normalized g, and nor- 

malized rd versus TA (for the 2N3277 

and the 2N3278 FETs with Vos = - 10 V, 

V Q S  = 0 V, and f = 1 kHz). (Courtesy 

of Fairchild Semiconductor Company.) 

- 50 0 50 100 150 

Ambient temperature T, , " C 
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'd  Drain D Y GateGI: gmvg* ; :Igm 
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Source S S 
S 

(a) ( b )  

Fig. 10-8 (a) The low-frequency small-signal FET model. (b) The high-frequency 

model, taking node capacitors into account. 

the reverse-biased gate takes no current. For the same reason the resistance 
between gate and drain is assumed to be infinite. 

The FET model of Fig. 10-8a should be compared with the h-parameter 
model of the bipolar junction transistor of Fig. 8-6. The latter also has a 

, Norton's output circuit, but the current generated depends upon the input 
, current, whereas in the FET  model the generator current depends upon the 

input voltage. Note that there is no feedback a t  low frequencies from output 
to input in the FET, whereas such feedback exists in the bipolar transistor 

+ through the parameter h,,. Finally, observe that the high (almost infinite) 
input resistance of the FET is replaced by an input resistance of about 1 K 

' for a CE amplifier. In  summary, the field-effect transistor is a much more 
ideal amplifier than the conventional transistor at low frequencies. Unfortu- 
nately, this is not true beyond the audio range, as we now indicate. 

The high-frequency model given in Fig. 10-8b is identical with Fig. 10-8a 
except that the capacitances between pairs of nodes have been added. The 
capacitor C,, represents the barrier capacitance between gate and source, and 
Cod is the barrier capacitance between gate and drain. The element Cd. 
represents the drain-to-source capacitance of the channel. Because of these 
internal capacitances, feedback exists between the input and output circuits, 
and the voltage amplification drops rapidly as the frequency is increased 
(Sec. 10-11). The order of magnitudes of the parameters in the model for a 
diffused-junction FET  is given in Table 10-1. 

TABLE 70-1 Range of parameter values for an FET 

parameter ( JFET 

0.1-20 mA/V or more 
1-50 K 
0.1-1 pF 
1-10 pF 
> 101° n 
> 1014 n 

t Discussed in Sec. 10-5. 
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10-5 THE METAL-OXIDE-SEMICONDUCTOR FET (MOSFET) 

In  preceding sections we developed the volt-ampere characteristics and small- 
signal properties of the junction field-effect transistor. We now turn our 
attention to the insulated-gate FET, or metal-oxide-semiconductor FET,g 
which is of much greater commercial importance than the junction FET. 

The p-channel MOSFET consists of a lightly doped n-type substrate 
into which two highly doped p+ regions are diffused, as shown in Fig. 10-9. 
These p+ sections, which will act as the source and drain, are separated by 
about 10 to 20 pm. A thin (1,000 to 2,000 A) layer of insulating silicon 
dioxide (SiOJ is grown over the surface of the structure, and holes are cut 
into the oxide layer, allowing contact with the source and drain. Then the 
gate-metal area is overlaid on the oxide, covering the entire channel region. 
Simultaneously, metal contacts are made to the drain and source, as shown in 
Fig. 10-9. The contact to the metal over the channel area is the gate terminal. 
The chip area of a MOSFET is 5 square mils or less, which is only about 
5 percent of that required by a bipolar junction transistor. 

The metal area of the gate, in conjunction with the insulating dielectric 
oxide layer and the semiconductor channel, form a parallel-plate capacitor. 
The insulating layer of silicon dioxide is the reason why this device is called 
the insulated-gate field-effect transistor. This layer results in an extremely 
high input resistance (lot0 to 1015 a) for the MOSFET. The p-channel 
enhancement MOSFET is the most commonly available field-effect device 
(1972), and its characteristics will now be described. 

The Enhancement MOSFET If we ground the substrate for the structure 
of Fig. 10-9 and apply a negative voltage at the gate, an electric field will be 
directed perpendicularly through the oxide. This field will end on "induced" 
positive charges on the semiconductor site, as shown in Fig. 10-9. The posi- 
tive charges, which are minority carriers in the n-type substrate, form an 
"inversion layer." As the magnitude of the negative voltage on the gate 
increases, the induced positive charge in the semiconductor increases. The 
region beneath the oxide now has p-type carriers, the conductivity increases, 
and current flows from source to drain through the induced channel. Thus 

Gate (-) Drain 

S0r~i~2 7 , Aluminum, ? 

I p channel I 

Fig. 10-9 Enhancement in a 

p-channel MOSFET. (Courtesy of 

Motorola Semiconductor Products, 

Inc.) 

I nfsubstrate) I 
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Fig. 10-10 (a) The drain characteristics and (b) the transfer curve (for V , ) ,  = 

10 V) of a p-channel enhancement-type MOSFET. 

the drain current is "enhanced" by the negative gate voltage, and such a 
device is called an enhancement-type RIOS. 

Threshold Voltage The volt-ampere drain characteristics of a p-channel 
enhancement-mode MOSFET are given in Fig. 10-IOU, and its transfer curve 
in Fig. 10-lob. The current I D s s  a t  VGS > 0 is very small, of the order of a 
few nanoamperes. As VGs is made negative, the current lIDl increases slowly 
a t  first, and then much more rapidly with an ir~crease in ) V G ~ ( .  The manu- 
facturer often indicates the gate-source threshold voltage VGST, or V T , ~  a t  
which [ID[ reaches some defined small value, say 10 /.LA. A current I D , o N  

corresponding approximately to the maximum value given on the drain char- 
acteristics, and the value of VGS needed to obtain this current are also usually 
given on the manufacturer's specification sheets. 

The value of VT for the p-channel standard AIOSFET is typically -4 V, 
and it is common to use a power-supply voltage of - 12 V for the drain supply. 
This large voltage is incompatible with the power-supply voltage of typically 
5 V used in bipolar integrated circuits. Thus various manufacturing tech- 
niques1° have been developed to  reduce VT. In  general, a low threshold 
voltage allows (1) the use of a small power-supply voltage, (2) compatible 
operation with bipolar devices, and (3) smaller switching time due to the 
smaller voltage swing during switching. 

Three methods are used to lower the magnitude of VT. 

1. The high-threshold RlOSFET described above uses a silicon crystal 
with (111) orientation. If a crystal is utilized in the (100) direction i t  is found 
that a value of VT results which is about one-half that obtained with (111) 
orientation. 

2. The silicon nitride approach makes use of a layer of Si3N4 and SiOz, 

t In  this chapter the threshold voltage should not be confused with the volt equivalent 
of temperature V T  of Sec. 2-9. 
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whose dielectric constant is about twice that of SiOt alone. A FET  con- 
structed in this manner (designated an MNOS device) decreases VT to 
approximately 2 V. 

3. Polycrystalline silicon doped with boron is used as the gate electrode 
instead of aluminum. This reduction in the difference in contact potentials 
between the gate electrode and the gate dielectric reduces V T .  Such devices 
are called silicon gate MOS transistors. All three of the fabrication methods 
described above result in a low-threshold device with V T  in the range 1.5 to 
2.5 V, whereas the standard high-threshold MOS has a VT of approximately 
4 to 6 V. 

Power Supply Requirements Table 10-2 gives the voltages customarily 
used with high-threshold and low-threshold p-channel MOSFETs. Note that 
V S s  refers to the substrate, Voo to the drain, and VGC to the gate supply 
voltages. The subscript 1 denotes that the source is grounded and the sub- 
script 2 designates that the drain is a t  ground potential. 

The low-threshold MOS circuits require lower power supply voltages and 
this means less expensive system power supplies. In  addition, the input volt- 
age swing for turning the device ON and OFF is smaller for the lower-threshold 
voltage, and this means faster operation. Another very desirable feature of 
low-threshold MOS circuits is that they are directly compatible with bipolar 
ICs. They require and produce essentially the same input, and output signal 
swings and the system designer has the flexibility of using MOS and bipolar 
circuits in the same system. 

TABLE 10-2 Power supply voltages for p-channel MOSFETs, in 
volts 

Ion Implantationlo The ion-implantation technique demonstrated in 
Fig. 10-11 provides very precise control of doping. Ions of the proper dopant 
such as phosphorus or boron are accelerated to a high energy of up to 300,000 eV 
and are used to bombard the silicon wafer target. The energy of the ions 
determines the depth of penetration into the target. In  those areas where 
ion implantation is not desired, an aluminum mask or a thick (12,000 A) 
oxide layer absorbs the ion. Virtually any value of VT can be obtained using 
ion implantation. In  addition, we see from Fig. 10-11 that there is no overlap 
between the gate and drain or gate and source electrodes (compare Fig. 10-11 
with Fig. 10-9). Consequently, due to ion implantation, there is a drastic 
reduction in Cod and C,,. 
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Boron ion8 

Fig. 10-1 1 Ion implantation in 

MOS devices. 

n (substrate) 

The Depletion MOSFET A second type of MOSFET can be made if, to 
the basic structure of Fig. 10-9, a channel is diffused between the source and 
the drain, with the same type of impurity as used for the source and drain 
diffusion. Let us now consider such an n-channel structure, shown in Fig. 
10-12a. With this device an appreciable drain current IDSS flows for zero 
gate-to-source voltage Vas = 0. If the gate voltage is made negative, positive 
charges are induced in the channel through the SiOft of the gate capacitor. 
Since the current in an FET  is due to majority carriers (electrons for an n-type 
material), the induced positive charges make the channel less conductive, and 
the drain current drops as Vas is made more negative. The redistribution of 
charge in the channel causes an effective depletion of majority carriers, which 
accounts for the designation depletion MOSFET. Note in Fig. 10-12b that, 
because of the voltage drop due to the drain current, the channel region nearest 
the drain is more depleted than is the volume near the source. This phenome- 
non is analogous to that of pinch-qff occurring in a JFET  at the drain end of 
the channel (Fig. 10-1). As a matter of fact, the volt-ampere characteristics 
of the depletion-mode MOS and the JFET are quite similar. 

A MOSFET of the depletion type just described may also be operated 

Diffused 
SiO, channel 

Aluminum 
So? I G$te / A ODrain 

p (substrate) 

Souye Gate (-) SiO 

P \ PDrah . 

p (substrate) 

Fig. 10-12 (a) An n-channel depletion-type MOSFET. (b) Channel depletion 

with the application of a negative gate voltage. (Courtesy of Motorola Semi- 

conductor Products, Inc.) 
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I Depletion t- -+ Enhancement 

Fig. 10-13 (a) The drain characteristics and (b) the transfer curve (for V D S  = 

10 V) for an n-channel MOSFET which may be  used in either the enhancement or 

the depletion mode. 

in an enhancement mode. I t  is only necessary to apply a positive gate voltage 
so that negative charges are induced into the n-type channel. In  this manner 
the conductivity of the channel increases and the current rises above loss. 
The volt-ampere characteristics of this device are indicated in Fig. 10-13a, 
and the transfer curve is given in Fig. 10-13b. The depletion and enhance- 
ment regions, corresponding to VGS negative and positive, respectively, should 
be noted. The manufacturer sometimes indicates the gate-source cutof voltage 
Vas,oFF, at which ID is reduced to some specified negligible value at  a recom- 
mended Vos. This gate voltage corresponds to the pinch-off voltage Vp of a 
JFET. 

The foregoing discussion is applicable in principle also to the p-channel 
MOSFET. For such a device the signs of all currents and voltages in the 
volt-ampere characteristics of Fig. 10-13 must be reversed. 

Comparison of p- with n-Channel FETs The p-channel enhancement 
' 

FET, shown in Fig. 10-9, is very popular in RlOS systems because i t  is much 
easier to produce than the n-channel device. Most of the contaminants in 
MOS fabrication are mobile ions which are positively charged and are trapped 
in the oxide layer between gate and substrate. In  an n-channel enhance- 
ment device the gate is normally positive with respect to the substrate and, 
hence, the positively charged contaminants collect along the interface between 
the Si02 and the silicon substrate. The positive charge from tJhis layer of ions 
attracts free electrons in the channel which tends to make the transistor turn 
on prematurely. In  p-channel devices the positive contaminant ions are 
pulled to the opposite side of the oxide layer (to the aluminum-SiO2 inter- 
face) by the negative gate voltage and there they cannot affect the channel. 

The hole mobility in silicon and at  normal field intensities is approxi- 
mately 500 cm2/V-s. On the other hand, electron mobility is about 1,300 
cm2/V-s. Thus the p-channel device will have more than twice the ON resis- 
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tance of an equivalent n-channel of the same geometry and under the same 
operating conditions. In  other words, the p-channel device must have more 
than twice the area of the n-channel device to achieve the same resistance. 
Therefore n-channel MOS circuits can be smaller for the same complexity 

' than p-channel devices. The higher packing density of the n-channel MOS 
also makes it faster in switching applications due to the smaller junction areas. 
The operating speed is limited primarily by the internal RC time constants, 
and the capacitance is directly proportional to the junction cross sections. 
For all the above reasons it  is clear that n-channel AIOS circuits are more 
desirable than p-channel circuits. However, the more extensive process con- 
trol needed for n-channel fabrication makes them expensive and unable to 
compete economically with p-channel devices a t  this time (1972). 

MOSFET Gate Protection Since the SiOn layer of the gate is extremely 
thin, i t  may easily be damaged by excessive volt,age. An accumulation of 
charge on an open-circuited gate may result in a large enough field to punch 
through the dielectric. To prevent this damage some MOS devices are fabri- 
cated with a Zener diode between gate and substrate. In  normal operation 
this diode is open and has no effect upon the circuit. However, if the voltage 
a t  the gate becomes excessive, then the diode breaks down and the gate 
potential is limited to a maximum value equal to the Zener voltage. 

Circuit Symbols I t  is possible to bring out the connection to the sub- 
strate externally so as to have a tetrode device. Most MOSFETs, however, 
are triodes, with the substrate internally connected to the source. The circuit 
symbols used by several manufacturers are indicated in Fig. 10-14. Often 
the substrate lead is omitted from the symbol as in (a), and is then under- 

Fig. 10-14 Three circuit symbols for a p-channel MOSFET. 

(a) and (b) can be either depletion or enhancement types, 

whereas (c) represents specifically an enhancement device. 

In (a) the substrate is understood to be connected inter- 

nally to the source. For an n-channel MOSFET the direc- 

tion of the arrow is reversed. 
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Fig. 10-15 (a) MOS inverter (NOT circuit). (b) The voltage truth 

table and Boolean expression. 

7 + 
D2 (+ 

Load b v~ = "DSB 

stood to be connected to the source internally. For the enhancement-type 
MOSFET of Fig. 10-14c, G2 is shown to be internally connected to S. 

4 2  G* 

S2 o 

Small-signal MOSFET Circuit Model" If the small resistances of the 
source and drain regions are neglected, the small-signal equivalent circuit of 
the MOSFET between terminals G (= GI), S,  and D is ident'ical with that given 
in Fig. 10-8 for the JFET. The transconductance g, and the interelectrode 
capacitances have comparable values for the two types of devices. However, 
as noted in Table 10-1 on page 321, the drain resistance r d  of the MOSFET 
is very much smaller than that of the JFET. I t  should also be noted in 
Table 10-1 that the input resistance r,, and the feedback resistance r o d  are 
very much larger for the MOSFET than for the JFET. 

If the substrate terminal G2 is not connected to the source, the model of 
Fig. 10-8 must be generalized as follows: Between node G2 and S, a diode D l  
is added to represent the p-n junction between the substrate and the source. 
Similarly, a second diode 0 2  is included between G2 and D to account for the 
p-n junction formed by the substrate and the drain. 

- 

10-6 DIGITAL MOSFET CIRCUITS'2 

Dl (' L Q Y  1 I D 1  + 
A 

GI 
" + 41 

Driver VO = Vml 

SI F - VDD 
- d - - - Y = A  - 

(a) ( b )  

The most common applications of MOS devices are digital, such as logic 
gates (discussed in this section) and registers, or memory arrays (Chap. 17). 
Because of the gate-to-drain and gate-to-source and substrate parasitic capaci- 
tances, MOSFET circuits are slower than corresponding bipolar circuits. 
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E. 

However, the lower power dissipation and higher density of fabrication make 
MOS devices attractive and economical for many low-speed applications. 

Inverter MOSFET digital circuits consist entirely of FETs and no other 
devices such as diodes, resistors, or capacitors (except for parasitic capaci- 
tances). For example, consider the MOSFET inverter of Fig.10-15a. Device 
Q1 is the driver FET, whereas Q2 acts as its load resistance and is called the 
load FET. The nonlinear character of the load is brought into evidence as 

, follows: Since the gate is tied to the drain, VGs2 = VDS2. The drain charac- 
teristics of Fig. 10-10 are reproduced in Fig. 10-16a, and the shaded curve 
represents the locus of the points VGs2 = VDS2 = VL. This curve also gives 
 ID^ versus VL (for VGS2 = VDS2)) and its slope gives the incremental load con- 

s ductance g~ of Q2 as a load. Clearly, the load resistance is nonlinear. Note 
that Q2 is always conducting, (for 1 VDs21 > I VTI), regardless of whether Q l  is 
ON or OFF. 

An analytical expression for the load curve is given by Eq. (10-8) with 
,' Vas = VDS = VL and with V P  replaced by the threshold voltage V C ~ T  = VT. 

and we see that this is a quadratic, rather than a linear, relationship. From 
Eq.(10-18) we find (Prob. 10-9) that the load conductance is equal to the 

, transconductance of the FET, gL = g,. The same result is obtained in 
Sec. 10-7. 

The incremental resistance is not a very useful parameter when consid- 
ering large-signal (ON-OFF) digital operation. I t  is necessary to. draw the 

I load curve (corresponding to a load line with a constant resistance) on the volt- 
ampere characteristics of the driver FET Ql. The load curve is a plot of 

I 

ID  =  ID^ versus VDsl = Vo = - VDD - VL = -20 - VDsz 

where we have assumed a 20-V power supply. For a given value of 1 0 2  = IDI,  
we find VDsz = VL from the shaded curve in Fig. 10-16a and then plot the 
locus of the values I D l  versus Vo = VDsl in Fig. 10-16b. For example, from 
Fig. 10-16a for ID2 = 4 mA, we find VDS2 = -14 V. Hence ID1 = 4 mA is  
located a t  V ~ s l  = -20 + 14 = -6 V in Fig. 10-16b. 

We now confirm that the circuit of Fig. 10-15 is an inverter, or NOT circuit. 
Let us assume negative logic (Sec, 6-1) with the 1, or low state, given by 
V(1) =.: - VDD = - 20 V and the 0, or high state, given by V(0) == 0. If 
Vi = VGS~ = -20 V, then from Fig. 10-16b, V, = VON = .-2 V. Hence, 
Vi = V(1) gives Vo = V(0). Similarly from Fig. 10-16b, if Vi = 0 V, then 
vo = - VDD - VT = -17 V for VT = -3  V. Hence, Vi = V (0) gives 
Vo = V(l), thus confirming the truth table of Fig. 10-15b. 

We shall simplify the remainder of the discussion in this section by assum- 
ing that ~ V O N ~  and 1 VTl are small compared with 1 VDDl and shall take VON = 0 
and VT = 0. Hence, to a first approximation the load FET may be con- 
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ID,, mi4 ID, , mA 

Fig. 10-16 (a) Q2 acts as a load  ID^ versus VL = vD52 for the driver & I .  (b)  
The load curve  ID^ versus Vo = VDSI .  

sidered to be a constant resistance RL and may be represented by a load line 
passing through ID = 0, VDS = - VDD and ID = I ,  VDs = 0, where I is the 
drain current for V D ~  = VGS = - VDD. I n  other words, RL = - VDD/I. 
Most MOSFETs are p-channel enhancement-type devices, and negative logic 
is used with V(0) = 0 and V(1) = - VDD. 

NAND Gate The operation of the negative NAND gate of Fig. 10-17 
can be understood if we realize that if either input Vl or V2 is at 0 V (the 0 
state), the corresponding FET  is OFF and the current is zero. ~ e n c e '  the 
voltage drop across the load FET is zero and the output V, = - VDD (the 
1 state). If both VI and V2 are in the 1 state (Vl = V2 = - VDD), then 
both Q1 and Q2 are ON and the output is 0 V, or at  the 0 state. These values 
are in agreement with the voltage truth table of Fig. 10-17b. If 1 is sub- 
stituted for - VDD in Fig. 10-17b, then this logic agrees with the truth table 
for a NAND gate, given in Fig. 6-18. We note that only during one of the 
four possible input states is power delivered by the power supply. 

NOR Gate The circuit of Fig. 10-18a is a negative NOR gate. When 
either one of the two inputs (or both) is at  - VDD, the corresponding FET  is ON 

and the output is a t  0 V. If both input,s are a t  0 V, both transistors Q1 and 
Q2 are OFF and the output is at  - VDD. These values agree with the truth 
table of Fig. 10-18b. Note that power is drawn from the supply during three 
of the four possible input states. Because of the high density of MOS devices 
on the same chip, it is important to minimize power consumption in LSI 
MOSFET systems (Sec. 17-17). 

The circuit of Fig. 10-17 may be considered to be a positive NOR gate, and 
that of Fig. 10-18 to be a positive NAND gate (Sec. 6-9). These MOSFET 
circuits are examples of direct-coupled transistor logic (DCTL), mentioned 
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Fig. 10-17 (a) MOSFET (negative) NAND gate and (b) voltage truth 

table and Boolean expression. (Remember that 0 V is the zero state 

and - VnD is the 1 state.) 

in Sec. 6-14. However, MOSFET DCTL circuits have none of the disad- 
vantages (such as base-current "hogging") of bipolar DCTL gates. A FLIP- 

FLOP constructed from n4OSFETs is indicated in Prob. 10-11. An AND (OR) 
gate is obtained by cascading a NAND (NOR) gate with a NOT gate. Typically, 
a three-input NAND gate uses about 16 mils2 of chip area, whereas a single 
bipolar junction transistor may need about five times this area. 

Fig. 10-18 (a) MOSFET (negative) NOR gate and (b) voltage truth table and 

Boolean equation. 
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Fig. 10-19 (a) Complementary M O S  inverter. (b) Cross section of comple- 

mentary MOSFETS. Note that the p-type well is diffused into the n-type sub- 

strate and that the n-channel M O S  Q2 is formed in this region. 

Complementary MOS (CMOS)12 I t  is possible to reduce the power dis- 
sipation to very small (50 nW) levels by using complementary p-channel and 
n-channel enhancement MOS devices on the same chip. The basic comple- 
mentary MOS inverter circuit is shown in Fig. 10-19. Transistor Q1 is the 
p-channel unit, and transistor Q2 is n-channel. The two devices are in series, 
with their drains tied together and their gates also connected together. The 
logic swing gate voltage Vi varies from 0 V to the power supply - V D D .  When 
Vi = - VDD (logic 1) transistor Q1 is turned ON (but draws no appreciable 
steady-state current) and Q2 is turned OFF, the output Vo is then at 0 V 
(logic 0)) and inversion has been accomplished. When zero voltage (logic 0) 
is applied.at the input, the n-channel Q2 is turned ON (at no steady-state cur- 
rent) and Q1 is turned OFF. Thus the output is at  -VDo (logic l) .  In  
either logic state, Q1 or Q2 is OFF and the quiescent power dissipation for this 
simple inverter is the product of the OFF leakage current and - VDD.  

More complicated digital CMOS circuits (NAND, NOR, and FLIP-FLOPS) can 
be formed by combining simple inverter circuits (Probs. 10-13 and 10-14). 

The remainder of the chapter considers the FET under small-signal opera- 
tion. We first discuss low-frequency gain, then methods of biasing the device 
in the linear range, and finally the high-frequency limitations of the FET. 

10-7 THE LOW-FREQUENCY COMMON-SOURCE 
AND COMMON-DRAIN AM PLlFlERS 

The common-source (CS) stage is indicated in Fig. 10-20a, and the common- 
drain (CD) configuration in Fig. 10-20b. The former is analogous to the 



Fig. 10-20 (a) The CS and 
(b) the CD configurations. 
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bipolar transistor CE amplifier, and the latter to the CC stage. We shall 
analyze both of these circuits simultaneously by considering the generalized 
configuration in Fig. 10-21a. For the CS stage the output is vol taken at  the 
drain and R, = 0. For the CD stage the output is v.2 taken at the source and 
Rd = 0. The signal-source resistance is unimportant since it  is in series with 
the gate, which draws negligible current. No biasing arrangements are indi- 
cated (Sec. 10-8)) but it is assumed that the stage is properly biased for linear 
operation. 

Replacing the FET  by its low-frequency small-signal model of Fig. 10-8, 
the equivalent circuit of Fig. 10-21 6 is obtained. Applying KVL to the output 
circuit yields 

Fig. 10-21 (a) A generalized FET amplifier configuration. (b) The small- 
signal equivalent circuit. 
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From Fig. 10-21b the voltage from G to S is given by 

Combining Eqs. (10-19) and (10-20) and remembering that p = rdg,,, [Eq. 
(10-15)], we find 

The CS Amplifier with an Unbypassed Source Resistance Since 
V 0 l  = -id&, then 

From Eq. (10-22) we obtain the Thdvenin's equivalent circuit of Fig. 10-22a 
"looking into" the drain node (to ground). The open-circuit voltage is 
-pVi7 and the output resistance is Ro = rd + (p + 1) R8. The voltage gain is 

p- AV = vol/vi. The minus sign in Eq. (10-22) indicates that the output is 180" 
; out of phase with the input. If R8 is bypassed with a large capacitance or 

if the source is grounded, the above equations are valid with R, = 0. Under 
these circumstances, 

where p = rdgm [Eq. (10-15)] and R: = Rdllrd. 

The CD Amplifier with a Drain Resistance Since vo2 = id& then from 
(10-21) 

Fig. 10-22 The equivalent circuits for the generalized amplifier of Fig. 10-21 

"looking into" (a) the drain and (b) the source. Note that p = rdg, .  
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From Eq. (10-24) we obtain the Thdvenin's equivalent circuit of Fig. 10-22b 
"looking into" the source node (to ground). The open-circuit voltage is 
CL~i/(C1 + I) ,  and the output resistance is Ro = (rd + R d ) / ( ~  + 1). The volt- 
age gain is AV = vo2/v,. Note that there is no phase shift between input and 
output. If Rd = 0 and if (~1 + l)R, >> rd, then AV ==: p/(p + 1) -- 1 for 
p >> 1. A voltage gain of unity means that the output (at the source) follows 
the input (at the gate). Hence the CD configuration is called a source follower 
(analogous to the emitter follower for a bipolar junction transistor). 

Note that the open-circuit voltage and the output impedance in either 
Fig. 10-22a or b are independent of the load (Rd in Fig. 10-22a and R, in Fig. 
10-22b). These restrictions must be satisfied if the networks in Fig. 10-22 
are to represent the true Th6venin equivalents of the amplifier in Fig. 10-21. 

For the source follower (Rd = 0) with C( >> 1, the output conductance is 

which agrees with the result obtained in Sec. 10-6 for the conductance looking 
into the source of a MOSFET with the gate a t  a constant voltage. In  the 
discussion of diffused resistors in Sec. 7-8, it is indicated that 30 K is about the 
maximum resistance that can be fabricated. Larger values may be obtained 
by using the RlOS structure as a load with gate connected to drain and tied 
to a fixed voltage such as Q2 in Fig. 10-15. By using a low g, FET, a high 
value of effective resistance is obtained. For example, for g, = 10 c~A/V, we 
obtain Ro = l/g, = 100 K. Thisvalue of effective resistance requires approx- 
imately 5 mil2 of chip area compared with 300 mil2 to yield a diffused 20-K 
resistance. 

10-8 BIASING THE FET 

The selection of an appropriate operating point (ID, Vas, VDS) for an FET  
amplifier stage is determined by considerations similar to those given to 
transistors, as discussed in Chap. 9. These considerations are output-voltage 
swing, distortion, power dissipation, voltage gain, and drift of drain current. 
In  most cases i t  is not possible to satisfy all desired specifications simulta- 
neously. In  this section we examine several biasing circuits for field-effect 
devices. 

Source Self-bias The configuration shown in Fig. 10-23 can be used to 
bias junction FET devices or depletion-mode MOS transistors. For a specified 
drain current ID, the corresponding gate-to-source voltage VQS can be obtained 
applying either Eq. (10-8) or the plotted drain or transfer characteristics. 
Since the gate current (and, hence, the voltage drop across R,) is negligible, 
the source resistance R, can be found as the ratio of VQS to the desired ID. 
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Fig. 10-23 Source self-bias circuit. 

E X A M P L E  The amplifier of Fig. 10-23 utilizes an n-channel F E T  for which 
V p  = -2.0 V and IDss = 1.65 mA. I t  is desired to bias the circuit a t  ID = 

0.8 mA,  using VDD = 24 V .  Assume ~d >> Rd.  Find (a) Vas, (b )  g,, ( c )  R,, 
(d )  Rd, such that the voltage gain is a t  least 20 dB, with R, bypassed with a very 
large capacitance C,. 

Solution a. Using Eq. (10-8), we have 0.8 = 1.65(1 + V ~ s / 2 . 0 ) ~ .  Solving, 
Va,g = -00.62 V .  

b. Equation (10-17) now yields 

and from Eq. (10-16) 

d .  Since 20 dB corresponds to  a voltage gain of 10, then from Eq.  (10-23), 
with rd >> Rd, lAyl = gmRd 2 10, or Rd 2 10/1.14 = 8.76 K .  

Biasing against Device Variation F E T  manufacturers usually supply 
information on the maximum and minimum values of IDSs and V p  a t  room 
temperature. They also supply data to correct these quantities for tempera- 
ture variations. The transfer characteristics for a given type of n-channel 
F E T  may appear as in Fig. 10-24a, where the top and bottom curves are for 
extreme values of temperature and device variation. Assume that, on the 
basis of considerations previously discussed, i t  is necessary to bias the device a t  
a drain current which will not drift outside of I D  = I A  and I D  = Ig.  Then 
the bias line Vos = - IDR, must intersect the transfer characteristics between 
the points A and B, as indicated in Fig. 10-24a. The slope of the bias line 
is determined by the source resistance R,. For any transfer characteristic 
between the two extremes indicated, the current IQ is such that IA < Iq < Ig ,  

as desired. 
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Fig. 10-24 Maximum and minimum transfer curves for an n-channel FET. The 

drain current must lie between Id and IB .  The bias line can be drawn through the 

origin for the current limits indicated in (a), but this is not possible for the currents 

specified in (b). 

Consider the situation indicated in Fig. 10-24b, where a line drawn to pass 
between points A and B does not pass through the origin. This bias line 
satisfies the equation 

Vas = Vaa - IDR,  (10-26) 

Such a bias relationship may be obtained by adding a fixed bias to the gate 
in addition to the source self-bias, as indicated in Fig. 10-25a. A circuit 

- 

( a )  

Fig. 10-25 (a) Biasing an FET with 

self-bias through R,. (b) A single 

- 
( b )  

a fixed-bias Vca in addition to 

power-supply configuration 
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Fig. 10-26 Extreme trans- 

fer curves for the 2N3684 

field-eff ect transistor. 
(Courtesy of Union Car- 

bide Corporation.) 

requiring only one power supply and which can satisfy Eq. (10-26) is shown 
in Fig. 10-25b. For this circuit 

We have assumed that the gate current is negligible. I t  is also possible for 
VQQ to fall in the reverse-biased region so that the line in Fig. 10-24b intersects 
the axis of abscissa to the right of the origin. Under these circumstances 
two separate supply voltages must be used. 

E X A M  P L E  FET 2N3684 is used in the circuit of Fig. 10-25b. For this n-chan- 
nel device the manufacturer specifies V P , ~ ~ ~  = - 2 V, VP, , ,~  = - 5 V, I~ss,min = 

1.6 mA, and IDss,,,, = 7.05 mA. The extreme transfer curves are plotted in 
Fig. 10-26. I t  is desired to bias the circuit so that I D s m i n  = 0.8 mA = I A  and 
ID,,,, = 1.2 mA = Ie  for VDD = 24 V. Find (a) V G G  and R,, and (b) the range 
of possible values in ID if R, = 3.3 K and V ~ G  = 0. 

Solution a. The bias line will lie between A and B, as indicated, if it is drawn to 
pass through the two points V G S  = 0, I D  = 0.9 mA, and V G ~  = -4  V ,  I D  = 
1.1 mA. The slope of this line determines R,, or 

Then, from the first point and Eq. (10-26), we find 

Vaa = IDR, = (0.9)(20) = 18 V 
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Fig. 10-27 (a)  Drain-to- 

gate bias circuit for en- 

hancement-mode MOS 
transistors; (b) improved 

version of (a) .  

b .  If R, = 3.3 K, we see from the curves that   ID,,^, = 0.4 mA and I D  ,,,, = 

1.2 mA. The minimum current is far below the specified value of 0.8 mA. 

Biasing the Enhancement MOSFET The self-bias technique of Fig. 10-23 
cannot be used to establish an operating point for the enhancement-type 
MOSFET because the voltage drop across R, is in a direction to reverse-bias 
the gate, and a forward gate bias is required. The circuit of Fig. 10-27a can 
be used, and for this case we have V G ~  = VDs, since no current flows through 
Rr. If for reasons of linearity in device operation or maximum output voltage 
i t  is desired that Vos # VDs, then the circuit of Fig. 10-27b is suitable. We 
note that Vos = [R1/(R1 + Rs)]VDS. Both circuits discussed here offer the 
advantages of dc stabilization through the feedback introduced with RI. 
However, the input impedance is reduced because, by Miller's theorem (Sec. 
8-11), Rf corresponds to an equivalent resistance Ri = Rr/(l  - Av) shunting 
the amplifier input. 

Finally, note that the circuit of Fig. 10-25b is often used with the enhance- 
ment MOSFET. The dc stability introduced in Fig. 10-27 through the feed- 
back resistor Rf is then missing, and is replaced by the dc feedback through R,. 

10-9 THE FET AS A VOLTAGE-VARIABLE RESISTOR13 (VVR) 

In most linear applications of field-effect transistors the device is operated 
in the constant-current portion of its output characteristics. We now consider 
F E T  transistor operation in the region before pinch-off, where VDS is small. 
I n  this region the F E T  is useful as a voltage-controlled resistor; i.e., the drain- 
to-source resistance is controlled by the bias voltage VGS. I n  such an applica- 
tion the F E T  is also referred to as a voltage-variable resistor (VVR), or voltage- 
dependent resistor (VDR) . 

Figure 10-28a shows the low-level bidirectional characteristics of an FET. 
The slope of these characteristics gives rd as a function of VGS. Figure 10-28a 
has been extended into the third quadrant to give an idea of device linearity 
around VDs = 0. 
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In  our treatment of the junction FET  characteristics in Sec. 11-3, we 
derive Eq. (10-5), which gives the drain-to-source conductance gd = ID/VD, 
for small values of VDs. From this equation we have 

where gdo is the value of the drain conductance when the bias is zero. Varia- 
tion of r d  with Vos is plotted in Fig. 10-28b for the 2N3277 and 2N3278 
FETs. The variation of r d  with V G ~  can be closely approximated by the 
empirical expression 

where ro = drain resistance at zero gate bias 
K = a constant, dependent upon FET  type 

Vas = gate-to-source voltage 

Applications of the VVR Since the FET  operated as described above 
acts like a variable passive resistor, i t  finds applications in many areas where 
this property is useful. The VVR, for example, can be used to vary the voltage 
gain of a multistage amplifier A as the signal level is increased. This action 
is called automatic gain control (AGC). A typical arrangement is shown in 
Fig. 10-29. The signal is taken at a high-level point, rectified, and filtered to 
produce a dc voltage proportional to the output-signal level. This voltage 
is applied to the gate of Q2, thus causing the ac resistance between the drain 
and source to change, as shown in Fig. 10-28b. We thus may cause the gain 
of transistor Q1 to decrease as the output-signal level increases. The dc bias 

Fig. 10-28 (a) FET low-level drain characteristics for 2N3278. 

(b) Small-signal FET resistance variation with applied gate voltage. 

(Courtesy of Fai rchi Id Semiconductor Company.) 
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.4 

0 

Fig. 10-29 AGC amplifier 
" using the FET as a voltage- 

variable resistor. 

- 
# 

- 

conditions of Q1 are not affected by Q2 since Q2 is isolated from Q1 by means 
of capacitor Cz. 

10-10 THE COMMON-SOURCE AMPLIFIER AT HIGH FREQUENCIES 

The circuits discussed in this and the following section apply equally well to 
either JFETs or MOSFETs (except for the method of biasing). The low- 
frequency analysis of Sec. 10-8 is now modified to take into account the effect 
of the internal node capacitances. 

Voltage Gain The circuit of Fig. 10-30a is the basic CS amplifier con- ! 
figuration. If the F E T  is replaced by the circuit model of Fig. 10-8b, we 

1 
obtain the network in Fig. 10-30b. The output voltage V ,  between D and S i 

is easily found with the aid of the theorem of Sec. 8-7, namely, V ,  = IZ,  where 
I is the short-circuit current and Z is the impedance seen between the terminals. 

Fig. 10-30 (a) The common-source amplifier circuit; (b) small-signal 

equivalent circuit a t  high frequencies. (The biasing network is not 

indicated.) 
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To find 2, the independent generator Vi is (imagined) short-circuited, &hat 
V;  = 0, and hence there is no current in the dependent generator gmVi. We 
then note that Z is the parallel combination of the impedances corresponding 
to ZL, Cds, rd, and Cod. Hence 

1 y = - =  Z YL + Yd, + gd + Yo* (10-29) 

where YL = 1/ZL = admittance corresponding to ZL 
Y,, = jaCda = admittance corresponding to Cda 
gd = 1/rd = conductance corresponding to rd 

Yod = jwCgd = admittance corresponding to Cgd 
The current in the direction from D to S in a zero-resistance wire connect- 

ing the output terminals is 

The amplification AV with the load ZL in place is given by 

or from Eqs. (10-29) and (10-30) 

At low frequencies the FET capacitances can be neglected and hence 

Yda = Ygd = 0 

Under these conditions Eq. (10-32) reduces to 

where 2; = ZLIIrd. This equation agrees with Eq. (10-23), with ZL replaced 
by Rd. 

lnput Admittance An inspection of Fig. 10-30b reveals that the gate cir- 
cuit is not isolated from the drain circuit, but rather that they are connected 
by Cgd. From il.Iiller7s theorem (Sec. 8-11), this admittance may be replaced 
by Ygd(l - K) between G and S, and by Yod(l - l / K )  between D and 8, where 
K = AV.  Hence the input admittance is given by 

Yi = Yo, 4- (1 - Av)  Ygd (10-34) 

This expression indicates that for an FET to possess negligible input admit- 
tance over a wide range of frequencies, the gate-source and gate-drain capaci- 
tances must be negligible. 

lnput Capacitance (Miller Effect) Consider an FET with a drain-circuit 
resistance Rd. From the previous discussion it follows that within the audio- 
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frequency range, the gain is given by the simple expressio~Av = -g.R;, 
where Ri is Rd(lrd. In  this case, Eq. (10-34) becomes 

This increase in input capacitance Ci over the capacitance from gate to source 
is called the Miller e fec t .  

This input capacitance is important in the operation of cascaded amp& 
fiers. In  such a system the output from one stage is used as the input to a 
second amplifier. Hencesthe input impedance of the second stage acts as a 
shunt across the output of the first stage and Rd is shunted by the capacitance 
Ci. Since the reactance of a capacitor, decreases with increasing frequencies, 
the resultant output impedance of the first stage will be correspondingly low 
for the high frequencies. This will result in a decreasing gain at the higher 
frequencies. 

E X A M P L E  A MOSFET has a drain-circuit resistance R d  of 100 K and operates 
a t  20 kHz. Calculate the voltage gain of this device as a single stage, and then 
as the first transistor in a cascaded amplifier consisting of two identical stages. 
The MOSFET parameters are g ,  = 1.6 mA/V, r d  = 44 K ,  C,, = 3.0 pF, C d 8  = 
1.0 pF, and Cod = 2.8 pF. 

Solution 

The gain of a one-stage amplifier is given by Eq. (10-32): 

I t  is seen that the j terms (arising f r im the interelectrode capacitances) are 
negligible in comparison with the real terms. If these are neglected, then AV = 
-48.8. This value can be checked by using Eq. (10-23), which neglects inter- 
electrode capacitances. Thus 

Since the gain is a real number, the input impedance consists of a capacitor 
whose value is given by Eq. (10-35): 

C ;  = C,, + (1 + g m R i ) ~ o d  = 3.0 + (1 + 49)(1.0) = 53 p F  
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Consider now a two-stage amplifier, each stage consisting of an dl' operating 
as above. The gain of the second stage is that  just calculated. However, in 
calculating the gain of the first stage, it must be remembered that /he input 
impedance of the second sfage acts as a shunt on  the output of the 3 r d  stage. Thus 
the drain load now consists of a 100-I< resistance in parallel with 53 pF. To this 
must be added the capacitance from drain to source of the first stage since this 
is also in shunt with the drain load. Furthermore, any stray capacitances due to  
wiring should be taken into account. For example, for every 1-pF capacitance 
between the leads going to the drain and gate of the second stage, 50 pF is effec- 
tively added across the load resistor of the first stage! This clearly indicates the 
importance of making co~lnections with very short direct leads in high-frequency 
amplifiers. Let it be assumed that  the input capacitance, taking into account 
the various factors just discussed, is 200 pF. Then the load admittance is 

The gain is given by Eq. (10-33) : 

Thus the effect' of the capacitances has been to reduce the magnitude of the 
amplification from 48.8 to 38.8 and to change the phase angle between the output 
and input from 180 to 143.3'. 

If the frequency were higher, the gain would be reduced still further. For 
example, this circuit would be useless as a video amplifier, say, to  a few megahertz, 
since the gain would then be less than unity. This variation of gain with fre- 
quency is called frequelrcy distortion. Cascaded amplifiers and frequency dis- 
tortion are discussed in detail in Chap. 12. 

Output Admittance For the common-source amplifier of Fig. 10-30 the 
output impedance is obtained by "looking into the drain" \vith the input 
voltage set equal to zero. If Vi = 0 in Fig. 10-306, we see r d ,  Cds, and Cgd i n  
parallel. Hence the output admittance with Z L  considered external to the 
amplifier is given by 

10-1 1 THE COMMON-DRAIN AMPLIFIER AT HIGH FREQUENCIES 

The source-follower configuration is given in Fig. 10-206, with Rd = 0, and 
is repeated in Fig. 10-31a. I t s  equivalent circuit with the FET replaced by 
its high-frequency model of Fig. 10-8b is shown in Fig. 10-31b. 
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Fig. 10-31 (a) The source-follower; (b) small-signal high-frequency equiva- 

lent circuit. (The biasing network is not indicated.) 

Voltage Gain The output voltage Vo can be found from the product of 
the short-circuit current and the impedance between terminals S and N. We 
now find for the voltage gain 

CT ' Cga + Cda + Can (10-38) 

where Can represents the capacitance from source to ground. At low fre- 
quencies the gain reduces to 

Av M 
gmRa (10-39) 

1 + (gm + gd)Ra 
Note that the amplification is positive and has a value less than unity. If 
gmRa >> 1 ,  then AV = g m / ( g m  + g d )  = P / ( P  + 1) .  

Input Admittance The source follower offers the important advantage of 
lower input capacitance than the CS amplifier. The input admittance Yi is 
obtained by applying Miller's theorem to Cga. We find 

Yi = jwCOd + juCga(l - Av)  = juCOd (10-40) 

because AV = 1. 

Output Admittance The output admittance Yo, with R, considered 
external to the amplifier, is given by 

Y O  = g ,  + gd + ~ U C T  (10-41) 

where CT is given by Eq. (10-38). At low frequencies the output resistance 
Ro is 

1 -  1 R o = - - -  (10-42) 
9, + g d  9m 

since g ,  >> g d .  For gm = 2 mA/V, then Ro = 500 Q. 
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The source follower is used for the same applications as the emitter 
follower, those requiring high input impedance and low output impedawe. 
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R E V I E W  Q U E S T I O N S  

10-1 (a) Sketch the basic structure of an n-channel junction field-effect transistor. 
(b )  Show the circuit symbol for the JFET. 
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10-2 ( a )  Draw a family of CS drain characteristics of an  n-channel JFET.  
(b)  Explain the shape of these curves qualitatively. 

10-3 How does the F E T  behave ( a )  for small values of IVml? (b)  For large 
IVml? 

10-4 ( a )  Define the pinch-of voltage Vp. (b)  Sketch the depletion region before 
and after pinch-off. 

10-5 Sketch the geometry of a J F E T  in integrated form. 
10-6 ( a )  How does the drain current vary with gate voltage in the saturation 

region? (b)  How does the transconductance vary with drain current? 
10-7 Define ( a )  transconductance g,, (b)  drain resistance rd ,  and (c )  amplification 

factor p of an FET.  
10-8 Give the order of magnitude of g,, rd ,  and p for a MOSFET. 
10-9 Show the small-signal model of an F E T  ( a )  a t  low frequencies and (b)  a t  

high frequencies. 
10-10 ( a )  Sketch the cross section of a p-channel enhancement MOSFET. 

(b)  Show two circuit symbols for this MOSFET. 
10-11 For the MOSFET in Rev. 10-10 draw ( a )  the drain characteristics and 

(b)  the transfer curve. 
10-12 Repeat Rev. 10-10 for an n-channel depletion RIOSFET. 
10-1 3 ( a )  Draw the circuit of a MOSFET NOT circuit. (b)  Explain how it func- 

tions as an inverter. 
10-14 ( a )  Explain how a MOSFET is used as a load. (b)  Obtain the volt- 

ampere characteristic of this load graphically. 
10-15 Sketch a two-input NAND gate and verify that  it satisfies the Boolean NAND 

equation. 
10-16 Repeat Rev. 10-15 for a two-input NOR gate. 
10-17 Sketch a CMOS inverter and explain its operation. 
10-18 ( a )  Draw the circuit of an F E T  amplifier with a source resistance R, and 

a drain resistance Rd.  (b)  What is the Th6venin's equivalent circuit looking into the 
drain a t  low frequencies? 

10-19 Repeat Rev. 10-18 looking into the source. 
10-20 ( a )  Sketch the circuit of a source-follower. At low frequencies what is 

6 (b)  the maximum value of the voltage gain? (c )  The order of magnitude of the out- 
put impedance? 

10-21 ( a )  Sketch the circuit of a CS amplifier. (b)  Derive the expression for 
q the voltage gain a t  low frequencies. (c )  What is the maximum value of Av? 

I 10-22 ( a )  Draw two biasing circuits for a J F E T  or a depletion-type MOSFET. 
(b)  Explain under what circumstances each of these two arrangements should be used. 

10-23 Draw two biasing circuits for an enhancement-type MOSFET. 
10-24 ( a )  How is an  F E T  used as a voltage-variable resistance? (b)  Explain. 
10-25 ( a )  Sketch the small-signal high-frequency circuit of a CS amplifier. 

(b)  Derive the expression for the voltage gain. 
10-26 ( a )  From the circuit of Rev. 10-25, derive the input admittance. (b)  

What is the expression for the input capacitance in the audio range? 
X 10-27 What specific capacitance has the greatest effect on the high-frequency 

response of a cascade of F E T  amplifiers? Explain. 
1 10-28 Repeat Rev. 10-25 for a source-follower circuit. 
1 10-29 Repeat Rev. 10-26 for a C D  amplifier. 



INTEGRATED CIRCUITS AS 
ANALOG SYSTEM BUILDING 
BLOCKS 

Many analog systems (both linear and nonlinear) are constructed with 
the OP APIIP or DIFF ARIP as the basic building block. These IC's aug- 
mented by a few external discrete components, either singly or in com- 
bination, are used in the following linear systems: analog computers, 
voltage-to-current and current-to-voltage converters, amplifiers of 
various types (for example, dc instrumentation, tuned, and video 
amplifiers), volt age followers, active filters, and delay equalizers. 

Among the n.onli?~ear analog system configurations discussed in 
this chapter are the following: amplitude modulators, logarithmic 
amplifiers and analog multipliers, sample-and-hold circuits, compa- 
rators, and square-wave and triangle-waveform generators. 

I. L I N E A R  A N A L O G  S Y S T E M S  

16-1 BASIC OPERATIONAL AMPLIFIER APPLICATIONS1 

An OP A m  may be used to perform many mathematical operations. 
This feature accounts for the name operational amplijer. Some of the 
basic applications are given in this section. Consider the ideal OP AMP 

of Fig. 15-2a, which is repeated for convenience in Fig. 16-la. Recall- 
ing (Sec. lli-1) that the equivalent circuit of Fig. 16-lb has a virtual 
ground (which takes no current), it follows that the voltage gain is 
given by 

Based upon this equation we can readily obtain an analog inverter, a 
scale changer, a phase shifter, and an adder. 
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Fig. 16-1 (a) Inverting operational amplifier with voltage-shunt feedback. 
(b) Virtual ground in the OP AMP. 

Sign Changer, or Inverter If Z = 2' in Fig. 16-1, then Av, = -1, and 
the sign of the input signal has been changed. Hence such a circuit acts 
as a phase inverter. If two such amplifiers are connected in cascade, the 
output from the second stage equals the signal input without change of sign. 
Hence the outputs from the two stages are equal in magnitude but opposite 
in phase, and such a system is an excellent paraphase amplifier. 

Scale Changer If the ratio Z'/Z = k, a real constant, then Avf = - Ic ,  
and the scale has been multiplied by a factor -k. Usually, in such a case of 
multiplication by a constant, - 1 or -k, Z and 2' are selected as precision 
resistors. 

Phase Shifter Assume that Z and Z' are equal in magnitude but differ in 
angle. Then the operational amplifier shifts the phase of a sinusoidal input 
voltage while a t  the same time preserving its amplitude. Any phase shift 
from 0 to 360° (or _+ 180") may be obtained. 

Adder, or Summing Amplifier The arrangement of Fig. 16-2 may be used 
to obtain an output which is a linear combination of a number of input signals. 
Since a virtual ground exists at  the OP AMP input, then 

and 

I f R 1 =  R z =  . . = R,, then 

and the output is proportional to the sum of the inputs. 
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Fig. 16-2 Operational adder, or sum- 

ming amplifier. 

Many other methods may, of course, be used to combine signals. The 
present method has the advantage that it may be extended to a very large 
number of inputs requiring only one additional resistor for each additional 
input. The result depends, in the limiting case of large amplifier gain, only 
on the resistors involved, and because of the virtual ground, there is a minimum 
of int,eraction between input sources. 

Voltage-to-current Converter Often it is desirable to convert a voltage 
signal to a proportional output current. This is required, for example, when 
we drive a deflection coil in a television tube. If the load impedance has 
neither side grounded (if it is floating), the simple circuit of Fig. 16-2 with R' 
replaced by the load impedance ZL is an excellent voltage-to-current converter. 
For a single input v l  = v,(f), the current in ZL is 

Note that i is independent of the load ZL, because of the virtual ground of the 
operational amplifier input. Since the same current flows through the signal 
source and the load, it is important that the signal source be capable of provid- 
ing this load current. On the other hand, the amplifier of Fig. 16-3a requires 

- 
(a) (b )  

Fig. 16-3 Voltage-to-current converter for (a) a floating load 

and (b) a grounded load Z L .  
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Fig. 16-4 Current-to-voltage converter. 

very little current from the signal source due to the very large input resistance 
seen by the noninverting terminal. 

If the load ZL is grounded, the circuit of Fig. 16-3b can be used. In  
Prob. 16-7 we show that if Rs/R, = Rr/R1, then 

Current-to-voltage Converter Photocells and photomultiplier tubes give 
an output current which is independent of the load. The circuit in Fig. 16-4 
shows an operational amplifier used as a current-to-voltage converter. Due 
to the virtual ground at the amplifier input, the current in R, is zero and 
i, flows through the feedback resistor R'. Thus the output voltage v, is 
v, = - i,Rr. I t  must be pointed out that the lower limit on current measure- 
ment wit'h this circuit is set by the bias current of the inverting input. I t  is 
common to parallel R' with a capacitance C' to reduce high-frequency noise. 

DC Voltage Follower The simple configuration of Fig. 16-5 approaches 
the ideal voltage f o l l owe~ .  Because the two inputs are tied together (virtually), 
then 1', = V ,  and the output  folloecs the i l lpu t .  The L l I  102 (National Semi- 
conductor Corporation) is specifically designed for voltage-follower usage and 
has very high input resistance (10,000 >I), very low input current (-3 nA), 
and very low output resistance (-0 Q).  

16-2 DIFFERENTIAL DC AMPLIFIER2 

The differential-input single-ended-output instrumentation amplifier is often 
used to amplify inputs from transducers which convert a physical parameter 
and its variations into an electric signal. Such transducers are strain-gauge 
bridges, thermocouples, etc. The circuit shown in Fig. 16-6 is very simple 

.px Fig. 16-5 A voltage follower, V ,  = V,. 
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Fig. 16-6 
AMP. 

Differential amplifier using one OP 

and uses only one OP AIIP. I n  Prob. 16-8 we show that  if R2/R1 = R4/Ra, 
then 

If the signals V1 and Vs have source resistances R,1 and Rs2, then these 
resistances add to R1 and RQ, respectively. Note that  the signal sources V1 
and V p  are each loaded by only a 1-I< resistance. If this is too heavy a load 
for the transducer, a voltage follower is used as a buffer amplifier for each 
signal. I n  other words, the circuit of Fig. 16-5 precedes each input in Fig. 
16-6. This configuration of three I C  OP AMPS is a very versatile, high-per- 
formance, low-cost dc amplifier system. 

Bridge Amplifier A differential amplifier is often used to  amplify the 
output from a transducer bridge, as shown in Fig. 16-7. Nominally, the four 
arms of the bridge have equal resistances R. However, one of the branches 
has a resistance which changes to R + AR with temperature or some other 
physical parameter. The goal of the measurement is to obtain the fractional 
change 6 of the resistance value of the active arm, or 6 = AR/R. 

I n  Prob. 16-11 we find that  for the circuit of Fig. 16-7, the output V;is 
given by 

For small changes in R (6 << 1) Eq. (16-6) reduces to 

v 

Fig. 16-7 Differential bridge am- 

plifier. 

\ - - 
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16-3 STABLE AC-COUPLED A M  PLlFlER 

In some applications the need arises for the amplification of an ac signal, 
while any dc signal present must be blocked. A very simple and stable ac 
amplifier is shown in Fig. 16-8a, where capacitor C blocks the dc component 
of the input signal and together with the resistor R sets the low-frequency 3-dB 
response for the overall amplifier. 

The output voltage V ,  as a function of the complex variable s is found 
from the equivalent circuit of Fig. 16-8b (where the double-ended heavy arrow 
represents the virtual ground) to be 

and 

From Eq. (16-8) we see that  the low 3-dB frequency is 

The high-frequency response is determined by the frequency character- 
istics of the operational amplifier AV and the amount of voltage-shunt feedback 
present (Sec. 14-5). The midband gain is, from Eq. (16-I), Avf  = - R f / R .  

A C  Voltage Follower The ac voltage follower is used to provide im- 
pedance buffering, that  is, to connect a signal source with high internal source 
resistance to a load of low impedance, which may even be capacitive. In  
Fig. 16-9 is shown a practical high-input impedance ac voltage follower using 
the LM 102 operational amplifier. We assume that  C1 and C2 represent short 
circuits a t  all frequencies of operation of this circuit. Resistors R1 ahd R2 are 
used to provide RC coupling and allow a path for the dc input current into the 
noninverting terminal. In  the absence of the bootstrapping capacitor C q ,  the 
ac signal source would see an input resistance of only R1 + R2 = 200 I<. Since 

Fig. 16-8 (a) AC stable feedback amplifier. (b) Equiva- 

lent circuit when IAtTl = a. 
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Fig. 16-9 AC voltage follower. (Courtesy OK 
of National Semiconductor Corporation.) 

the LA1 102 is connected us a vo1t:tge follower, tlie vo1t:ige gain A v  betueen 
the output terminal and the noninverti~ig terminal is very close to unity. 
Thus, from our discussion in Sec. 8-16, the input resistnnc*e the source sees 
becomes, approximately, R1/(1 - Av-), which is measured to be 12 11 at  
100 Hz and increases to 100 11 at  1 kHz. 

16-4 ANALOG INTEGRATION AND DIFFERENTIATION1 

The analog integrator is very useful in many :~pplicbations which require the 
generation or processing of :tn:tlog signals. If, iri Fig. 16-1, Z = R and :L 
capacitor C is used for Z', as in 1:ig. 16-10, 11.e can shon- t l ~ a t  the circuit per- 
forms the m a t h e m a t i d  operation of integration. The input need riot be 
sinusoidal, and hence is represented by the lo\\-ercase symbol z! = u ( t ) .  (The 
subscript s is now omitted, for simplicity.) In  Fig. 16-lob, tlie double-headed 
arrow represents a virtual ground. Hence i = v/R, and 

The amplifier therefore provides an out put volt age proport ion:~l to the integral 
of the input voltage. 

If the input voltnge is a constant, v = V, then the output \\-ill be a r :mp ,  
vo = - FTt/RC. Such an integrator m:~lies : L I ~  escellerit s \ \ . t ~ p  circuit for :t 

cathode-ray-tube oscilloscope, and is d l e d  a J I i l l e r  it,tc!/rator, or JIi l ler  

DC Offset and Bias Current The input stage of the operationnl amplifier 
used in Fig. 16-10 is usually s DIFF A M P .  7 he dc input offset voltage I/',, 
appears across the amplifier input, arid this voltage \\.ill be integrated and will 
appear a t  the output :ts a linearly increasing \wlt:tge. I'art of the input bias 
current will also flow through the feedbac+li capacitor, charging it and produc- 
ing an additional linearly iricreasirig vqltage :it the out put. These two rump 
voltages continue to increase until the amplifier reac~hes its sat umt ion point. 
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C +rrgt Fig. tional 16-10 integrator. (a) Opera- (b) 

Equivalent circuit. - 

- - - - 

We see then that  a limit is set on the feasible integration time by the above 
error components. The effect of the bias current can be minimized by 
increasing the feedback capacitor C while simultaneously decreasing the value 
of R for a given value of the time constant RC. 

Finite G a i n  and Bandwidth The integrator supplies an output voltage 
proportional to the integral of the input voltage, provided the operational 
amplifier shown in Fig. 16-10a has infinite gain 1 Avl 3 and infinite band- 
width. The voltage gain us a function of the complex variable s is, from 
Eq. (16-1)) 

VO(4 - 2' 1 Avr(s )  = - - - - = - -- 
v (4 Z RCs 

and it, is clear that  the ideal integrator has a pole a t  the origin. 
Let us assume that  in the absence of C the operational amplifier has a 

dominant pole a t  f ~ ,  or sl = -%fl. Hence its voltage gain A ,  is approxi- 
mated by 

If we further assume that  R, = 0 in Fig. 15-3, then A ,  = Av.  Substituting 
Eq. (16-12) in Eq. (15-2) with Ri = a and using I A v , ~  >> 1 ,  I AVO/ RC >> l / l s l J ,  
we find 

where AVO is a negative number and represents the low-frequency voltage gain 
of the operational amplifier. 

The above transfer function has two poles on the negative real axis as 
compared ni th  one pole a t  the origin for the ideal integrator. I n  Fig. 16-11 
we show the Bode plots of Eqs. (16-11) to (16-13). We note that the response 
of the real integrator departs from the ideal at both low and high frequencies. 
At high frequencies the integrator performance is affected by the finite band- 
width ( - s1 /2n)  of the operational amplifier, while at  low frequencies the 
integration is limited by the finite gain of the OP AMP.  
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Fig. 16-11 Bode magnitude plots of open-loop OP AMP gain A v ,  
ideal integrator and real integrator. Note that f l f  = 1 /2?rRCIAvol 
and fzf = Avosl/2?r. 

Practical Circuit A practical integrator must be provided with an external 
circuit to introduce initial conditions, as shown in Fig. 16-12. When switch 
S is in position 1, the input is zero and capacitor C is charged to the voltage V, 
setting an initial condition of v, = V. When switch S is in position 2, the 
amplifier is connected as an integrator and its output will be V plus a con- 
stant t,imes the time integral of the input voltage v. In  using this circuit, 
care must be exercised to stabilize the amplifier and R2 must be equal to Rr to 
minimize the error due to bias current. 

Ganged switch d o n a  

Fig. 16-12 Practical integrator cir- 

cuit. For minimum offset error due to 0 VO 

input bias current it is required that 

R 1  = R2. (Courtesy of National 

Semiconductor Corporation.) 1, 
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Fig. 16-13 Equivalent circuit of the opera- 

tional differentiator. 

- - 

- - 

Differentiator If Z is a capacitor C and if Z' = R, we see from the 
equivalent circuit of Fig. 16-13 that i = C d v l d t  and 

Hence the output is proportional to the time derivative of the input. If the 
input signal is v  = sin wt, then the output will be v, = -RCw cos wt.  Thus 
the magnitude of the output increases linearly with increasing frequency, and 
the differentiator circuit has high gain at  high frequencies. This results in 
amplification of the high-frequency components of amplifier noise, and the 
noise output may completely obscure the differentiated signal. 

The General Case In  the important cases considered above, Z and 2' 
have been simple elements such as a single R or C. In general, they may be 
any series or parallel combinations of R, L, or C. Using the methods of 
Laplace transform analysis, Z and Z' can be written in their operational form 
as Z(s) and Z'(s), where s is the complex-frequency variable. In  this notation 
the reactance of an inductor is written formally as Ls and that of a capacitor 
as l/sC. The current I ( s )  is then V(s)/Z(s), and the output is 

The amplifier thus solves this ~perat~ional equation. 

16-5 ELECTRONIC ANALOG COMPUTATION1 

The OP AMP is the fundamental building block in an electronic analog computer. 
As an illustration, let us consider how to program the differential equation 

where v t  is a given function of time, and K1 and K2 are real positive constants. 
We begin by assuming that d2v/d t2  is available in the form of a voltage. 

Then, by means of an integrator, a voltage proportional to du/d t  is obtained. 
A second integrator gives a voltage proportional to v. Then an adder (and 
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scale changer) gives - Kl(dv/dt) - K2v + vl. From the differential equation 
(16-16), this equals d2v/clt2, and hence the output of this summing amplifier 
is fed to the input terminal, where we had assumed that  d2v/dt2 was available 
in the first place. 

The procedure outlined above is carried out in Fig. 16-14. The voltage 
d2v/dt2 is assumed to be available a t  an input terminal. The integrator (I) 
has a time constant RC = 1 s, and hence its output at  terminal 1 is-dvldt. 
This voltage is fed to a similar integrator ( 2 ) ,  and the voltage a t  terminal 2 is 
+v. The voltage a t  terminal 1 is fed to the inverter and scale changer (3), 
and its output a t  terminal 3 is +Kl(clv/dt). This same operational amplifier 
(3) is used as an adder. Hence, if the given voltage vl(t) is also fed into it as 
shown, the output a t  terminal 3 also contains the term -vl ,  or the net output is 
+Kl(dv/dt) - vl. Scale changer-adder (4) is fed from terminals 2 and 3, and 
hence delivers a resultant voltage -Kzv - Kl(dv/dt) + v l  a t  terminal 4. By 
Eq. (16-16) this must equal c12v/dt2, which is the voltage that  was assumed to 
exist a t  the input terminal. Hence the computer is completed by connecting 
terminal 4 to the input terminal. (This last step is omitted from Fig. 16-14 
for the sake of clarity of explanation.) 

The specified initial conditions (the value of dv/dt and u a t  t = 0) must 
now be inserted into the computer. We note tha t  the voltages a t  terminals 1 
and 2 in Fig. 16-14 are proportional to dv/dt and v, respectively. Hence 
initial conditions are taken care of (as in Fig. 16-12) by applying the correct 
voltages Vl and V2 across the capacitors in integrators 1 and 2, respectively. 

The solution is obtained by opening switches ,Y1 and S:! and simultaneously 

Integrator 
R C =  1 

Integrator 1 Adder 

s + K , * - V ~  
"U Adder dt 

Fig. 16-14 A block diagram of an electronic analog computer. At t = 0, S1 and S? 
are opened and S g  is closed. Each OP AMP input is as in Fig. 16-12. 
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closing S3 (by means of relays) a t  t = 0 and observing the waveform a t  ter- 
minal 2. If the derivative t lv/clt  is also desired, its waveform is available a t  
terminal 1. The indicator may be a cathode-ray tube (with a triggered sweep) 
or a recorder or, for qualitative analysis with slo\dy varying quantities, a high- 
impedance volt meter. 

The solution of Eq. (16-16) can also be obtained with a computer which 
contains diff erentiators instead of integrators. However, integrators are 
almost invariably preferred over different iators in analog-comput er applica- 
tions, for the follow~lg reasons: Since the gain of an integrator decreases with 
frequency whereas the gain of a diff erentiator increases nominally linearly 
with frequency, i t  is easier to stabilize the former than the latter with respect 
to spurious oscillations. As u result of its limited bandwidth, an integrator is 
less sensitive to noise voltages than a differentiator. Further, if the input 
waveform changes rapidly, the amplifier of a diff erentiator may overload. 
Finally, as a matter of practice, it is convenient to introduce initial conditions 
in an integrator. 

16-6 ACTIVE FILTERS4 

Consider the ideal low-pass-filter response shown in Fig. 16-15a. I n  this plot 
all signals within the band 0 < f 2 fo are transmitted without loss, whereas 
inputs with frequencies f > fo give zero output. I t  is linown5 that  such an 
ideal characteristic is unrealizable with physical elements, and thus i t  is 

lAv(f) l l  , 1 
(b )  

Fig. 16-15 Ideal filter characteristics. 

0 I (a) Low-pass, (b) high-pass, and (c) 
foL I 

I I bandpass. 
I I 
I I 
I I 
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necessary to approximate it. An approximation for an ideal low-pass filter 
is of the form 

1 
Av(s) = - (16-17) 

P n  (s) 

where Pn(s) is a polynomial in the variable s with zeros in the left-hand plane. 
Active filters permit the realization of arbitrary left-hand poles for ,4 ~ ( s ) ,  
using the operational amplifier as the active element and only resistors and 
capacitors for the passive elements. 

Since commercially available OP AMPS have unity gain-bandwidth prod- 
ucts as high as 100 AIHz, it is possible to design active filters up to frequen- 
cies of several AIHz. The limiting factor for full-power response at those 
high frequencies is the slewing rate (Sec. 15-6) of the operational amplifier. 
(Commercial integrated OP AMPS are available with slewing rates as high as 
100 v/ps.) 

Butterworth Filter6 A common approximation of Eq. (16-17) uses the 
Butterworth polynomials Bn(s), where 

and with s = j w ,  

From Eqs. (16-18) and (16-19) we note that the magnitude of Bn(w) is given by 

The Butterworth response [Eq. (16-19)J for various values of n is plotted in 
Fig. 16-16. Note that the magnitude of AV is down 3 dB a t  w = LO, for all n. 
The larger the value of n, the more closely the curve approximates the ideal 
low-pass response of Fig. 16-15a. 

If we normalize the frequency by assuming wo = 1 rad/s, then Table 16-1 
gives the Butterworth polynomials for n up to 8. Note that for n even, the 
polynomials are the products of quadratic forms, and for n odd, there is present 
the additional factor s + 1. The zeros of the normalized Butterworth poly- 
nomials are either -1 or complex conjugate and are found on the so-called 
Butterworth circle of unit radius shown in Fig. 16-17. The damping factor k 
is defined as one-half the coefficient of s in each quadratic factor in Table 
16-1. For example, for n = 4, there are two damping factors, namely, 
0.765/2 = 0.383 and 1.848/2 = 0.924. I t  turns out (Prob. 16-20) that k is- 
given by 

k = cos 8 (16-21) 

where 8 is as defined in Fig. 16-17a for n even and Fig. 16-17b for n odd. 
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TABLE 16- 7 Normalized Butterworth polynominals 
- -- 

n Factors of polynomial P, ( s )  

From the table and Eq. (16-15) we see that the typical second-order 
Butterworth filter transfer function is of the form 

where wo = 2r f ,  is the high-frequency 3-dB point. Similarly, the first-order 
filter is 

Practical Realization 
the ,  active element is an 

Consider the circuit shown in Fig. 16-lSa, where 
operational amplifier whose stable midband gain 

Fig. 16-16 

pass-filter 

sponse. 

Butterworth IOW- 
frequency re- 

Normalized frequency, w /w, 
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Fig. 16-17 TheButterworth circle for (a) n even and (b) 
n odd. Note that for n odd, one of the zeros i s  at s = - 1 .  

V,/Vi = Avo = (R1 + Ri)/R1 [Eq. (15-4)] is to be determined. We assume 
that the amplifier input current is zero, and we show in Prob. 16-25 that 

If this network is to be a low-pass filter, then Z1 and Z2 are resistances and 
Zs and Zq are capacitances. Let us assume Z1 = Z2 = R and C3 = C4 = C, 
as shown in Fig. 16-188. The transfer function of this network takes the form 

Comparing Eq. (16-25) with Eq. (16-22)) we find 

1 
Wo = - 

RC 
and 

2k = 3 - AVO or Avo = 3 - 2k 

We are now in a position to synthesize even-order Butterworth filters 
by cascading, prototypes of the form shown in Fig. 16-l8b, using identical 
R's and C's and selecting the gain AVO of each operational amplifier to satisfy 
Eq. (16-27) and the damping factors from Table 16-1. 

To realize odd-order filters, it is necessary to cascade the first-order filter 
of Eq. (16-23) with second-order sections such as indicated in Fig. 16-18b. 
The first-order prototype of Fig. 16-18c has the transfer function of Eq. 
(16-23) for arbitrary AVO provided that w0 is given by Eq. (16-26). For 
example, a third-order Butterworth active filter consists of the circuit in 
Fig. 16-188 in cascade with the circuit of Fig. 16-18c, with R and C chosen so 
that RC = l/wo, with Avo in Fig. 16-188 selected to give k = 0.5 (Table 16-1, 
n = 3)) and AVO in Fig. 16-18c chosen arbitrarily. 
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Fig. 16-1 8 (a) Generalized active-filter prototype. 

pass section. (c) First-order low-pass section. 

- 

(c)  

(b) Second-order low- 

E X A M P L E  1)esigli a fourth-order Butterworth low-pass filter with a cutoff fre- 
quency of 1 kHz. 

Solution We cascade two second-order prototypes as shown in Fig. 16-19. For 
n = 4 we have froin Table 16-1 and Eq. (16-27) 

Fig. 16-19 Fourth-order Butterworth low-pass Rlter with f, = 1 kHz. 
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and 
A v 2  = 3 - 2k2 = 3 - 1.848 = 1.152 

From Eq. (15-4), Av ,  = (R1 + R:)/R~. If we arbitrarily choose R1 = 10 K, 
then for Avl  = 2.235, we find R: = 12.35 K, whereas for AV2  = 1.152, we f i ~ d  
R: = 1.520 I< and R2 = 10 K. TO satisfy the cutoff-frequency requirement, we 
have, from Eq. (16-26), fo  = 1/27rRC. We take R = 1 K and find C = 0.16 pF. 
Figure 16-19 shows the complete fourth-order low-pass Butterworth filter. 

High-pass Prototype An idealized high-pass-filter characteristic is 
indicated in Fig. 16-15b. The high-pass second-order filter is obtained from the 
low-pass second-order prototype of Eq. (16-22) by applying the transformation 

S (  ,Os( 
W, low-paaa S high-pass 

Thus, interchanging R's and C's in Fig. 16-18b results in a second-order 
high-pass active filter. 

Bandpass Filter A second-order bandpass prototype is obtained by 
cascading a low-pass second-order section whose cutoff frequency is foH with a 
high-pass second-order section whose cutoff frequency is foL, providedf,, > f , ~ ,  
as indicated in Fig. 16-15c. 

Band-reject Filter Figure 16-20 shows that a band-reject filter is obtained 
by paralleling a high-pass section whose cutoff frequency is f , ~  with a low-pass 

I  High-paea 

f 

Avlf l  , , fOL 

I Band- 
reject 

f 
f o ~  foL 

Fig. 16-20 (a) Ideal band-reject-filter frequency response. (b) Parallel combina- 

tion of low-pass and high-pass filters results in a band-reject filter. 
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P"+;;3'px Fig. 16-21 A resonant circuit. 

- - 
= 

section whose cutoff frequency is SOH. Note that for band-reject characteris- 
tics it is required that f o ~  < f , ~ .  

16-7 ACTIVE RESONANT BANDPASS FILTERS7 

The idealized bandpass filter of Fig. 16-15c has a constant response for foL < 
j < joH and zero gain outside this range. An infinite number of Butternorth 
sections are required to obtain this filter response. A very simple approxima- 
tion to a narrowband characteristic is obtained using a single LC resonant 
circuit. Such a bandpass filter has a response which peaks a t  some center 
frequency f, and drops off with frequency on both sides off,. A basic proto- 
type for a resonant filter is the second-order section shown in Fig. 16-21, whose 
transfer function we now derive. 

If we assume that the amplifier provides a gain A, = Vo/Vi y h i c h  is 
positive and constant for all frequencies, we find 

The center, or resonant, frequency f, = w0/2r is defined as that frequency 
a t  which the inductance resonates with the capacitance; in ot'her words, the 
inductive and capacitive reactances are equal (in magnitude), or 

I t  is convenient to define the quality factor Q of this circuit by 

Substituting Eq. (16-31) in Eq. (16-29), we obtain the magnitude and phase 
of the transfer function 
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0.1 02 0.3 0.4 0.6 0.0 1 2 3 4 6 8 10 

Normalized frequency ( w / u o )  Normalized frequency ( w / u o )  

Fig. 16-22 The bandpass characteristics of a tuned circuit. (a) Amplitude and (b) 

phase response. 

Normalized Eqs. ( 1 6 - 3 2 )  and ( 1 6 - 3 3 )  are plotted in Fig. 16-22 for different 
values of the parameter Q. 

Geometric Symmetry i n  the I A v ( j w ) l  curves of Fig. 16-22  it is seen that, ' 
for every frequency o' < w,, there exists a frequency w" > w0 for which 
I A v ( j w ) l  has the same value. We now show that  these frequencies have w, 
as their geometric mean; that  is, wO2 = u'u". 

Setting I A v ( j w l )  1 = I A v ( j w l ' )  1, we obtain 

where the minus sign is required outside the parentheses because w' < u, < w". 
From Eq. ( 1 6 - 3 4 )  we find 

Bandwidth Let wl  < w, and w2 > w0 be the two frequencies on either 
side of w, for which the gain drops by 3 dB from its vdue  A ,  at a,. Then the 
bandwidth is defined by 

where use is made of Eq. ( 1 6 - 3 5 ) .  The frequency w z  is found by setting 
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From Eq. (16-32) it follo~vs that 

Comparing Eq. (16-36) with Eq. (1G-3s)) we see that  

Sec. 16-7 

(1 6-3s) 

The bandtoidth i s  g i u e ~ ~  by the c e )~ t e r  freqzie)~cy divided by Q. 
Substituting Eq. (1G-31) in Eq. (16-39), we firld an alternative expression 

for B, namely, 

Active RC Band pass Filter The general form for the second-order band- 
pass filter is obtained if we let s = ju in Eq. (16-29). 

Substitut,ing Eqs. (16-30) and (16-31) into (16-41) yields 

The transfer function of Eq. (16-42) obtained from the RLC circuit shown in 
Fig. 16-21 can be implemented with the multiple-feedback circuit of Fig. 16-23, 
which uses two capacitors, three resistors, and one OP AMP,  but 710 i ~ d u c t o r s .  
If we assume that  the OP AMP voltage gain is infinite, we show in I'rob. 16-29 
that  

where R' = R1II R2, or 

Fig. 16-23 An active resonant filter 

?+ without an inductance. 



Sec. 16-8 ANALOG SYSTEMS / 557 

Equating the corresponding coefficients in the three transfer functions of Eqs. 
(1 6-4 I), (1 6-42), and (1 6-43) yields 

Any real positive values for R1, R', R3, C1, and C2 which satisfy Eqs. (16-45) 
to (16-47) are acceptable for the design of the active bandpass filter. Since 
we have only three equations for the five parameters, two of these (say, C1 and 
C2) may be chosen arbitrarily. 

E X A M P L E  Design a second-order bandpass filter with a midband voltage gain 
A0 = 50 (34 dB), a center frequency fo = 160 Hz, and a 3-dB bandwidth B = 16 Hz. 

Solution From Eq. (16-39) we see that the required Q = 160/16 = 10. The 
center angular frequency is w 0  = 2nfO = 2a X 160 = 1,000 rad/s. Assume 
C1 = CZ = 0.1 pF. From Eq. (16-45) 

From Eq. (16-46) 

From Eq. (16-47) 

Finally, from Eq. (16-44) 

If the above specifications were to be met with the RLC circuit of Fig. 16-21, 
an unreasonably large value of inductance would be required (Prob. 16-32). 

16-8 DELAY EQUALIZER 

Signals such as digital data pulses transmitted over telephone wires suffer from 
delay distortion, discussed in Sec. 12-2. For the compensation of this distortion, 
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Fig. 16-24 (a) General form of delay equalizer. (b) Practical equalizer section 

using the pA702. (Courtesy of Fairchild Semiconductor, Inc.) 

corrective networks known as delay equalizers are required. A delay equalizer 
is an all-pass network whose transfer function is of the form 

We see from Eq. (16-48) that  the amplitude of Av is unity throughout the 
useful frequency range, and the delay D is given by the derivative of the phase 
of A V  with respect to frequency, or 

A delay equalizer using an operational amplifier is shown in Fig. 16-24a. The 
t,ransfer function for this configuration is found in Prob. 16-33 to be 

For Z1 = 2 4  = R = 1 K, Za = Rj, and Zz = j X ,  Eq. (16-50) becomes 

which is the desired all-pass characteristic of the delay equalizer. A practical 
delay equalizer is shown in Fig. 16-243 using the Fairchild pA702 OP AMP. The 
low offset voltage of this amplifier allows a larger number of sections to be 
directly coupled. This advantage is particularly significant when we consider 
the fact that in many applications eight or more sections in cascade are required 
to compensate for the delay distortion. 

16-9 INTEGRATED CIRCUIT TUNED AMPLIFIER 

The differential amplifier stage in monolithic integrated form (Fig. 16-25) is an 
excellent basic building block for the design of a tuned amplifier (including 
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Fig. 16-25 The M C  1550 inte- 

grated circuit. (Courtesy of 

Motorola Semiconductor Inc.) 

automatic gain control), an amplitude modulator, or a video amplifier. We 
now discuss these applications. 

Operation of a Tuned Amplifier This circuit is designed to amplify a 
signal over a narrow band of frequencies centered a t  f,. The simplified sche- 
matic diagram shown in Fig. 16-26 is used to explain the operation of this 
circuit. The external leads 1, 2, 3, . . . of the IC in this figure correspond 
to those in Fig. 16-25. The input signal is applied through the tuned trans- 

Fig. 16-26 Tuned amplifier consisting of the Q1-Q3 cascode, with 

the gain controlled by Q2. 
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former T I  to the base of Q1. The load RI, is applied across the tuned trans- 
former T2 in the collector circuit of Q3. The amplification is performed by 
the transistors Q1 and Q3, whereas the magnitude of the gain is controlled by 
Q2. The combination of Q1-Q3 acts as a common-emitter common-base 
(CE-CB) pair, known as a cascode combination. In  Prob. 8-30 we show that  
the input resistance and the current gain of a cascode circuit are essentially 
the same as those of a CE stage, the output resistance is the same as that  of a 
CB stage, and the reverse-open-circuit voltage amplification is given by 
h, = h,,h,b .= lo-'. The extremely small value of h, for the cascode transistor 
pair makes this circuit especially useful in tuned-amplifier design. The reduc- 
tion in the "reverse internal feedback" of the compound device simplifies tun- 
ing, reduces the possibility of oscillation, and results in improved stability of 
the amplifier. 

The voltage VAGc applied to the base of Q2 is used to provide automatic 
gain control. From Fig. 15-9 we see that  if V A ~ ~  is a t  least 120 mV greater 
than VR, Q3 is cut off and all the current of Q1 flows through Q2. Since Q3 
is cut off, its transconductance is zero and the gain AV = V,/V, becomes zero. 
If VAGC is less than VR by more than 120 mV, Q2 is cut off and the collector 
current of Ql flows through Q3, increasing the transconductance of Q3 and 
resulting in maximum voltage gain Av.  

An important advantage of this amplifier is its ability to vary the value 
of AV by changing VAGC without detuning the input circuit. This follows 
from the fact that  variations in VACC cause changes in the division of the 
current between Q2 and Q3 I\-ithout affecting significantly the collector current 
of Q1. Thus the input impedance of Q1 remains constant and the input circuit 
is not detuned. 

Biasing of this integrated amplifier is obtained using a technique similar 
to that  discussed in Sec. 9-7. The voltage V and resistor R establish the dc 
current ID1 through the diode D l .  Since the diode and transistor Q1 are on 
the same silicon chip, very close to each other, and with VDl = V B E ~ ,  the 
collector current Icl of Ql is within + 5  percent of ID1. 

y-parameters In the design of tuned amplifiers, i t  is convenient to 
characterize the amplifiers as a two-port net~vork and measure the y-parameters 
a t  the frequency of operation. These y-parameters are defined by choosing 
t.he input and output voltages Vl and V2 as independent variables and express- 
ing the currents I1 and I z  in Fig. 16-27a in terms of these two voltages. Thus 

where the I 's and V's represent rms values of the small-signal currents and 
voltages. The circuit model satisfying these equations is indicated in Fig. 
16-27b. 
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Fig. 16-27 (a) Cascode pair. (b) y-parameter two-port model. 

The y-parameter in Eqs. (16-52) and (16-53) and Fig. 16-27b are complex- 
valued functions of frequency which are defined as follows: 

I1 I = short-circuit input admittance y11 = Gll + jB11 = - v1 vz=o 

I1 / = short-circuit reverse transfer y12 = G12 + .jB12 = - v2 v1=0 admittance 

I2 1 = short-circuit forward transfer yzl = G21 - jB21 = - v1 V*=O admittance 

I2 / = short-circuit output admittance y22 = G22 + jB22 = - v2 v,=o 
For a given device, single transistor or cascode pair, these parameters 

may be specified as explicit functions of frequency, or, as is more often the 
case, as graphs of the real and imaginary parts, the conductance G and the 
susceptance B, versus frequency. The data sheet of the MC 1550 gives the 
y-parameters measured on the General Radio 160SA immittance bridge. 
Typical measured values are shown in Fig. 16-28. The internal feedback 
factor yl2 is not shown because it was found to be less than 0.001 mA/V (mu) 
and is neglected. 

Let us consider the two-port network of Fig. 16-273 terminated a t  the 
output by a load admittance Yt and driven by a current source I, with source 
admittance Y,. The equivalent admittance seen by the current source is 
Ye, = Y ,  + Yi.  In  Prob. 16-36 we show that 

and the output admittance is 

Since y12 = 0, then Yi = yll and Yo = yzz. 
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Fig. 16-28 The y-parameters of the M C  1550 for VCC = 6.0 V and V A Q C  = 0 V as 

functions of frequency. (a) The parameter yll, (b) the parameter y2,, (c) the param- 

eter y22. (Courtesy of Motorola, Inc.) 

The average power Pa, delivered by the current source to the two-port 
is the power dissipated in the conductive part of Y,,, or 

If Re [Y,] becomes negative a t  some frequency w l ,  the network absorbs 
negative power; in other words, power is supplied to the source by the network. 
We note from Eq. (16-54) that if yln = 0 and Re [yll] > 0 and Re [Y,] > 0, 
the circuit cannot oscillate. 

t Re [Y,,] means the real part of Y e ,  and V1 is the rms value of the input voltage. 
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The current gain AI and voltage gain AV are found in Prob. 16-37 to be 
given by 

and 

A Practical Tuned Amplifier A hybrid monolithic circuit which 
embodies the principles discussed above is indicated in Fig. 16-29. (For the 
moment, assume that the audio generator V ,  is not present; V ,  = 0.) The 
shaded block is the MC 1550 IC chip of Fig. 16-25. All other components are 
discrete elements added externally. Resistors R1 and R2 bias the diode Dl 
(and hence determine the collector current of Ql). These resistors also estab- 
lish the bias voltage for Q3. Resistors R3 and R4 serve to "widen" the AGC 
voltage range from 120 mV to approximately 850 mV, thus rendering the AGC 
terminal less susceptible to external noise pickup. 

& "I'uned to -& 
45 MHz 

Fig. 16-29 A practical 45-MHz tuned amplifier (with 

V ,  = 0), or an RF modulator i f  V ,  # 0. (Courtesy.of 

Motorola Semiconductor, Inc.) 
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The source 17, is a 45-1lHz RF (radio-frequency) generator whose resis- 
tance is 50 Q. The transformers are \\-ound w-ith No. 32 wire on T12-2 cores; 
T 1  with 6:18 turns has a magnetizing inductance LM = 1.1 pH, and T2 with 
30:3 turns gives L,M = 2.5 pH. The variable capacitors in Fig. 16-29 are 
adjusted so as to  resonate with these inductors at  45 MHz. 

For maximum power gain through an amplifier the source admittance 
and load admittance must be selected to be the complex conjugates of the 
input admittance Y ,  - yll and of the output admittance Yo - y22, respec- 
tively. In  place of transformers, LC networlis may be used to obtain this 
matching. In  Fig. 16-30, the input network consisting of C1, C2, and L1 
transforms the 5 0 4  resistance of the source into the complex conjugate of yl l .  
The values of C1, C2, and L 1  are calculated usiiig techniques in Ref. 8. The out- 
put network corlsists of C3, C4, and I,? and transforms the 50-fl load resistance 
into the complex conjugate of y22. The center frequency for this amplifier is 
60 MHz, the bandwidth is 500 kHz, and the polver gain is measured to be 
30 dB. 

Amplitude Modulator The RF carrier signal V ,  may be varied in 
amplitude by changing the AGC voltage. Hence, if an audio signal V ,  is 
applied to terminal 10 in Fig. 16-29 so as to modify the AGC voltage, the 
output will be the amplitude-modulated waveform indicated in Fig. 4-27. 

The gain of the Ql-Q3 cascode is proportional to [y21[ ,  as indicated in 
Eq. (16-58). The parameter yyl depends upon the collector current of Q3, 
which can be varied by changing V A G C .  Figure 16-31 s h o m  the variation of 
1 ~ 2 1 1  versus V A G c  at  the frequency of 45 MHz. From the curve we see that  
between VAcC = 2.75 V and V A G C  = 4.25 V ,  (y211 is linear with VAGC.  By 
biasing the AGC line to 3.5 V (point B on the curve) arid impressing an audio 
sinusoidal signal V ,  on the base of Q2 (as indicated in Fig. 1G-29)) ly,ll will 
vary sinusoidally. From Eq. (16-58) the gain A V  will also vary sinusoidally 
with the audio signal. Thus the amplifier output will be an amplitude- 
modulated signal. 

Fig. 16-30 Matching networks for maximum power transfer in a 

60-MHz tuned amplifier (a) a t  the input and (b) at the output. 
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Fig. 16-31 Variation of 

Iy211 versus V A ~ ~  at 45 MHz 

for the M C  1550. (Cour- 

tesy of Motorola Semi- 

conductor, Inc.) 

16-10 A CASCODE VIDEO AMPLIFIER 

A video amplifier, as opposed to a tuned amplifier, must amplify signals over 
a wide band of frequencies, say up to 20 MHz. The iVIC 1550 can be used 
as a cascode video amplifier (Fig. 16-32a) by avoiding tuned input and output 
circuits. Between pins 1 and 4, 50 il is inserted in order to properly terminate 
the coaxial cable carrying the video signal. This small resistance has negligible 
effect on the biasing of Q1. The load RL is placed directly in the collector lead 
of Q3. 

The small-signal analysis of this video amplifier can be made using the 
' 

approximate equivalent circuit of Fig. 16-3%. If both transistors Q2 and Q3 
are operating in their active region, the collector of Ql  sees the very small 
input resistance (re2l]re3) of two common-base stages in parallel. We can rep- 
resent Q1 with its h y b r i d 4  model, and due to the very low load on Q1, we can 
neglect the effect of C,. The video ontput is taken from the collector of Q3, 
which is operating as a common-base stage. We shall assume that  Q3 can 
be represented by a current source ~ ~ 1 3 ,  where I3 is the emitter signal current 
of Q3 and a 3  = 1 and is independent of frequency over the band of frequencies 
under consideration. C, represents the capacitance from the collector of Q1 
and Q3 to the substrate (ground). 

From Fig. 16-32c we find (Prob. 16-42) 
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0- 

Video 
input 

L o  

output hy -7-. C, 

6 9 

Fig. 16-32 (a) The M C  1550 used as a video amplifier; (b) frequency response for 

three different values of VAGC; (c) approximate small-signal equivalent circuit. 

From Eq. (3-14) the emitter-base-diode incremental resistance re (rez or re3)  
is given by r, = q V T / I ~ ,  where I E  is the quiescent emitter current. 

E X A M P L E  Design a video amplifier, using the circuit of Fig. 16-32 and the 
MC 1550, to provide voltage gain Av = V,/V, = -25 and bandwidth greater 
than 20 MHz when VAGC = 0. Assume VCC = 6 V, h,, = 50, T6bt = 50 52, 
C, = 5 pF, CL = 5 pF, 1 ~ 1  = 1 MA, arid j~ = 900 MHz. 
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Solution The low-frequency voltage gain Tro/  IT, is found from Eq. (16-59) by letting 
s = 0. When V A G C  = 0, transistor Q2 is cut off and all the collector curreltt of 
Q1 flows through Q3. Since I E ?  = 0, then r e ,  = VVT/IE.L = 00 and 

From Sec. 11-2 we obtain 

and 

If we assume a3 =: 1, we filid from Eq. (16-59) 

= -37.2 X 1 0 - 3 R ~  
Thus 

The voltage transfer function of Eq. (16-59) has three poles, and the corre- 
sponding 3-dB frequencies are . 

We conclude that jl is a dominant pole and f~ = f, = 23.6 AZHz. Figure 16-32b 
shows measured data for three values of ITAGC.  We see that,  although we used a 
simplified model to analyze the circuit, we obtained cscelle~it agreement with 
experiment. 
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11. N O N L I N E A R  A N A L O G  S Y S T E M S  

16-1 1 COMPARATORS 

With the exception of amplitude modulation and automatic gain control, all 
the systems discussed thus far in this chapter have operated linearly. The 
remainder of the chapter is concerned with nonlinear OP AMP functions. 

The comparator, introduced in Sec. 4-6, is a circuit which compares an 
input signal vi(t) with a reference voltage TiR. When the input vi exceeds VR, 
the comparator output v, takes on a value which is very different from the 
magnitude of v, when v, is smaller than VR. The DIFF AMP input-output curve 
of Fig. 15-9 approximates this comparator characteristic. Note that  the total 
input swing between the two extreme output voltages is -8VT = 200 mV. 
This range may be reduced considerably by cascading two DIFF AMPS as in 
Fig. 15-11. This i\lC 1530 OP AMP serves as a comparator if connected open- 
loop, as shown in Fig. 16-33a. The transfer characteristic is given in Fig. 
16-333, and it is now observed that  the change in output state takes place 
with a variation in input of only 2 mV. Note that the input offset voltage 
contributes an error in the point of comparison between vi and VR of the order 
of 1 mV. The reference ITR may be any voltage, provided that it does not 
exceed the maximum common-mode range. 

Fig. 16-33 (a) The M C  1530 operational amplifier as a comparator. 

(b) The transfer characteristic. 
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Fig. 16-34 A zero-crossing detector converts a sinusoid vi into a 

square wave v,. The pulse waveforms v' and v~ result if  v,  is fed 

into a short time-constant RC circuit in cascade with a diode clipper. 

Zero-crossing Detector If V R  is set equal to zero, the output will respond 
almost discontinuously every time the input passes through zero. Such an 
arrangement is called a zero-crossing detector. 

Some of t'he most important systems using comparators will now be 
listed. Other applications are discussed in Secs. 16-5 and 17-19. 

Square Waves from a Sine W a v e  If the input to an OP AMP comparator 
is a sine wave, the output is a square wave. If a zero-crossing detector is 
used, a symmetrical square wave results, as shown in Fig. 16-34c. This ideal- 
ized waveform has vertical sides which, in reality, should extend over a range 
of a few millivolts of input voltage vi. 

Timing-markers Generator from a Sine W a v e  The square-wave output 
v, of the preceding application is applied to the input of an RC series circuit. 
If the time constant RC is very small compared with the period T of the sine- 
wave input, the voltage v' across R is a series of positive and negative pulses, 
as indicated in Fig. 16-34d. If u' is applied to a clipper with an ideal diode 
(Fig. 16-34a), the load voltage VL contains only positive pulses (Fig. 16-34e). 
Thus the sinusoid has been converted into a train of positive pulses whose spac- 
ing is T. These may be used for timing markers (on the sweep voltage of a 
cathode-ray tube, for example). 
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Phasemeter The phase angle between two voltages can be measured by 
a method based on the circuit of Fig. 16-34. Both voltages are converted into 
pulses, and the time interval between the pulse of one wave and that obtained 
from the second sine wave is measured. This time interval is proportional to 
the phase difference. Such a phasemeter can measure angles from 0 to 360'. 

Amplitude-distribution Analyzer A comparator is a basic building block 
in a system used to analyze the amplitude distribution of the noise generated 
in an active device or the voltage spectrum of the pulses developed by a nuclear- 
radiation detector, etc. To be more specific, suppose that the output of the 
comparator is 10 V if v i  > VR and 0 V if vi < VR. Let the input to the com- 
parator be noise. A dc meter is used to measure the average value of the out- 
put square wave. For example, if V R  is set a t  zero, the meter will read 10 V, 
which is interpreted to mean that the probability that the amplitude is greater 
than zero is 100 percent. If V R  is set a t  some value V', and the meter reads 
7 V, this is interpreted to mean that the probability that the amplitude of the 
noise is greater than V', is 70 percent, etc. I n  this way the cumulative ampli- 
tude probability distribution of the noise is obtained by recording meter read- 
ings as a function of VR. 

Pulse-time Modulation If a periodic sweep waveform is applied to a 
comparator whose reference voltage VR is not constant but rather is modulated 
by an audio signal, i t  is possible to obtain a succession of pulses whose relative 
spacing reflects the input information. The result is a time-modulation system 
of communication. 

16-12 SAM PLE-AND-HOLD CIRCUITSg 

A typical data-acquisition system receives signals from a number of different 
sources and transmits these signals in suitable form to a computer or a commu- 
nication channel. A multiplexer (Sec. 17-5) selects each signal in sequence, 
and then the analog information is converted into a constant voltage over the 
gating-time interval by means of a sample-and-hold circuit. The constant 
output of the sample-and-hold may then be converted to a digital signal 
by means of an analog-to-digital (A/D) converter (Sec. 17-20) for digital 
transmission. 

A sample-and-hold circuit in its simplest form is a switch S in series with 
a capacitor, as in Fig. 16-35a. The voltage across the capacitor tracks the 
input signal during the time T, when a logic control gate closes S, and holds 
the instantaneous value attained a t  the end of the interval T, when the control 
gate opens S.  The switch may be a relay (for very slow waveforms), a 
sampling diode-bridge gate (Sec. 4-7), a bipolar transistor or a 
MOSFET controlled by a gating signal. The MOSFET makes an excellent 
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f c  Control gate 

(a) ( b )  
Fig. 16-35 Sample-and-hold circuit. (a) Schematic, (b) practical. 

chopper because its o f se t  voltage when ON (-5 pV) is much smaller than that 
of a bipolar junction transistor. 

The circuit shown in Fig. 16-3.5b is one of the simplest practical sample-and- 
hold circuits. A negative pulse a t  the gate of the p-channel MOSFET will 
turn the switch ON, and the holding capacitor C will charge with a time con- 
stant RoNC to the instantaneous value of the input voltage. In  the absence 
of a negative pulse, the switch is turned OFF and the capacitor is isolated from 
any,load through the LM 102 OP AMP. Thus it will hold the voltage impressed 
upon it. I t  ie recommended that a capacitor with polycarbonate, poly- 
ethylene, or Teflon dielectric be used. Most other capacitors do not retain 
the stored voltage, due to a polarization phenomenonl1 which causes the stored 
voltage to decrease with a time constant of several seconds. Even if the 
polarization phenomenon does not occur, the OFF current of the switch (-1 nA) 
and the bias cur5ent of the OP AMP will flow through C. Since the maximum 
input bias current for the LA$ 102 is 10 nA, it follows that with a 10-ccF capaci- 
tance the drift rate during the HOLD period will be less than 1 mV/s. 

Two additional factors influence the operation of the circuit: the reaction 
time, called aperture t ime (typically less than 100 ns), which is the delay 
between the time that the pulse is applied to the switch and the actual time 
the switch closes, and the acquisition time, which is the time it takes for the 
capacitor to change from one level of holding voltage to the new value of 
input voltage after the switch has closed. 

When the hold capacitor is larger than 0.05 J'', an isolation resistor of 
approximately 10 I< should be included between the capacitor and the + input 
of the OP AMP. This resistor is required to protect the amplifier in case the 
output is short-circuited or the power supplies are abruptly shut down while 
the capacitor is charged. 

16-13 PRECISION AC/DC CONVERTERS12 

If a sinusoid whose peak value is less than the threshold or cutin voltage V ,  
(-0.6 V) is applied to the rectifier circuit of Fig. 4-6, we see that the output 
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Fig. 16-36 (a) A precision diode. (b) A precision clamp. 

is zero for all times. In  order to be able to rectify millivolt signals, it is clearly 
necessary to reduce T',. By placing the diode in the feedback loop of an 
OP AMP, the cutin volt ige  is divided by the open-loop gain A v of the amplifier. 
Hence V, is virtually eliminated and the diode approaches the ideal rectifying 
component. If in Fig. 16-36a the input v, goes positive by a t  least V,/AV, 
then v' exceeds V, and D conducts. Because of the virtual connection between 
the noninverting and inverting inputs (due to the feedback with D ON), v, == v,. 
Therefore the circuit acts ;is a voltage follower for positive signals (in excess of 
approximately 0.1 mV). When 2;, swings negatively, D is OFF and no current 
is delivered to the external load except for the small bias current of the LA4 
101A. 

Precision Clamp By modifying the circuit of Fig. 16-36a, as indicated 
in Fig. 16-36b, an almost ideal clamp (Sec. 4-5) is obtained. If v, < T7,, then 
v' is positive and D conducts. As explained above, under these conditions 
the output equals the voltage at the rioninverting terminal, or uo = V,. I f  
vi > VR, then v' is negative, D is OFF, and u0 = zl,. I n  summary: The output 
follows the input for v, > TTR and vo is clamped to VR if vi is less than VE by 
about 0.1 mV. When D is reverse-biased in Fig. 16-36a or b,  a large differen- 
tial voltage may appear between the inputs and the OP AMP must be able to 
withstand this voltage. Also note that when v, > Vn, the input stage satu- 
rates because the feedback through D is missing. 

Fast Half-wave Rectifier By adding R' and 0 2  to Fig. 16-3615 and 
setting TTH = 0, we obtain the circuit of Fig. 16-37a. If v, goes negative, D l  
is ON,  0 2  is OFF, and the circuit behaves as an inverting OP AMP, SO tha t  
vo = - (R'/ R) v,. If v, is positive, D l  is OFF and 0 3  is ON. Because of the 
feedback through 0 2 ,  a virtual ground exists at  the input and u, = 0. If v, 
is a sinusoid, the circuit performs half-wave rectification. Because the ampli- 
fier does not saturate, it can provide rectification at  frequencies up to 100 kHz. 

An equivalent alternative configuration to that in Icig. 16-37a is to ground 
the left-hand side of R and to impress v, at the noninverting terminal. The 
half-wave-rectified output now has a peak value of (R + Rr)/R times the 
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Fig. 16-37 (a) A half-wave rectifier. (b) A low-pass 

filter which can be cascaded with the circuit in (a) to 

obtain an average detector. 

maximum sinusoidal input volt age. A full-wave system is indicated in Prob. 
16-43. 

Active Average  Detector Consider the circuit of Fig. 16-37a to be 
cascaded with the low-pass filter of Fig. 16-373. If vi  is an amplitude-modu- 
lated carrier (Fig. 4-27), the R1C filter removes the carrier and v' is proportional 
to the average value of the audio signal. In  other words, this configuration 
represents an average detector. 

Active Peak Detector If a capacitor is added a t  the output of the 
precision diode of Fig. 16-36a, a peak detector results. The capacitor in 
Fig. 16-3% will hold the output a t  t = t' to the most positive value attained 
by the input vi prior to t', as indicated in Fig. 16-3Sb. This operation follows 
from the fact that  if v, > v,, the OP AMP output v' is positive, so that  D con- 
ducts. The capacitor is then charged through D (by the output current of the 
amplifier) to the value of the input because the circuit is a voltage follower. 
When v, falls below the capacitor voltage, the OP AMP output goes negative 

Fig. 16-38 (a) A positive peak detector. (b) An arbitrary input 

waveform vi and the corresponding output u,. 
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and the diode becomes reverse-biased. Thus the capacitor gets charged to the 
most positive value of the input. 

This circuit is a special case of a sample-and-hold circuit, and the capacitor 
leakage current considerations given in Sec. 16-12 also apply to this configura- 
tion. If the output is loaded, a buffer voltage folloiver should be used to pre- 
vent the load from discharging C. To reset the circuit, a low-leakage switch 
such as a R40SFET gate must be placed across the capacitor. 

16-14 LOGARITHMIC A M  PLIFIERS12 

In  Fig. 16-39a there is indicated an OP A M P  with the feedback resistor R' 
replaced by the diode D l .  This amplifier is used when it is desired to have 
the output voltage proportional to the logarithm of the input voltage. 

From Eq. (3-9) the volt-ampere diode characteristic is 

provided that  V f l r l V ~  >> 1 or If >> I,. Hence 

Vf = qVT(ln If - 1.n I,) (1 6-60) 

Since If = I, = V,/R due to the virt,ual ground a t  the amplifier input, then 

We note from Eq. (16-61) that  the output voltage V ,  is temperature-dependent 
due to the scale factor qVT and to the saturation current I,. Both temperature 
effects can be reduced by using the circuit of Fig. 16-393, where the diodes D l  
and 0 2  are matched, 
is independent of T. 

R T  is temperature-dependent, and the constant source I 

RT R1 R ' 

Fig. 16-39 (a) Logarithmic amplifier for positive.input voltage V,. (b) Tempera- 

ture-compensated amplifier. 
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We have for this circuit, and using Eq. (16-61), 

Thus the output voltage V: becomes 

The temperature dependence of RT is selected to compensate approximately 
for the factor f7VT in Eq. (16-62). 

Logarithmic Amplifier Using Matched Transistors Instead of two 
matched diodes, i t  is possible to use a matched pair of transistors connected 
as in Fig. 16-40u to remove from the expression for Vi the factor q ,  whose 
value normally depends on the current flowing through the diode. In  Fig. 
1640a, Q1 is used as the feedback element around the first OP AMP.  If we 
neglect V B E ~  - V B E ~  with respect to VCC, and since 1 ~ 2  << IC2,  then 

v c c  IC2 == - - v, 
8 - -- and Icl=-------- 

Re Ri + R4 2Ri 

From Eq. (15-21) i t  follows that  

VBEl - VBE2 = ' v T  In Icl - VT In 

Since the base of Q1 is grounded, the negative of the above voltage appears 
a t  the noninverting terminal of the second operational amplifier, whose gain 
is determined by resistors R7 and Re. Hence 

The above transfer function of the amplifier is plotted in Fig. 16-40b for 
various operating temperatures. It is seen that  the dynamic range extends 
over 5 mV to 50 V of input voltage, or SO dB. From Eq. (16-65), 

which is in excellent agreement with the slope obtained from Fig. 16-40b. 

Antilog Amplifier The amplifiers discussed above give an output V ,  
proportional to the natural logarithm of the input V,, or 

V ,  = K1 In K2V, (1 6-66) 

Sometimes we desire an output proportiond to the antilogarithm (In-') 
of the input; that  is, 

V ,  = K1 1n-l K4V8 (1 6-67) 
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v, = +16V 

Sec. 16-14 

5 50 500 5000 5x10' 

Input voltage V' , mV 
(b )  

Fig. 16-40 (a) Logarithmic amplifier. (b) Transfer characteris- 

tic. (Courtesy of Fairchild Semiconductor, Inc.) 

The circuit s h o ~ r n  in Pig. 16-41 can be used as an antilog amplifier. If 
we assume infinite input resistance for A1 and A2 as \\.ell as zero differential 
input voltage for each operational amplifier, we obtain 

and since V2 is the negative of the voltage across 0 2 ,  

v2 = - ~ l , ~ T ( l n  I 2  - 111 I,) (1 6- 69) 
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Fig. 16-41 Antilog amplifier. 

Combining Eqs. (16-68) and (16-69) yields 

R I f  R' 
V 8  = 71VT l n 5  = 7VT In- 

RI + Rz Iz Vo 

because V ,  = IsRr .  Finally, from Eq. (16-70) it follows that 

Equation (16-71) is of the form given in Eq. (16-67). 
We show in Prob. 16-45 that it is possible to raise the input V ,  to an 

arbitrary power by combining log and antilog amplifiers. .. 

Logarithmic Multiplier The log and antilog amplifiers can be used for 
the multiplication or division of two analog signals V81 and V,z. In  Fig. 16-42 

Fig. 16-42 Logarithmic multiplier of two analog signals ( V ,  = 

KValVp2). 
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Fig. 16-43 Variable transconductance multiplier (V,  = KVaIVa2). 

the logarithm of each input is taken, then the two logarithms are added, and 
finally the antilog of the sum yields the product of the two inputs. Thus 

V1 = K 1  In Vsl + K1 In Va2 = Kl In VslVa2 
and 

Vo = K 2  In-l K3Vl = K 2  1n-l (K3K1 In VS1Va2) 

If K3K1 = 1, then , 

The input signals can be divided if we subtract the logarithm of Val from 
that of Va2 and then take the antilog. We must point out that the logarithmic 
multiplier or divider is useful for unipolar inputs only. This is often called 
one-quadrant operation. Other techniques13 are available for the accurate 
multiplication of two signals. 

Differential Amplifier Multiplier From Eqs. (15-24) and (15-23) we 
observe that the output voltage of a differential amplifier depends on the 
current source I. If Val  is applied to one input and V,,  is used to vary I, as 
in Fig. 16-43, the output will be proportional to the product of the two signals 
Va1V,2. The device AD 530 manufactured by Analog Devices, Inc., is a com- 
pletely monolithic multiplier/divider with basic accuracy of 1 percent and 
bandwidth of 1 MHz. As a multiplier, the AD 530 has the transfer function 
XY/10 and as a divider +10Z/X. The X, Y, and Z input levels are + 10 V 
for multiplication and the output is _+ 10 V at  5 mA. As a divider, operation 
is restricted to two quadrants (where X is negative) only. 
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16-1 5 WAVEFORM GENERATORSg 

The operational amplifier comparator, together with an integrator, can be 
used to generate a-square wave, a pulse, or a triangle waveform, as we now 
demonstrate. 

Square-wave Generator In  Fig. 16-44a, the output v, is shunted to 
ground by two Zener diodes connected back to back and is limited to either 
+ V Z ~  or - VZI, if V, << Vz (Fig. 4-11). A fraction @ = R3/(R2 + Rg) of the 
output is fed back to the noninverting input terminal. The differential input 
voltage vi is given by 

From the transfer characteristic of the comparator given in Fig. 16-33 we see 
that if vi is positive (by a t  least I mV), then v, = ,  - Vzl, whereas if vi is nega- 
tive (by a t  least 1 mV), then vo = +VZ2. Consider an instant of time when 
vi < 0 or v, < @vo = @VZz. The capacitor C now charges exponentially toward 
V Z ~  through the integrating R'C combination. The output remains constant 
a t  V Z ~  until v, equals +PVz2, a t  which time the comparator output reverses to 
-VZI. Now v, charges exponentially toward - VZ1. The output voltage 
vo and capacitor voltage v, waveforms are shown in Fig. 16-44b for the special 
case VZI = V Z ~  = Vz. If we let t = 0 when v, = -@VZ for the first half 
cycle, we have 

Fig. 16-44 (a) A square-wave generator. (b) Output and capacitor 

voltage waveforms. 
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Since a t  t = T/2, v,(t) = +PITZ, we find T, solving Eq. (16-76), to be given by 

Note that  T is independent of I'z. 
This square-wave generator is pttrticularly useful in the frequency range 

10 Hz to 10 kHz. At higher frequencies the delay time of the operational 
amplifier as it moves out of saturation, through its linear range, and back to 
saturation in the opposite direction, becomes significant. Also, the slew rate 
of the operational amplifier limits the slope of the output square wave. The 
frequency stability depends mainly upon the Zener-diode stability and the 
capacitor, whereas waveform symmetry depends on the matching of the two 
Zener diodes. If an unsymmetrical square wave is desired, then ITZ1 # Vz2. 

The circuit will operate in essentially the same manner as described above 
if R1 = 0 and the avalanche diodes are omitted. However, now the amplitude 
of the square wave depends upon the power supply voltage ( 5  5.8 V for the 
MC 1530, using + 6 V supplies as in Sec. 15-5). 

The circuit of Fig. 16-44 is called an astable multiuib~ator because i t  has 
two quasistable states. The output remains in one of these states for a time 
T1 and then abruptly changes to the second state for a time TP, and the cycle 
of period T = T1 + T2 repeats. 

Pulse Generator A wonostable ?nultivibrator has one stable state and one 
quasistable state. The circuit remains in its stable state until a triggering 
signal causes a transition to the quasistable state. Then, after a time T, the 
circuit returns to its stable state. Hence a single pulse has been generated, 
and the circuit is referred to as a one-shnt. 

The square-wave generator of Fig. 16-44 is modified in Fig. 16-45 to 
operate as a moriostable multivibrator by adding a diode (Dl) clamp across C 
and by introducing a narrow negative triggering pulse through 0 2  to the non- 
inverting terminal. To see how the circuit operates, assume that  it is in its 
stable state with the output a t  v, = + VZ and the capacitor clamped a t  

(the ON voltage of D l  with ~ V Z  > Vl). If the trigger amplitude is greater 
than @Vz - V1, then it will cause the comparator to switch t o  an output 
v, = - Vz. The capacitor will now charge through R' toward - Vz because 
D l  becomes reverse biased. When v, becomes more negative than -@VZ, the 
comparator output swings back to +VZ. The capacitor now starts charging 
toward +VZ through R' until v, reaches V1 and C becomes clamped again a t  
v, = V1. In  Prob. 16-45 we find that  the pulse width T is given by 

T = R'C 111 1 + ( W V z )  
1 - B  
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Fig. 16-45 (a) Monostable multivibrator. (b) Output and capacitor voltage 

waveforms. 

If VZ >> V1 and R2 = R3, so that p = +, then T = 0.69RtC. For short pulse 
widths the switching times of the comparator become important and limit the 
operation of the circuit. If R1 = 0 and the Zener diodes are omitted, Eq. 
(16-78) remains valid with T/'z = Vcc - VCE,sat (Sec. 15-5). 

Triangle-wave Generator We observe from Fig. 16-44b that zl, has a 
triangular waveshape but that the sides of the triangles are exponentials rather 
than straight lines. To linearize the triangles, it is required that C be charged 
with a constant current rather than the exponential current supplied through R 
in Fig. 16-44b. In  Fig. 16-46 an OP AMP integrator is used to supply constant 
current to C so that the output is linear. Because of the inversion through the 
integrator, this voltage is fed back to the noninverting terminal of the com- 
parator in this circuit rather than to the inverting terminal as in Fig. 16-44. 

When the comparator has reached either the positive or negative satura- 
tion state, the matched Zener diodes will clamp the voltage VA at  either + V Z  
or - VZ. Let us assume that VA = + VZ at  t = to. The current flowing into 
the integrator is 

and the integrator output becomes a negative-going ramp, or 

The voltage a t  pin 3 of the threshold detector is, using superposition, 
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Fig. 16-46 (a) Practical triangle-wave generator. (b) Output waveform. 

(Courtesy of National Semiconductor Corp.) 

When vl(t) goes through zero and becomes negative, the comparator output 
changes to the negative-output state and V A  = - VZ.  At this time, t = tl, 
~3(tl)  = 0, or from Eq. (16-81) we find 

The current supplied to the integrator for tz > t > tl is 

and the int,egrator output vo(t) becomes a positive-going ramp with the same 
slope as the negative-going ramp. At a time tz, when 

the comparator switches again to its positive output and the cycle repeats. 
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The frequency of the triangle wave is determined from Eq. (16-80) and 
Fig. (16-46) to be given by 

The amplitude can be controlled by the ratio R5JrZ/(R1 + R2). The positive 
and negative peaks are equal if the Zener diodes are matched. I t  is possible 
to offset the triangle with respect to ground if we connect a dc voltage to the 
inverting terminal of the threshold detector or comparator. 

The practical circuit shown in Fig. 16-46 makes use of the LH 101 OP AMP, 

which is internally conlpensated for unity-gain feed-back. This monolithic 
integrated OP AMP has maximum input offset voltage of 5 mV and maximum 
input bias current of 500 nA. For symmetry of operation the current into 
the integrator should be large with respect to Ibiss, and the peak of the output 
triangle voltage should be large with respect to the input offset voltage. 

The design of monostable and astable generators using discrete com- 
ponents is considered in detail in Ref. 3, Chap. 11. - One shots constructed 
from logic gates are indicated in Prob. 17-57. 

16-1 6 REGENERATIVE C O M P A R A T O R  ( S C H M I T T  TRIGGER) '"  

As indicated in Fig. 16-33, the transfer characteristic of the lIC1530 DIFF 

AMP makes the change in output from - 5  V to  +5  V for a swing of 2 mV 
in input voltage. Hence the average slope of this curve or the large-signal 
voltage gain AV is Av = 10/2 X = 5,000. (The incremental gain a t  the 
center of the characteristic is calculated in Sec. 15-5 to be 5,670.) By employ- 
ing positive (regenerative) voltage-series feedback, as is done in Figs. 16-44 and 
16-45 for the astable and monostable multivibrators, the gain may be increased 
greatly. Consequently the total output excursion takes place in a time inter- 
val during which the input is changing by much less than 2 mV. Theo- 
retically, if the loop gain --PAV is adjusted to be unity, then the gain with 
feedback AVf becomes infinite [Eq. (13-4)]. Such an idealized situation results 
in an abrupt (zero rise time) transition between the extreme values of output 
voltage. I f  a loop gain in excess of unity is chosen, the output waveform 
continues to be virtually discontinuous a t  the comparison voltage. However, 
the circuit now exhibits a phenomenon called hysteresis, or backlash, which is 
explained below. 

The regenerative comparator of Fig. 16-47a is commonly referred to  as a 
Schmitt trigger (after the inventor of a vacuum-tube version of this circuit). The 
input voltage is applied to the inverting terminal 2 and the feedback voltage 
to  the noninverting terminal 1. The feedback factor is P = R2/(R1 + R2). 
For Rp = 100 Q, R1 = 10 I<, and AV = -5,000, the loop gain is 
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Fig. 16-47 (a) A Schmitt 

trigger. The transfer char- 

acteristics for (b) increas- 

ing vi and (c) decreasing vi. 

(d) The compositive input- 

output curve. 

Assgme that  v i  < vl ,  so that  v, = +V, (+5 V). Then, using superposition, 
we find from Fig. 16-47a that  

If v i  is now increased, then v, remains constant a t  V,, and vl  = V 1  = constant 
until v, = V1. At this thresholcl, critical, or triggering voltaye, the output regen- 
eratively switches to v, = - ITo and remains a t  this value as long as v i  > V1. 
This transfer characteristic is indicated in Icig. 16-476. 

The voltage a t  the noninverting terminal for v, > V1 is 

For the parameter values given in Fig. 16-47 and with V, = 5 V ,  

Note that  IT2 < V1, and the difference between these two values is called the 
hysteresis VH. 

If we now decrease vi, then the output remains a t  - V, until v i  equals 
the voltage a t  terminal 1 or until vi = V2. At this voltage a regenerative 
transition takes place and, as indicated in Fig. 16-47c, the output returns to 
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+ V, almost instantaneously. The complete transfer function is indicated in 
Fig. 16-47c, where the shaded portions may be traversed in either direction, 
but the solid segments can only be obtained if vi varies as indicated by the 
arrows. Note that  because of the hysteresis, the circuit triggers a t  a higher 
voltage for increasing than for decreasing signals. 

We note above that  transfer gain increases from 5,000 toward infinity as 
the loop gain increases from zero to unity, and that  there is no hysteresis as 
long as - @ A V  5 1. However, adjusting the gain precisely to unity is not 
feasible. The DIFF AMP parameters and, hence the gain A V ,  are variable 
over the signal excursion. Hence an adjustment which ensures tha t  the maxi- 
mum loop gain is unity would result in voltage ranges where this amplification 
is less than unity, with a conse.quent loss in speed of response of thecircuit. 
Furthermore, the circuit may not be stable enough to maintain a loop gain of 
precisely unity for a long period of time without frequent readjustment. I n  
practice, therefore, a loop gain in excess of unity is chosen and a small amount 
of hysteresis is tolerated. I n  most cases a small value of V H  is not a matter 
of concern. I n  other applications a large backlash range will not allow the 
circuit to function properly. Thus if the peak-to-peak signal were smaller 
than VH, then the Schmitt circuit, having responded a t  a thresholdvoltage 
by a transition in one direction, would never reset itself. I n  other words, once 
the output has jumped to, say, V,, it would remain a t  this level and never 
return to - V,. 

The most important use made of the Schmitt trigger is to convert a very 
slowly varying input voltage into an output having an  abrupt (almost dis- 
continuous) waveform, occurring a t  a precise value of input voltage. This 
regenerative comparator may be used in all the applications listed in Sec. 
16-11. For example, the use of the Schmitt trigger as a squaring circuit is 
illustrated in Fig. 16-48. The input signal is arbitrary except that  i t  has a 
large enough excursion to carry the input beyond the limits of the hysteresis 
range VH. The output is a square wave as shown, the amplitude of which is 
independent of the peak-to-peak value of the input waveform. The output 
has much faster leading and trailing edges than does the input. 

The design of a Schmitt trigger from discrete components is explained in 
detail in Ref. 3, Secs. 10-11 and 10-13. 

I 

Fig. 16-48 Response of the Schmitt trigger 

to an arbitrary input signal. 
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16-17 EMITTER-COUPLED LOGIC (ECL)15 

The transfer characteristic of the difference amplifier is discussed in Sec. 15-4. 
We find that the emitter current remains essentially constant and t,hat this 
current is switched from one transistor to the other as the signal a t  the input 
transistor varies from about 0.1 V below to 0.1 V above the reference voltage 
VBB at the base of the second transistor (Fig. 15-9). Except for a very narrow 
range of input voltage the output voltage takes on only one of two possible 
values and, hence, behaves as a binary circuit. Hence the DIFF AMF, which 
is considered in detail in this chapter on analog systems, is also important as a 
digital device. A logic family based upon this basic building block is called 
emitter-coupled logic (ECL) or current-mode logic (CML). Since in the DIFF 

AMP clipper or comparator neither transistor is allowed to go into saturation, 
the ECL is the fastest of all logic families (Table 6-5); a propagation delay 
time as low as 1 ns per gate is possible. The high speed (and high fan out) 
attainable with ECL is offset by the increased power dissipation per gate 
relative to that of the saturating logic families. 

A 2-input OR (and also NOR) gate is drawn in Fig. 16-49a. This circuit 
is obtained from Fig. 15-6 by using two transistors in parallel a t  the input. 
Consider positive logic. If both A and B are low, then neither Ql nor Q2 
conducts whereas Q3 is in its active region. Under these circumstances Y is 
low and Y' is high. If eitber A or B is high, then the emitter current switches 
to the input transistor the base of which is high, and the collector current of 
Q3 drops approximately to zero. Hence Y goes high and Y' drops in voltage. 
Note that OR logic is performed at the output Y and NOR logic at  Y', so that 
Y' = 7. The logic symbol for such an OR gate with both true and false 
outputs is indicated in Fig. 16-493. The availability of complementary out- 

Fig. 16-49 (a) DIFF AMP converted into a 2-input emitter- 

coupled logic circuit. (b) The symbol for a 2-input 

OR/NOR gate. 
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Fig. 16-50 A 3-input ECL OR/NOR gate, with no dc-level shift between input and out- 

put voltages. 

puts is clearly an advantage to the logic design engineer since it  avoids the 
necessity of adding gates simply as inverters. 

One of the difficulties with ECL topology of Fig. 16-49a is that the V(0) 
and V(1) levels a t  the outputs differ from those at the inputs. Hence emitter 
followers Q5 and Q6 are used at  the outputs to provide the proper dc-level 
shifts. The basic Motorola ECL 3-input gate is shown in Fig. 16-50. The 
reference voltage - VBB is obtained from a temperature-compensated network 
(not indicated). The quantitative opetation of the gate is given in the follow- 
ing illustrative problem. 

EXAMPLE (a) What are the logic levels a t  output Y of the ECL gate of Fig. 
16-50? Assume a drop of'0.7 V between base and emitter of a conducting tran- 
sistor. (b )  Calculate the noise margins. (c) Verify that  a conducting transistor 
is in its active region (not in saturation). (d) Calculate R so that the logic levels 
a t  Y' are the complements of those a t  Y. (e) Find the average power dissipated 
by the gate. 

Solution (a) If all inputs are low, then assume transistors Ql,  Q2, and Q3 are 
cut off and Q4 is conducting. The voltage a t  the common emitter is 

The current I in the 1.18-K resistance is 
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Neglecting the base current compared with the emitter current, I is the current 
in the 30042 resistance and the output voltage a t  Y is 

If all inputs are a t  V(0) = - 1.55 V and VE = - 1.85 V, then the base-to- 
emitter voltage of an  input transistor is 

Since the cutin voltage is VBE,,uti, = 0.5 V (Table 5-I), then the input transistors 
are nonconducting, as  was assumed above. 

If a t  least one input is high, then assume tha t  the current in the 1.18-K resis- 
tance is switched t o  R, and Q4 is cut off. The  drop in the  3 0 0 4  resistance is 
then zero. Since the base and collector of Q5 are effectively tied together, 
Q5 now behaves a s  a diode. Assuming 0.7 V across Q5 a s  a first approximation, 
the diode current is (5.20 - 0.7)/1.5 = 3.0 mA. From Fig. 7-19a the diode 
voltage for 3.0 mA is 0.75 V. Hence 

If one input is a t  -0.75 V, then VE = -0.75 - 0.7 = -1.45 V, and 

which verifies the assumption that  Q4 is cutoff; since VBE,,,,~, = 0.5 V. 
Note that  the total output swing between the two logic levels is only 1.55 - 

0.75 = 0.80 V (800 mV). This voltage is much smaller than the value (in excess 
of 4 V) obtained with a DTL or T T L  gate. 

(b )  If all inputs are a t  V(O), then the calculation in part  (a) shows tha t  an 
input transistor is within 0.50 - 0.30 = 0.20 V of cutin. Hence a positive noise 
spike of 0.20 V will cause the gate to malfunction. 

If one input is a t  V(1), then we find in part  (a) that  V B E ~  = 0.30 V. Hence 
a negative noise spike a t  the input of 0.20 V drops VE by the same amount and 
brings VBE4 to 0.5 V, or to  the edge of conduction. Note that  the noise margins 
are quite small (+ 200 mV). 

(c) From part (a) we have that,  when Q4 is conducting, i ts  collector voltage 
with respect to ground is the drop in the 300-0 resistance, or Vc4 = - (0.3) (2.84) = 

-0.85 V. Hence the collector junction voltage is 

For an  n-p-n transistor this represents a reverse bias, and Q4 must be in its active 
region. 

I f  any input, say A ,  is a t  V(1) = -0.75 V = Vel, then Q1 is conducting 
and the output Y' = P = V(0) = - 1.55 V. The collector of Q1 is more positive 
than V(0) by VBEG, or 

and 
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For an n-p-n transistor this represents a forward bias, but one whose magnitude is 
less than the cutin voltage of 0.5 V. Therefore Q1 is not in saturation; it  is in its 
active region. 

(d) If input A is a t  V(l), then Q1 conducts and Q4 is OFF. Then 

In part (c) we find that, if Y' = E, then Vcl = -0.85 V. This value represents 
the drop across R if we neglect the base current of Q1. Hence 

This value of R ensures that, if an input is V(l),  then Y' = V(0). If all inputs 
are a t  V(0) = -1.55 V, then the current through R is zero and the output is 
-0.75 V = V(l), independent of R. 

Note that,  if I had remained constant as the input changed state (true 
current-mode switching), then R would be identical to the collector resistance 
(300 Q) of Q4. The above calculation shows that  R is slightly smaller than this 
value. 

( e )  If the input is low, I = 2.84 mA (part a), whereas if the input is high, 
I = 3.17 mA (part d) .  The average I is 4(2.84+3.17) = 3.00 mA. Since 
V(0) = -0.75 V and V(1) = -1.55 V, the currents in the two emitter followers 
are 

5.20 - 0.75 5.20 - 1.55 
= 2.96 mA and = 2.40 mA 

1 .50 1.50 

The totaI power supply current drain is 3.00 + 2.96 + 2.40 = 8.36 mA and the 
power dissipation is (5.20) (8.36) = 43.5 mW. 

Note that the current drain from the power supply varies very little as 
the input switches from one state to the other. Hence power line spikes (of 
the type discussed in Sec. 6-12 for TTL gates) are virtually nonexistent. 

The input resistance can be considered infinite if all inputs are low so 
that all input transistors are cut off. If an input is high, then Q4 is OFF, 
and the input resistance corresponds to a transistor with an emitter resistor 
Re = 1.18 K, and from Eq. (8-55) a reasonable estimate is Ri = 100 K. The 

Fig. 16-51 An implied-OR connection at the 

output of two ECL gates. 
C 

D 
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output resistance is that of an emitter-follower (or a diode) and a reasonable 
value is R, = 15 0. 

If the outputs of two or more ECL gates are tied together as in Fig. 16-51, 
then wired-OR logic (Sec. 6-10) is obtained (Prob. 16-53). Open-emitter gates 
are available for use in this application. 

Summary The principal characteristics of the ECL gate are summarized 
below : 

Advantages 

1. Since the transistors do not saturate, then the highest speed of any 
logic family is available. 

2. Since the input resistance is very high and the output resistance is very 
low, a large fan out is possible. 

3. Complementary outputs are available. 
4. Current switching spikes are not present in the power supply leads. 
5. Outputs can be tied together to give the implied-OR function. 
6. There is little degradation of parameters with variations in temperature. 
7. The number of functions available is high. 
8. Easy data transmission over long distances by means of balanced 

twisted-pair 50-0 lines is possible.15 

Disadvantages 

1. A small voltage difference (800 mV) exists between the two logic levels 
and the noise margin is only f 200 mV. 

2. The power dissipation is high relative to the other logic families. 
3. Level shifters are required for interfacing with other families. 
4. The gate is slowed down by heavy capacitive loading. 
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REVIEW Q U E S T l O N S  

16-1 Indicate an OP AMP connected as (a) an inverter, (b) a scale changer, (c) a 
phase shijter, and (d) an adder. 

16-2 Draw the circuit of a voltage-to-currenl converter if the load is (a) floating and 
(b) grounded. 

16-3 Draw the circuit of a current-to-voltage converter. Explain its operation. 
16-4 Draw the circuit of a dc voltage follower and explain its operation. 
16-5 Draw the circuit of a dc differential amplifier having (a) low input resistance 

and (b) high input resistance. 
16-6 Draw the circuit of an ac voltage follower having very high input resistance. 

Explain its operation. 
16-7 Draw the circuit of an OP AMP integrator and indicate how to apply the 

initial condition. Explain its operation. 
16-8 Sketch the idealized characteristics for the following filter types: (a) low- 

pass, (b) high-pass, (c) band pass, and (d) band-rej ection. 
16-9 Draw the prototype for a low-pass active-filter section of (a) first order, (b) 

second order, and (c) third order. 
16-1 0 (a) Obtain the frequency response of an RLC circuit in terms of o, and Q. 

(b) Verify that the bandwidth is given by j,/Q. (c) What is meant by an active 
resonant bandpass filter? 
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16-1 1 (a) A signal V, is applied to  the inverting terminal (2) of an  OP AMP through 
Z1 and to the noninverting terminal (I) through Z2. From (I) to  ground is an imped- 
ance Zs, and between (2) and the output is Z4. Derive the expression for the gain. 
(b) How should Z1, Z2,  23, and 2 4  be chosen so tha t  the circuit behaves a s  a delay 
equalizer? 

16-12 (a) Sketch the basic building block for a n  I C  tuned amplifier. (b) 
Explain how automatic gain control (AGC) is obtained. (c) Why does AGC not 
cause detuning? 

16-13 Define the y-parameters (a) by equations and (b) in words. (c) For a 
cascode circuit which y-parameter is negligible? 

16-1 4 Draw the circuit of an  amplitude modulator and explain i ts operation. 
16-15 (a) Draw the circuit of an  I C  video amplifier with AGC. (b) Sketch the 

small-signal model. 
16-16 (a) What does an  I C  comparator consist of? (b) Sketch the transfer 

characteristic and indicate typical voltage values. 
16-17 Sketch the circuit for converting a sinusoid (a) into a square wave and (b) 

into a series of positive pulses, one per cycle. 
16-18 Explain how to  measure the phase difference between two sinusoids. 
16-1 9 Sketch a sample-and-hold circuit and explain i ts operation. 
16-20 Sketch the circuit of a precision (a) diode and (b) clamp and explain their 

operat ion. 
16-21 (a) Sketch the circuit of a fast half-wave rectifier and esplain its operation. 

(b) How is this circuit converted into an  acerage detector? 
16-22 Sketch the circuit of a peak detector and esplaii~ i ts operation. 
16-23 (a) Sketch the circuit of a logarithmic ampli$er using one OP AMP and 

esplain its operation. (b) More complicated logarithmic amplifiers are given in Sec. 
16-14. What purpose is served by these circuits? 

16-24 I n  schematic form indicate how to multiply two analog voltages with log- 
antilog amplifiers. 

16-25 Explain how to  multiply two analog voltages using a DIFF AMP. 

16-26 (a) Draw the circuit of a square-wave generator using an  OP AMP. (b) 
Explain its operation by drawing the capacitor voltage waveform. (c) Derive the  
expression for the period of a symmetrical waveform. 

16-27 (a) Draw the circuit of a pulse generator (a monostable multivibrutor) 
using an  OP AMP. (b) Explain i ts operation by referring to  the capacitor waveform. 

16-28 (a) Draw the circuit of a triangle generator using a comparator and an  
integrator. (b) Explain itss operation by referring to  the output waveform. (c) What 
is the peak amplitude? 

16-29 (a) Sketch a regenerative comparator system and explain its operation. 
(6) What ~~aramete r s  determine the loop gain? (c) What parameters determine the 
hysteresis? (d) Sketch the transfer characteristic and indicate the hysteresis. 

16-30 (a) Sketch a 2-input OR (and also NOR) ECL gate. ( b )  What parameters 
determine the noise margin? (c) Why are the two collector resistors unequal? (d) 
Explain why power line spikes are virtually nonexistent. 

16-31 List and discuss a t  least four advantages and four disadvantages of the 
ECL gate. 



CHAPTER 1 

/ PROBLEMS 

(a) The distance between the plates of a plane-parallel capacitor is 1 cm. An 
electron starts a t  rest a t  the negative plate. If a direct voltage of 1,000 V 
is applied, how long will it take the electron to reach the pmitive plate? 
(b) What is the magnitude of the force which is exerted 011 the electron a t  the 
beginning and a t  the end of its path? 
(c) What is its final velocity? 
(d) If a 60-Hz sinusoitlltl voltage of peak value 1,000 V is applied, how long will 
the time of transit be? Assume that  the electron is released with zero velocity 
a t  the instant of time when the applied voltage is passing through zero. HINT: 
Expand the sine function into a power series. Thus sin 6' = 6' - d3/3! + 
6'5/5!- - .  
The plates of a parallel-plate capacitor are d nl apart .  ,I t  t = 0 an  electron is 
released a t  the bottom plate with a velocity v ,  (meters per seco~ld) normal to the 
plates. The potential of the top plate with respect to the bottoni is - T.',, sin wt. 

(a) Find the position of the electron a t  any time t .  
(b) Find the value of the electric field intensity a t  the instant when the velocity 
of the electron is zero. 

An electron is released with zero initial velocitj. from the lower of a ])air of hori- 
zontal plates which are 3 cm apart. The accelerating potential bet\veen these 
plates increases from zero linearly with time a t  the rate of 10 V/ps. Wlien 
the electron is 2.8 cnl from the bottom plate, a reverse voltage of 50 V replaces 
the linearly rising voltage. 
(a) What is the instantaneous potential between the plates a t  the time of the 
potential reversal? 
(b )  With which electrode does the electron collide? 
(c) What is the time of flight? 
(d) What is the impact velocity of the electron? 
A 100-eV hydrogen ion is released in the center of the l h t e s ,  us shown in the 
figure. The voltage between the plates varies linearly from 0 to 50 V in lop7 s 

and then drops immediately to zero and remains a t  zero. The separation 
between the plates is 2 cm. If the ion enters the region bet\\-een the plates a t  
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time t = 0, how far will i t  be displaced from the X axis upon emergence from 
between the plates? 

"0 - 2 cm 
1 Prob. 1-4 

l--5cm--.l 

1-5 Electrons are projected into the region of constant electric field intensity of 
magnitude 5 X lo3 V/m that exists vertically. The electron-emitting device 
makes an angle of 30" with the horizont,al. I t  ejects the electrons with an 
energy of 100 eV. 

Prob. 1-5 

(a) How long does i t  take an electron leaving the emitting device to pass through 
a hole I1 a t  a horizontal distance of 3 crn from the position of the emitting device? 
Refer to the figure. Assume that the field is downward. 
(b) What must be the distance d in order that the particles emerge through the 
hole? 
(c) Repeat parts a and b for the case where the field is upward. 
(a) An electron is emitted from an electrode with a negligible initial velocity and 
is accelerated by a potential of 1,000 V. Calculate the final velocity of the 
particle. 
( b )  Repeat the problem for the case of a deuterium ion (heavy hydrogen ion- 
atomic weight 2.01) that has been introduced into the electric field with an initial 
velocity of lo5 m/s. 
An electron having an initial kinetic energy of 10-l6 J a t  the surface of one of 
two parallel-plane electrodes and moving normal to the surface is slowed down 
by the retarding field caused by a 400-V potential applied between the electrodes. 
(a) Will the electron reach the second electrode? 
(b) What retarding potential would be required for the electron to reach the 
second electrode with zero velocity? 
In a certain plane-parallel diode the potential V is given as a function of the 
distance x between electrodes by the equation 

where k is a cmstant. 
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(a) Find an expression for the time it will take an electron that leaves the elec- 
trode with the lower potential with zero initial velocity to  reach the electrode 
with the higher potential, a distance d away. 
(b)  Find an expression for the velocity of this electron. 

1-9 The essential features of the displaying tube of an oscilloscope are shown in 
the accompanying figure. The voltage difference between K and A is V, and 
between P1 and P2 is V,. Neigher electric field affects the other one. The elec- 
trons are emitted from the electrode I< with initial zero velocity, and they pass 
through a hole in the middle of electrode A .  Because of the field between P1 and 
PI  they change direction while they pass through these plates and, after that, 
move with constant velocity toward the screen S. The distance between plates 

(a) Find the velocity v, of the electrons as a function of V, as they cross A .  
(b) Find the Y-component of velocity v, of the electrons as they come out of 
the field of plates P 1  and PI  as a function of V,, l d ,  dl and v,. 
(c) Find the distance from the middle of the screen (d,), when the electrons 
reach the screen, as a function of tube distances and applied voltages. 
(d) For V, = 1.0 kV, and V, = 10 V, l d  = 1.27 cm, d = 0.475 cm, and 1, = 

19.4 cm, find the numerical values of v,, v,, and d,. 
(e) If we want to have a deflection of d, - 10 cm of the electron beam, what 
must be the value of V,? 
A diode consists of a plane emitter and a plane-parallel anode separated by a dis- 
tance of 0.5 cm. The auode is maintained a t  a potential of 10 V negative with 
respect to the cathode. 
(a) If an electron leaves the emitter with a speed of lo6 m/s, and is directed 
toward the anode, a t  what distance from the cathode will it intersect the poten- 
tial-energy barrier? 
(b) With what speed must the electron leave the emitter in order to be able to 
reach the anode? 
A particle when displaced from its equilibrium position is subject to a linear 
restoring force f = - kx, where x is the displacement measured from the equi- 
librium position. Show by the energy method that the particle will execute 
periodic vibrations with a maximum displacement which is proportional to the 
square root of the total energy of the particle. 
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A particle of mass m is projected vertically upward in the earth's gravitational 
field with a speed v,. 
(a) Show by the energy method that this particle will reverse its direction a t  the 
height of uO2/2g, where g is the acceleration of gravity. 
(b) Show that the point of reversal corresponds to a "collision" with the poten- 
tial-energy barrier. 

(a) Prove Eq. (1-13). 
(b) For the hydrogen atom show that the possible radii in meters are given bx 

where n is any int:ger but not zero. For the ground state (n = 1) show that 
the radius is 0.53 A. 

Show that the time for one revolution of the electron in the hydrogen atom in 
a circular path about the nucleus is 

where the symbols are as defined in Sec. 1-4. 

For the hydrogen atom show that the reciprocal of the wavelength (called the 
wave number) of the spectral lines is given, in waves per meter, by 

where nl and n2 are integers, with nl  greater than n2, and R = mq4/8eO2h3c = 

1.10 X 10' m-I is called the Rydberg constant. 
If n2 = 1, this formula gives a series of lines in the ultraviolet, called the 

Lyman series. If n2 = 2, the formula gives a series of lines in the visible, callcd 
the Balmer series. Similarly, the series for 72, = 3 is called the Paschen series. 
These predicted lines are observed in the hydrogen spectrum. 
Show that Eq. (1-14) is equivalent to Eq. (1-11). 
(a) A photon of wavelength 1,026 a is absorbed )y hydrogen, and two other 
photons are emitted. If one of these is the 1,216 -4 line, what is the wavelength 
of the second photon? 
(b) If the result of bombardmentoof the hydrogen was the presence of the 
fluorescent lines 18,751 and 1,028 A, what wavelength must have been present 
in the bombarding radiation? 

The seven lowest energy levels of sodium vaporoare 0, 2.10, 3.19, 3.60, 3.75, 4.10, 
and 4.26 eV. A photon of wavelength 3,300 A is absorbed by an atom of thc 
vapor. 
(a) What are all the possible fluorescent lines that may apl)ear?o 
(b) If three photons are emitted and one of these is the 11,380-A line, what are 
the wavelengths of the other two photolis? 
(c) Between what energy states do the transitions take place in order to prot l~l t~ '  
these lines? 
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(a) With what speed must an  electron be traveling in a sodium-vapor lamp in 
order to excite the yellow line whose wavelength is 5,893 A? 
(b) What should be the frequency of a photon in order to excite the same yellow 
line? 
(c) What would happen if the frequency of the photon was 530 or 490 THz  
( T  = Tera = 1012)? 
(d) What should be the minimum frequency of the photon in order to ionize 

\ 
an unexcited atom of sodiunl vapor? 
( e )  What should be the miliimum speed of an  electron in order to ionize an 
unexcited atom of sodiunl vapor? Ionization of sodium vapor: 5.12 eV. 

An x-ray tube is essentially a high-voltage diode. The electrons from the hot 
filament are accelerated by the plate supply voltage so that  they fall upon the 
anode with considerable energy. They are thus able to effect transitions among 
the tightly bound electrons of the atoms in the solid of which the target (the 
anode) is constructed. 
(a) What is the minimum voltage that  must be applied across the tube in order 
to produce x-rays having a wavelength of 0.5 A? 
(b) What is the minimum wavelength in the spectrum of a n  x-ray tube across 
which is maintained 60 kV? 

Argon resonance radiation correspondi~lg to  an  energy of 11.6 eV falls upon 
sodium vapor. If a photon ionizes an unexcited sodium atom, with what speed 
is the electron ejected? The ionization potential of sodium is 5.12 eV. 

A radio transmitter radiates 1,000 TV a t  a frequency of 10 MHz. 
(a) What is the energy of each radiated quantum in electron volts? 
(b )  How many quanta are emitted per second? 
(c) How many quanta are emitted in each period of oscillation of the electro- 
magnetic field? 
(d) If each quantum acts as a particle, what is its momentum? 

What is the wavelength of (a) a mass of I kg moving with a speed of 1 m/s, 
( b )  a n  electron which has been accelerated from rest through a potential differ- 
ence of 10 V? 

Classical physics is valid as  long as the physical dimensions of the system are 
much larger than the De Broglie wavelength. Determine whether the particle 
is classical in each of the following cases: 
(a) An electron accelerated through a potential of 300 V in a device whose dimen- 
sions are of the order of 1 cm. 
(b) An electron in the electron bean1 of a cathode-ray tube (anode-cathode 
voltage = 25 kV). 
(c) The electron in a hydrogen atom. 

A photon of wavelength 1,216 A excites a hyd~ogen atom which is a t  rest. 
Calculate 
(a) The photon momentum imparted to the atom. 
(b) The energy corresponding to this momentum and imparted to  the hydrogen 
atom. 
(c) The ratio of the energy found in part  b to  the energy of the photon. HINT: 
Use conservation of momentum. 
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CHAPTER 2 

Prove that the concentration n of free electrons per cubic meter of a metal is 
given by 

where d = density, kg/m3 
v = valence, free electrons per atom 

A = atomic weight 
M = weight of atom of unit atomic weight, kg (Appendix A) 
A,  = Avogadro's number, molecules/mole 

The specific density of tungsten is 18.8 g/cm3, and its atomic weight is 184.0. 
Assume that there are two free electrons per atom. Calculate the concentration 
of free electrons. 
(a) Compute the conductivity of copper for which p = 34.8 cm2/V-s and 
d = 8.9 g/cm3. Use the result of Prob. 2-1. 
(b) If an electric field is applied across such a copper bar with an intensity of 
10 V/cm, find the average velocity of the free electrons. 
Compute the mobility of the free electrons in aluminum for which the density 
is 2.70 g/cm3 and the resistivity is 3.44 X Q-cm. Assume that aluminum 
has three valence electrons per atom. Use the result of Prob. 2-1. . 
The resistance of No. 18 copper wire (diameter = 1.03 mm) is 6.51 0 per 1,000 ft. 
The concentration of free electrons in copper is 8.4 X electrons/m3. If 
the current is 2 A, find the (a) drift velocity, (b) mobility, (c) conductivity. 
(a) Determine the concentration of free electrons and holes in a sample of 
germanium a t  300°K which has a concentration of donor atoms equal to 2 X 1014 
atoms;/cm3 and a concentration of acceptor atoms equal to 3 X 1014 atoms/cm3. 
Is this p- or n-type germanium? In  other words, is the conductivity due pri- 
marily to holes or to electrons? 
(b) Repeat part a for equal donor and acceptor concentrations of 1016 atoms/cm3. 
Is this p- or n-type germanium? 
(c) Repeat part a for donor concentration of 1016 atoms/cm3 and acceptor con- 
centration l O I 4  atoms/cm3. 
(a) Find the concentration of holes and of electrons in p-type germanium a t  
300°K if the conductivity is 100 (Q-cm)-l. 
(b) Repeat part a for n-type silicon if the conductivity is 0.1 (Q-em)-'. 
(a) Show that the resistivity of intrinsic germanium a t  300°K is 45 Q-cm. 
(b) If a donor-type impurity is added to the extent of 1 atom per lo8 germanium 
atoms, prove that the resistivity drops to 3.7 Q-cm. 
(a) Find the resistivity of intrinsic silicon a t  300°K. 
(b )  If a donor-type impurity is added to the extent of 1 atom per lo8 silicon 
atoms, find the resistivity. 
Consider intrinsic germanium a t  room temperature (300°K). By what percent 
does the conductivity increase'per degree rise in temperature? 
Repeat Prob. 2-10 for intrinsic silicon. 
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Repeat Prob. 2-6a for a temperature of 400°K, and show that$ the sample is 
essentially intrinsic. 
A sample of germanium is doped to the extent of 1014 donor atoms/cm3 and 
7 X 1013 acceptor atoms/cm3. At the temperature of the sample the resistivity 
of pure (intrinsic) germanium is 60 Q-cm. If the applied electric field is 2 V/cm, 
find the total conduction current density. 
(a) Find the magnitude of the Hall voltage V H  in an n-type germanium bar 
used in Fig. 2-10, having majority-carrier concentration N D  = 1017/cm3. 
Assume B, = 0.1 Wb/m2, d = 3 mm, and 6, = 5 V/cm. 
(b)  What happens to V H  if an identical p-type germanium bar having N A  = 
10H/cm3 is used in part a ?  
The Hall effect is used to determine the mobility of holes in a p-type silicon bar 
used in Fig. 2-10. Assume the bar resistivity is 200,000 a-cm, the magnetic 
field B, = 0.1 Wb/m2, and d = w = 3 mm. The measured values of the cur- 
rent and Hall voltage are 10 pA and 50 mV, respectively. Find pp. 
A certain photosurface has a spectral sensitivity of 6 mA/W of incident radia- 
tion of wavelength 2,537 A. How many electrons will be emitted photoelec- 
trically by a pulse of radiation consisting of 10,000 photons of this wavelength? 
(a) Consider the situation depicted in Fig. 2-13 with the light turned on. Show 
that the equation of conservation of charge is 

where the time axis in Fig. 2-13 is shifted to t'. 
(b )  Verify that the concentration is given by the equation 

The hole concentration in a semiconductor specimen is shown. 
(a) Find an expression for and sketch the hole current density Jp(x) for the case 
in which there is no externally applied electric field. 

Prob. 2-18 

(b )  Find an expression for and sketch the built-in electric field that must exist 
if there is to be no net hole current associated with the distribution shown. 
(c) Find the value of the potential between the points x = 0 and x = 11.' if 
P(o)/P, = 103. 
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2-19 Given a 20 Q-cm n-type germanium bar with material lifetime of 100 ps, cross 
section of I mm2, and length of 1 cm. One side of the bar is illuminated with 
10'5 photons/s. Assume that  each incident photon generates one electron-hole 
pair and that  these are distributed uniformly throughout the bar. Find the 
bar resistance under continuous light escitation a t  room temperature. 

2-20 (a) Consider a n  open-circuited graded semiconductor as  in Fig. 2-17a. Verify 
the Boltzmann equation for electrons [Eq. (2-61)j. 
(b) For the step-graded semiconductor of Fig. 2-17b verify the expression for the 
contact potential V ,  given in Eq.  (2-63), starting with J ,  = 0. 

2-21 (a) Consider the step-graded germanium semiconductor of Fig. 2-17b with 
N u  = 103NA and with NA corresponding to  1 acceptor atom per lo8 germanium 
atoms. Calculate the contact difference of potential V ,  a t  room temperature. 
(b) Repeat part  a for a silicon p-n junction. 

CHAPTER 3 

(a) The resistivities of the two sides of a step-graded germanium diode are 2 a-cm 
(p side) and 1 Q-cm (n side). Calculate the height E, of the potential-energy 
barrier. 
(b) Repeat part  a for a 'silicon p-n junction. 
(a) Sketch logarithmic and linear plots of carrier concentration vs. distance for 
an  abrupt silicon junction if Nu = 1015 atoms/cni3 and NA = 1016 atoms/cm3. 
Give numerical values for ordinates. Label the n, p, and depletion regions. 
(b) Sketch the space-charge electric field and potential as a function of distance 
for this case (Fig. 3-1). 
Repeat Prob. 3-2 for an  abrupt germanium junction. 
(a) Consider a p-n diode operating under low-level injection so that  pn << nn. 
Assuming that  the minority current is due entirely to diffusion, verify tha t  the 
electric field in the n side is given by 

(b) Using this value of 8, find the next approximation to the drift hole current 
and show that  i t  may indeed be neglected compared with the diffusion hole 
current. 
(c) Sketch the following currents as a function of distance in the n side: (i) total 
diode current; (ii) minority-carrier current; (iii) majority diffusion current; 
(iv) majority drift current; (v) total majority-carrier current. 
Starting with Eq. (3-5) for I,, and the corresponding espression for I,,, prove 
that  the ratio of hole to  electron current crossing a p-n juliction is given by 

where u,(u,) = conductivity of p(n) side. Note that  this ratio depends upon 
the ratio of the conductivities. For example, if the p side is much more heavily 
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doped than the n side, the hole current will be much larger than the electron 
current crossing the junction. 
(a) Prove that the reverse saturation current in a p-n diode is given by 

D 
I,, = 4, - + 2 ) n i 2  

L ,hTu I1 ,'V '4 ( Dp 

(b) Starting with the expression for I, fouud in part a,  verify that the reverse 
saturation current is given by 

where a,(a,) = co~itluctivity of n(p) side 
oi = coliductivity of intrinsic material 
b = ~ n h ,  

(a) Using the result of I'rob. 3-6, find the reverse saturation current for a 
germanium p-n junction diode a t  room temperature, 300°K. The cross-sectional 
area is 4.0 rnnn2, and 

Other physical constants are given in Table 2-1. 
(b) Repeat part a for a silicon p-n junction diode. Assume L ,  = I,, = 0.01 cm 
and un = up = 0.01 (9-cm)-1. 

Find the ratio of the reverse saturation current in germanium to that in silicon, 
using the result of h o b .  3-6. Assume I,, = I,, = 0.1 cm and a, = a, = 1.0 
(a-ern)-I for germauium, whereas the corresponding values are 0.01 cm and 
0.01 (a-cm)-I for silicon. See also Tiable 2-1. 
(a) For what voltage will the reverse current in a p-n junction germanium diode 
reach 90 percent of its saturation value a t  room temperature? 
(b) What is the ratio of the current for a forward bias of 0.05 V to the current 
for the same magnitude of reverse bias? 
( c )  If the reverse saturation current is 10 pA, calculate the forward currents for 
voltages of 0.1, 0.2, and 0.3 V, respectively. 
(a) Evaluate q in Eq. (3-9) from the slope of the plot in Fig. 3-8 for T = 25°C. 
Draw the best-fit line over the currellt range 0.01 to 10 mA. 
( b )  Repeat for T = - 55 and 150°C. 
(a) Calculate the anticipated factor by which the reverse saturation current 
of a germanium diode is multiplied when the temperature is increased from 
25 to 80°C. 
(b)  Repeat part a for a silicon diode over the range 25 to 150°C. 
I t  is predicted that,  for germanium, the reverse saturation current should 
increase by O.ll°C-l. I t  is found experimentally in a particular diode that a t  a 
reverse voltage of 10 V, the reverse current is 5 pA and the temperature depend- 
ence is only 0.07"C-l. What is the leakage resistance shunting the diode? 
A diode is mounted on a chassis in such a manner that,  for each degree of tern- 
perature rise above ambient, 0.1 m\lr is thermally transferred from the diode 



774 / INTEGRATED ELECTRONICS APP- C 

to its surroundings. (The "thermal resistance" of the mechanical contact 
between the diode and its surroundings is 0.1 mW/"C.) The ambient tempera- 
ture is 25°C. The diode temperature is not to be allowed to increase by more 
than 10°C above ambient. If the reverse saturation current is 5.0 pA a t  25°C 
and increases a t  the rate 0.07"C-l, what is the maximum reverse-bias voltage 
which may be maint,ained across the diode? 
A silicon diode operates a t  a forward voltage of 0.4 V. Calculate the factor by 
which the current mill be multiplied when the :temperature is increased from 
25 to 150°C. Compare the result with the plot of Fig. 3-8. 
An ideal germanium p-n junction diode has a t  a temperature of 125°C a reverse 
saturation current of 30 pA. At a temperature of 125°C find the dynamic resis- 
tance for a 0.2 V bias in (a) the forward direction, (b) the reverse direction. 
Prove that for an alloy p-n junction (with NA << ND), the width JV of the deple- 
tion layer is given by 

where Vj is the junction potential under the condition of an applied diodevoltage 
v d .  

(a) Prove that for an alloy silicon p-n junction (with NA << ND), the depletion- 
layer capacitance in picofarads per square centimeter is given by 

(b) If the resistivity of the p material is 3.5 Q-cm, the barrier height V, is 
0.35 V, the applied reverse voltage is 5 V, and the cross-sectional area is circular 
of 40 mils diameter, find CT. 
(a) For the junction of Fig. 3-10, find the expression for the & and V as a func- 
tion of x in the n-type side for the case where NA and N D  are of comparable 
magnitude. HINT: Shift the origin of x so that 3: = 0 a t  the junction. 
(b) Show that the total barrier voltage is given by Eq. (3-21) multiplied by 
NA/(NA + ND) and with W = W ,  + TV,. 
(c) Prove that CT = [QNANDE/~(NA + ND)])V-). 
(d) Prove that CT = eA/(Wp + W,). 
Reverse-biased diodes are frequently employed as electrically controllable vari- 
able capacitors. The transition capacitance of an abrupt junction diode is 
20 pF a t  5 V. Compute the decrease in capacitance for a 1.0-V increase in bias. 
Calculate the barrier capacitance of a germanium p-n junction whose area is 
1 mm by 1 mm and whose space-charge thickness is 2 X lov4 cm. The dielectric 
constant of germanium (relative to free space) is 16. 
The zero-voltage barrier height a t  an alloy-germanium p-n junction is 0.2 V. 
The concentration NA of acceptor atoms in the p side is much smaller than the 
concentration of donor atoms in the n material, and NA = 3 X 1020 atoms/m3. 
Calculate the width of the depletion layer for an applied reverse voltage of 
(a) 10 V and (b) 0.1 V and (c) for a forward bias of 0.1 V. (d) If the cross- 



sectional area of the diode is 1 mm2, evaluate the space-charge capacitance 
corresponding to the values of applied voltage in (a) and (b). 
(a) Consider a grown junction for which the uncovered charge density p varies 
linearly with distance. If p = ax, prove that the barrier voltage Vi  is given by 

(b) Verify that the barrier capacitance C T  is given by Eq. (3-23) 
Given a forward-biased silicon diode with I = 1 mA. If the diffusion capaci- 
tance is CD = 1 pF, what is the diffusion length L,? Assume that the doping of 
the p side is much greater than that of the n side. 
The derivation of Eq. (3-28) for the diffusion capacitance assumes that the p 
side is much more heavily doped than the n side, so that the current a t  the junc- 
tion is entirely due to holes. Derive an expression for the total diffusion capaci- 
tance when this approximation is not made. 
(a) Prove that the maximum electric field G, a t  a step-graded junction with 
N A  >> N D  is given by 

(b) I t  is found that Zener breakdown occurs when E m  = 2 X lo7 V/m = E,. 
Prove that Zener voltage V ,  is given by 

Note that the Zener breakdown voltage can be controlled by controlling the 
concentration of donor ions. 
(a) Zener breakdown occurs in germanium a t  a field intensity of 2 X lo7 V/m. 
Prove that the breakdown voltage is V z  = 51/up, where a, is the conductivity 
of the p material in (Q-em)-'. Assume that N A  << Nn.  
(b) If the p material is essentially intrinsic, calculate Vz.  
(c) For a doping of 1 part in lo8 of p-type material, the resistivity drops to 
3.7 Q-cm. Calculate V Z .  
(d) For what resistivity of the p-type material will V Z  = 1 V? 
(a) Two p-n germanium diodes are connected in series opposing. A 5-V battery 
is impressed upon this series arrangement. Find the voltage across each junction 
a t  room temperature. Assume that the magnitude of the Zener voltage is 
greater than 5 V. 

Note that the result is independent of the reverse saturation current. Is it  
also independent of temperature? 

HINT: Assume that reverse saturation current flows in the circuit, and then 
justify this assumption. 
(b) If the magnitude of the Zener voltage is 4.9 V, what will be the current in 
the circuit? The reverse saturation current is 5 PA. 
The Zener diode can be used to prevent overloading of sensitive meter move- 
ments without affecting meter linearity. The circuit shown represents a dc 
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voltmeter which reads 20 V full scale. The meter resistance is 560 9, a~ l ( l  
R1 1- RZ = 99.5 K. If the diode is it 16-V Zelier, f i nd  R1 and R2 SO that,  \\-hell 
IT, > 20 V, the Zener diode conducts and the overloacl current is shunted a\\--- 
from the meter. 

R, = 560R 

20OPA 
full scale 

Prob. 3-28 

X series combinatioli of a 15-V avalaliche diode mid a fornard-bia>eti silico~l 
diode is to be used to construct a zero-tenipernture-coefficient voltage reference. 
The temperature coefficient of the silicon diode is - 1.7 luV/"C. Espress ill 

percent per degree centigrade the required temperature coefficient of the Zener 
diode. 
The saturation currelits of the two diodes are 1 and 2 p.1. The breakdon-11 
voltages of the diodes are the salne and are equal to 100 V. 
(a )  Calculate the current and voltage for each diode if Ti = 90 1' and I' = 110 V. 
(b) Repeat part a if each diode is shunted by a 10-11 resistor. 

Prob. 3-30 Prob. 3-31 

(a) The avalanche diode regulates a t  50 V over a range of diode currents from 
5 to 40 m.1. The supply voltage V = 200 V. Calculate R to allow voltage 
regulation from a load current I L  = 0 up to I,,,, the masinium possible value 
of I L .  What is I,,,? 
( b )  If R is set as in part a and the load current is set a t  IL = 25 mA, what arc 
the limits between which V may vary without loss of regulation in the circuit? 
(a) Consider a tunnel diode with N o  = NA and with the impurity concentratioli 
corresponding to 1 atom per lo3 germanium atoms. At room temperature calcu- 
late (i) the height of the potential-energy barrier under open-circuit condition5 
(the contact potential energy), (ii) the width of the space-charge region. 
(b )  Repeat part a if the semiconductor is silicon instead of germanium. 
The photocurrent I in a p-n junction photodiode as a function of the tlistar~ce r 
of the light spot from the junction is given in Fig. 3-22. Prove that the slo1)cs 
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of 111 I versus x are - 1/L, and - l/L,, respectively, on the n and p sides. S o t e  
that L, represents the diffusion length for holes in the n niat,erial. 

3-34 (a) For the type LS 223 photovoltaic cell whose characteristics are given in 
Fig. 3-23, plot the power output vs. the load resistalice RL. 
( b )  What is the optinnu111 value of R L ?  

CHAPTER 4 

(a) In  the caircuit of I'rol). 3-27, the Zener breakdon-n voltage is 2.0 V. The 
reverse saturntion current is 5 p.4. If the silicon diode resistance could be 
neglected, what would he the currelit? 
(b) If the oliniic r ~ s i ~ t a n ~ e  is 100 Q, what ih the current? 

NOTE:: .41isiv~r part b by 1)lotting Eq. (3-9) and drawing a load line. Verify 
your answer nlialytically by :l nwtliod of succcssivc apl)rosimatio~is. 

A p-n germanium junction diode a t  room tcni1)erature has a reverhe satura- 
tion current of 10 p.4, negligible ohmic resistance, and a Zener breakdown voltage 
of 100 V. -4 1-K resihtor is in serics with this diode, : I I ~  a 30-V battery is 
innpresd acroYs this co~nbination. Find the current (a) if the diode it forward- 
biased, (b) if tlie battery is inserted into the circuit with the reverse polarity. 
( c )  Repcnt parts a and b if tlie Zener breakdown voltage is 10 V. 
Each diode is described by :t 1ine:nrizetl volt-ampere characteri~tic, with incre- 
mental resistance r and offset voltage V,. Diode Dl  is gcrnlaniuni with V ,  = 

0.2 V and r = 20 It, whereas 0 2  is silicon with IT, = 0.6 V and r = 15 52. Find 
the diode currents if (a) R = 10 Ii ,  (b) R = 1 K. 

The photodiode whew c1l:tr;xcteristics are given in Fig. 3-21 is in series with a 
30-V supply and a resi.;tance R. If the illunlination i.; 3,000 fc, find the current 
for (a) R = 0,  (6) R = 50 Ii ,  ( c )  R = 100 K. 
(a) For the a1)plicntion in Sec. 4-3, plot the voltage across the diode for one 
cycle of the input voltage v , .  Let IT,,, = 2.4 V, T r y  = 0.6 V, Rf = 10 R ,  and 
Rr, = 100 Q .  
(b) 13y direct integr:ttion find the average value of the diode vo1t:lge nlid the loud 
voltage. Note that these two answers are ~iumcrically equal and esplain why. 

Calculate the break region over which the dynamic resistance of a diode is multi- 
plied by a factor of 1,000. 
For tlie diode clipping circuit of Fig. 4-9a assume that ITR = 10 V, v ,  = 20 sin ot, 
:itid that the diode forward resistance is R/ = 100 Q while R, = and Vy = 0. 
Kcglect :ill c.:il)ncitances. ])raw to sc:ile the input and output, waveforms and 
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label the maximum and minimum values if (a) R = 100 Q, (b) R = 1 K, and (c) 
R = 10 K. 
Repeat Prob. 4-7 for the case where the reverse resistance is R, = 10 K. 
In  the diode clipping circuit of Fig. 4-9a and d, v i  = 20 sin ot, R = 1 K, and 
V B  = 10 V. The reference voltage is obtained from a tap on a 10-K divider 
connected to a 100-V source. Neglect all capacitances. The diode forward 
resistance is 50 Q, R, = oo , and V ,  = 0. In  both cases draw the input and out- 
put waveforms to scale. Which circuit is the better clipper? HINT: Apply 
ThBveniri's theorem to the reference-voltage divider network. 
A symmetrical 5-kHz square wave whose output varies between +10 and - 10 V 
is impressed upon the clipping circuit shown. Assume R, = 0, R, = 2 M, and 

"i I Prob. 4-10 

V ,  = 0. Sketch the steady-state output waveform, indicating numerical values 
of the maximum, minimum, and constant portions. 
For the clipping circuits shown in Fig. 4-9b and d derive the transfer character- 
istic v, versus vi, taking into account R, and V y  and considering R, = oo . 
The clipping circuit shown employs temperature compensation. The dc voltage 
source V ,  represents the diode offset voltage; otherwise the diodes are assumed 
to be ideal with Rf = 0 and R, = oo. 

Prob. 4-12 

(a) Sketch the transfer curve v, versus v i .  
(b )  Show that the maximum value of the input voltage vi so that the current in 
0 2  is always in the forward direction is 
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(c) What is the temperature dependence of the point on the input waveform a t  
which clipping occurs? 
(a) In  the clipping circuit shown, 0 2  compensates for temperature variations. 
Assume that the diodes have infinite back resistance, a forward resist,ance of 50 Q,  
and a break point a t  the origin (V, = 0 ) .  Calculate and plot the transfer char- 
acteristic v, against v i .  Show that the circuit has an extended break point, that 
is, two break points close together. 

Prob. 4-13 Prob. 4-14 

(b) Find the transfer characteristic that would result if 0 2  were removed and the 
resistor R were moved to replace 02.  
(c) Show that the double break of part a would vanish and only the single break 
of part b would appear if the diode forward resistances were made vanishingly 
small in comparison with R. 
(a) In  the peak clipping circuit shown, add another diode 0 2  and a resistor R' 
in a manner that will compensate for drift with temperature. 
(b )  Show that the break point of the transmission curve occurs a t  VR.  Assume 
R, >> R >> R,. 
(c) Show that if 0 2  is always to remain in conduction it  is necessary that 

(a)  The input voltage v i  to  the two-level clipper shown in part a of the figure 
varies linearly from 0 to 150 V .  Sketch the output voltage v ,  to the same time 
scale as the input voltage. Assume ideal diodes. 
(b) Repeat (a) for the circuit shown in part b of the figure. 

(4 

Prob. 4-15 
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4-16 The circuit of Fig. 4-10a is used to "square" a 10-kHz input sine wave whose 
peak value is 50 V. I t  is desired that the output voltage waveform be flat for 
90 percent of the time. Diodes are used having a forward resistance of 100 il 
and a backward resistance of 100 K. 
(a)  Find the values of V R ~  and V R ~ .  
(b )  What is a reasonable value to use for R?  

4-17 (a) The diodes are ideal. Write the transfer characteristic equations (v, as  a 
function of vi) . 
(b) Plot v, against v,, indicating all intercepts, slopes, and voltage levels. 
(c) Sketch v, if vi = 40 sin wt. Indicate all voltage levels. 

Prob. 4-17 

4-18 (a) Repeat Prob. 4-17 for the circuit shown. 
(b) Repeat for the case where the diodes have an offset voltage V ,  = 1 V. 

Prob. 4-18 

4-19 Assume that the diodes are ideal. Make a plot of v, against vi  for the range of 
vi  from 0 to 50 V .  Indicate all slopes and voltage levels. Indicate, for each 
region, which diodes are conducting. 

Prob. 4-19 

4-20 The triangular waveform shown is to be converted into a sine wave by using 
clipping diodes. Consider the dashed waveform sketched as a first approsima- 
tion to the sinusoid. The dashed waveform is coincident with the sinusoid a t  0°, 
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30°, 60°, etc: Devise a circuit whose output is this broken-line waveform when 
the input is the triangular waveform. Assume ideal diodes and calculate the 
values of all supply voltages and resistances used. The peak value of the sinusoid 
is 50 V. 

Prob. 4-20 
0: 60 90 120 150 180 

Degreee 

Construct circuits which exhibit terminal characteristics as shown in parts a and 
b of the figure. 

Prob. 4-21 

The diode-resistor comparator of Fig. 4-13 is connected to a device which 
responds when the comparator output attains a level of 0.1 V. The input is a 
ramp which rises a t  the rate 10 V/ps. The germanium diode has a reverse sat- 
uration current of 1 PA. Initially, R = 1 K and the 0.1-V output level is 
attained a t  a time t = t l .  If we now set R = 100 K, what will be the correspond- 
ing change in t l ?  V R  = 0. 
For the four-diode sampling gate of Fig. 4-14 consider that v, is a t  its most nega- 
tive value, say, v, = - V,. Then verify that the expressions for V,,,in and Ve,,in 
given in Eqs. (4-7) and (4-8) remain valid. 
A balancing voltage divider is inserted between 0 3  and 0 4  in Fig. 4-14 so as to  
give zero output voltage for zero input. If the divider is assumed to be set at its 
midpoint, if its total resistance is R, and if R and R, are both much less than R, 
or RL, show that 
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4-25 (a) Explain qualitatively the operation of the sampling gate shown. The supply 
voltage V is constant. The control voltage v, is the square wave of Fig. 4-14b. 
Assume ideal diodes with V, = 0, R, = 0, and R, = 00. HINT: When v, = Vc, 
the diodes Dl  and 0 2  conduct (if V > Vmin) and 0 3  and 0 4  are OFF. If 
vc = - V,, then 0 3  and 0 4  conduct and D l  and 0 2  are OFF. 

Verify the following relationships: 

where R1 = RcII R2. 

Rc R P 
(d) Vn,min = Vr - V - 

Rc + R2 Rc + R2 

Prob. 4-25 

A diode whose internal resistance is 20 St is to  supply power to a 1,000-St load 
from a 110-V (rms) source of supply. Calculate (a) the peak load current, (b) 
the dc load current, (c) the ac load current, (d) the dc diode voltage, (e) the total 
input power to  the circuit, (f) the percentage regulation from no load to the given 
load. 
Show that the maximum dc output power P d c  = VdcIdo in a half-wave single- 
phase circuit occurs when the load resistance equals the diode resistance R / .  
The efficiency of rectification 7, is defined as the ratio of the dc output power 

P d c  = VdcIdo to the input power Pi = (1/2r) h2- vii da. 
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(a) Show that, for the half-wave-rectifier circuit, 

(b) Show that, for the full-wave rectifier, r ] ,  has twice the value given in part a. 
Prove that the regulation of both the half-wave and the full-wave rectifier is 
given by 

R 
% regulation = -2 = 100 OJo 

RL 

(a) Prove Eqs. (4-21) and (4-22) for the dc voltage of a full-wave-rectifier circuit. 
(b) Find the dc voltage across a diode by direct integration. 
A full-wave single-phase rectifier consists of a double-diode vacuum tube, the 
internal resistance of each element of which may be considered to be constant and 
equal to 500 52. These feed into a pure resistance load of 2,000 52. The secon- 
dary transformer voltage to center tap is 280 V. Calculate (a) the dc load cur- 
rent, (b) the direct current in each tube, (c) the ac voltage across each diode, (d) 
the dc output power, (e) the percentage regulation. 
In the full-wave single-phase bridge, can the transformer and the load be inter- 
changed? Explain carefully. 
A 1-mA dc meter whose resistance is 10 52 is calibrated to read rms volts when 
used in a bridge circuit with semiconductor diodes. The effective resistance of 
each element may be considered to be zero in the forward direction and infinite 
in the inverse direction. The sinusoidal input voltage is applied in series with a 
5-K resistance. What is the full-scale reading of this meter? 
The circuit shown is a half-wave voltage doubler. Analyze the operation of this 
circuit. Calculate (a) the maximum possible voltage across each capacitor, (b) 
the peak inverse voltage of each diode. Compare this circuit with the bridge 
voltage doubler of Fig. 4-22. In this circuit the output voltage is negative with 
respect to ground. Show that if the connections to the cathode and anode of 
each diode are interchanged, the output voltage will be positive with respect 
to ground. 

Prob. 4-34 = F a  

The circuit of Prob. 4-34 can be extended from a doubler to a quadrupler by 
adding two diodes and two capacitors as shown. In  the figure, parts a and b are 
alternative ways of drawing the same circuit. 
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(a) Analyze the operation of this circuit. 
(b) Answer the same questions as asked in Prob. 4-34. 
(c) Generalize the circuit of this and of Prob. 4-34 so as to obtain n-fold multi- 
plication when n is any even number. In particular, sketch the circuit for sixfold 
multiplication. 
(d) Show that n-fold multiplication, with n odd, can also be obtained provided 
that the output is properly chosen. 

k- Quadrupler -- 
Prob. 4-35 

4-36 A single-phase full-wave rectifier uses a semiconductor diode. The transformer 
voltage is 35 V rms to center tap. The load consists of a 40-pF capacitance in 
parallel with a 2 5 0 4  resistor. The diode and the transformer resistances and 
leakage reactance may be neglected. 
(a) Calculate the cutout angle. 
(b) Plot to scale the output voltage and the diode current as in Fig. 4-25. Deter- 
mine the cutin point graphically from this plot, and find the peak diode current 
corresponding to this point. 
(c) Repeat parts a and b, using a 160-pF instead of a 40-pF capacitance. 

CHAPTER 5 

5-1 (a) Show that for an n-p-n silicon transistor of the alloy type in which the 
resistivity PB of the base is much larger than that of the collector, the punch- 
through voltage V is given by V = 6.1 X 103iVB2/p~, where V is in volts, p~ in 
ohm-centimeters, and IV in mils. For punch-through, IV = WB in Fig. 5-8a. 
(b )  Calculate the punch-through voltage if IV = 1 pm and p~ = 0.5 Q-cm. 

5-2 The transistor of Fig. 5-3a has the characteristics given in Figs. 5-6 and 5-7. 
Let VCC = 6 V, RL = 200 Q, and I E  = 15 mA. 
(a) Find IC and VcB. 
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(b )  Find VEB and V L .  
( e )  I f  IE changes& A I E  = 10 mA symmetrically around the point of part a and 
with constant VcB, find the correspondin change in Ic. 
The CB transistor used in the circuit of F g. 5-3a has the characteristics given in 

(a )  Find Vcc and I E .  

f 
Figs. 5-6 and 5-7. Let Ic = -20 m.4, VcB = - 4  V ,  and RL = 200 52. 

(b) I f  the supply voltage VCC decreases from its value in part a by 2 V while IE 
retains its previous value, find the new values of Ic and VCB. 
The CE transistor used in the circuit shown has the characteristics given in Figs. 
5-10 and 5-1 1 .  
(a)  Find VBB if VCC = 10 V ,  VCE = - 1  V ,  and RL = 250 52. 
(b) If Vcc = 10 V ,  find RL SO that  IC = -20 mA and VCE = -4 V .  Find VBB. 

Prob. 5-4 

If a = 0.98 and VBE = 0.7 V ,  find R1 in the circuit shown for a n  emitter current 
I E  = -2  mA. Neglect the reverse saturation current. 

Prob. 5-5 

(a )  Find R, and Rb in the circuit of Fig. 5-12a if Vcc = 10 V and V B B  = 5 V, SO 

that  IC = 10 mA and VCE = 5 V .  A silicon transistor with @ = 100, V B E  = 

0.7 V ,  and ~iegligible reverse saturation current is under coilsideration. 
(b) Repeat part a if a 100-52 emitter resistor is added to the circuit. 
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5-7 In the circuit shown, VCC = 24 V, R, = 10 K, and Re = 270 Q. If a silicon 
transistor is used with = 45 and if VCE = 5 V, nd R. Neglect the reverse 
saturation current. B 

-* Prob. 5-7 

5-8 For the circuit shown, transistors Ql and Q2 operate in the active region with 
VBE~ = V B E ~  = 0.7 V, /31 = 100, and /32 = 50. The reverse saturation cur- 
rents may be neglected. 
(a) Find the currents 162, 11, 12, I c ~ ,  IBI, I c ~ ,  and I E ~ .  
(b )  Find the voltages Vol and Vo2. 

Prob. 5-8 

5-9 (a) The reverse saturation current of the germanium transistor in Fig. 5-13 is 
2 pA a t  room temperature (25OC) and increases by a factor of 2 for each tempera- 
ture increase of 10°C. The bias VBB = 5 V. Find the maximum allowable 
value for R g  if the transistor is to remain cut off a t  a temperature of 75OC. 
( b )  If VBB = 1.0 V and RB = 50 K, how high may the temperature increase 
before the transistor comes out of cutoff? 

5-10 From the characteristic curves for the type 2N404 transistor given in Fig. 5-14, 
find the voltages VBE, VCE, and VBC for the circuit shown. 
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Prob. 5-10 

PROBLEMS / 787 

9-9v 

5-1 1 A silicon transistor with ~ B E , , , ,  = 0.8 V ,  P = ~ F E  = 100, V C E , ~ , ~  = 0.2 V is used 
in the circuit shown. Find the minimum value of R, for which the transistor 
remains in saturation. 

Prob. 5:11 

5-12 For the circuit shown, assume /3 = ~ F E  = 100. 
(a)  Find if the silicon transistor is in cutoff, saturation, or j 

(b )  Find V,. 
.e active region. 

(c) Find the minimum value for the emitter resistor Re for which the transistor 
operates in the act,ive region. 

Prob. 5-12 
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5-1 3 If the silicon transistor used in the circuit shown has a minimum value of @ = hFE 
of 30 and if ICBO = 10 nA a t  25°C: 
(a) Find V ,  for V ;  = 12 V and show that  Q is in saturation. 
(b )  Find the minimum value of R1 for which the  transistor in part a is in the 
active region. 
(c) If R1 = 15 K and V ;  = 1 V ,  find V ,  and show that  Q is a t  cutoff. 
(d) Find the maximum temperature a t  which the transistor in part c remains 
a t  cutoff. 

Prob. 5-13 
Q 

* 

-I - - 
-12v 

5-14 Silicon transistors with ~ F E  = 100 are used in the circuit shown. Neglect the 
reverse saturation current. 
(a) Find V ,  when Vi  = 0 V .  Assume Q1 is OFF and justify the assumption. 
(b)  Find V ,  when V ;  = 6 V .  Assume Q2 is OFF and justify this assumption. 

Prob. 5-14 
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For the circuit shown, al = 0.98, a2 = 0.96, Vcc = 24 V, Rc = 120 L?, and 
IE = - 100 mA. Neglecting the reverse saturatiou currents, determine (a) the 
currents Icl, IBI ,  I E ~ ,  Ic?, Zen, and I c ;  (b) VCE; (c) IcIIB, IcIIE. 

Prob. 5-15 

Derive from Eqs. (5-24) and (5-25) the explicit espressions for IC and IE in terms 
of VC and VE. 
(a) Derive Eqs. (5-29) and (5-30). 
(b) Derive Eq. (5-31). 
Draw the Ebers-Moll model for an n-p-n transistor. 
(a) Show that the esact espression for the CII: output characteristics of a p-n-p 
transistor is 

(b) Show that  this reduces to Eq. (5-31) if IB >> IEO and IB >> ICO/CYN. 
(a) A transistor is operating in the cutoff region with both the emitter and 
collector junctions reverse-biased by a t  least a few tenths of a volt. Prove that  
the currents are given by 

(b) Prove that the emitter-junction voltage required just to produce cutoff 
( I E  = 0 and the collector back-biased) is 

(a) Find the collector current for a transistor when both emitter and collec- 
tor junctions are reverse-biased. .Assume Ice = 5 PA, IEO = 3.57 PA,  and 
a~ = 0.98. 
(b) Find the emitter current I E  under the same conditions as in part a. 
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Show that the emitter volt-ampere characteristic of a transistor in the active 
region is given by 

where I s  = - IEo/(l - a N a l ) .  Note that this characteristic is that of a p-n 
junction diode. 
(a) Given an n-p-n transistor for which (at room temperature) aN = 0.98, 
Ice = 2  PA,  and I M - I  = 1.6 pA. A  common-emitter connection is used, and 
Vcc = 12 V and R L  = 4.0 K. What is the minimum base current required in 
order that the transistor enter its saturation region? 
(b) Under the conditions in part a, find the voltages across each junction between 
each pair of terminals if the base-spreading resistance rbbr is neglected. 
( c )  Repeat part b if the base current is 200 PA. 
(d) How are the above results modified if rbbv = 250 Q? 
Plot the emitter current vs. emitter-to-base voltage for a transistor for which 
a~ = 0.98, Ice = 2  pA, and IEO = 1.6 pA if (a) V C  = 0, (b) V C  is back-biased 
by more than a few tenths of a volt. Neglect the base-spreading resistance. 

Plot carefully to scale the common-emitter characteristic I c / I B  versus V C E  for a 
transistor with a~ = 0.90 = al. 

Show that 

Ico Ico ICES = ---- ICEO = - 
1 - a ~ a l  1 - a N  

A common method of calculating a~ and a1 is by measurement of ICO, ICEO, and 
ICES. Show that  

ICEO - ICO 1 - I c o / I c ~ s  (a )  (]IN = ------ (b) ar = 
ICEO 1 - I c o l I c ~ o  

The collector leakage current is measured as shown in the figure, with the emitter 
grounded and a resistor R connected between base and ground. If this current 
is designated as ICER, show that 
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5-29 For the circuit shown, verify that V ,  = VCC when 

aN 1 - ar Vcc 
+ - ;) 

Under these conditions the basc current exceeds the emitter current. 

Prob. 5-29 

5-30 For the circuit shown, prove that the floating emitter-to-base voltage is given by 

VEBP = V T  In ( 1  - a ~ )  

Neglect r ~ , .  

+!=q-k5v Prob. 5-30 VEnF 

5-31 For the "floating-base" connection shown, prove that 

Assume that the transistors are identical. 

Prob. 5-31 
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(a) Show that  if the collector junction is reverse-biased with ( V C B ~  >> I'T, the 
voltage VBE is related to the base current by  

Ico RE "(1 - ""I) "(1 - ""1) 
I ~ o ( 1  - " N )  + ",(I - w) 

where rbbt is the base-spreading resistance, and RE is the emitter-body resistance. 
(b) Show tha t  VBE = IB(rbbt + RE) + VT(1 + I B /  IE)  if the collector is open- 
circuited. 
A transistor is operated a t  a forward emitter current of 2 mil and with the collec- 
tor open-circuited. Find (a) the junction voltages VC and VE, (b) the collector- 
to-emitter voltage VCE. Assume Ico = 2 PA, IEO = 1.6 p.4, (YN = 0.98. IS the 
transistor operating in saturation, a t  cutoff, or in the active region? 
Photodiode 1 N77 (Fig. 3-21) is used in the circuit shown. RL represents the 
coil resistance of a relay for which the current required to close the relay is 6 m h .  
The tfansistor used is silicon with VBE = 0.7 V and ~ F E  = 100. 

Prob. 5-34 

(a) Find the voltage Vo a t  which switching of the relay occurs. 
(b) Find the minimum illumination required to  close the relay. 
(c) If the relay coil is placed directly in series with the phototransistor of Fig. 
5-25 across 20 V, find the illumination intensity required to close the relay. 

CHAPTER 6 

6-1 Convert the following decimal numbers to binary form: (a) 671, (b) 325, (c) 152. 
6-2 The parameters in the diode OR circuit of Fig. 6-3 are V(0) = +12 V, V(1) = 

-2 V, R, = 600 a, R = 10 K, Rf = 0, R, = 00,  and V, = 0.6 V. Calculate 
the output levels if one input is excited and if (a)  VR = + 12 V, (b) VR = + 10 V, 
(c) V R  = +14 V, and (d) VR = 0 V. For which of these cases is the OR function 
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6-48 For an RTL I C  positive NOR gate prove that the maximum fan-out can be 
approxirmted by the formula 

6-49 The inputs of the RTL I C  positive NOR gate shown in Fig. 6-29 are obtained 
from the outputs of similar gates and the outputs drive similar gates. If the 
supply voltage of the system is 5 V and the temperature range for proper opera- 
tion of the gate is -50 to 150°C, calculate the maximum permissible values of the 
resistances. Assume ~ F E  = 30 a t  -50°C, I C ~ O  = 10 nA a t  25OC, and the 
desired fan-out is 10. 

6-50 Verify that the DCTL circuit shown with the fan-in transistors in series satisfies 
the NAND operation. Assume that for the silicon transistors, V C E , s a t  = 0.2 V and 
V B E , ~ , ,  = 0.8 V. Calculate the collector currents in each transistor when all 
inputs are high. The input to each base is taken from the output of a similar 
gate. 

Prob. 6-50 

CHAPTER 7 

7-1 (a) Verify that Eq. (7-3) meets the stated boundary conditions. 
(b)  Verify that Eq. (7-5) satisfies the diffusion equation (7-2) and that  it meets 
the stated boundary conditions. 

7-2 A silicon wafer is uniformly doped with phosphorus to a concentration of 
1015 ~ m - ~ .  Refer to Table 2-1 on page 29. At room temperature (300°K) find 
(a) The percentage of phosphorus by weight in the wafer. 
(b )  The conductivity and resistivity. 
(c) The concentration of boron, which, if added to the phosphorus-doped wafer, 
would halve the conductivity. 

7-3 (a) Using the data of Fig. 7-8, calculate the percent masimum concentration 
of arsenic (atoms per cubic centimeter) that can be achieved in solid silicon. The 
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concentration of pure silicon may be calculated from the data in Table 2-1 on 
page 29. 
(b) Repeat part a for gold. 
(a) How long mould it take for a fixed amount of phosphorus distributed over 
one surface of a 2.3-pm-thick silicon wafer to become substantially uniformly dis- 
tributed throughout the wafer a t  1300°C? Consider that  the concentration is 
sufficiently uniforn~ if i t  does not differ by more than 10 percent from that  a t  the 
surface. 
(b) Repeat part a for gold, given that  the diffusion coefficient of gold in silicon is 
1.5 X cm2/s a t  1300°C. 
Show that  the junction depth xj resulting from a Gaussian impurity diffusion 
into an  oppositely doped material of background concentration N B c  is given by 

A uniformly doped n-type silicon substrate of 0.1 a-cm resistivity is to be 
subjected to a boron diffusion with constant surface concentration of 4.8 X 
1018 ~ m - ~ .  The desired junction depth is 2.7 pm. 
(a) Calculate the impurity concentration for the boron diffusion a s  a function of 
distance from the surface. 
( b )  How long will i t  take if the temperature a t  which this diffusion is conducted 
is 11 OO°C? 
(c) An n-p-n transistor is to be completed by diffusing phosphorus a t  a surface 
concentration of 1021 ~ m - ~ .  I f  the new junction is to be a t  a depth of 2 pm, 
calculate the concentration for the phosphorus diffusion as  a function of distance 
from the surface. 
(d) Plot the impurity concentrations (log scale) vs. distance (linear scale) for 
parts a and c, assuming that  the boron stays put  during the phosphorus diffusion. 
Indicate emitter, base, and collector on your plot. 
(e) If the phosphorus diffusion takes 30 min, a t  what temperature is the appa- 
ratus operated? 
List in order the steps required ill fabricating a monolithic silicon integrated 
transistor by the epitaxial-diffused method. Sketch the  cross section after each 
oxide growth. Label materials clearly. No buried layer is required. 
Sketch to scale the cross section of a monolithic transistor fabricated on a 5-mil- 
thick silicon substrate. HINT: Refer to Sec. 7-1 and Figs. 7-12 and 7-13 for 
typical dimensions. 
Sketch the five basic diode connections (in circuit form) for the monolithic 
integrated circuits. Which will have the lowest forward voltage drop? Highest 
breakdown voltage? 
If the base sheet resistance can be held to within f 10 percent and resistor 
line widths can be held to f 0.1 mil, plot approximate tolerance of a diffused 
resistor as  a function of line width w in mils over the range 0.5 5 w < 5.0. 
(Neglect contact-area and contact-placement errors.) 
A 1-mil-thick silicon wafer has been doped uniformly with phosphorus to  a con- 
centration of 1016 cm-3, plus boron to a concentration of 2 X 1015 ~ m - ~ .  Find 
its sheet resistance. 
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7-12 (a)  Calculate the resistance of a diffused crossover 4 mils long, 1 mil wide, and 
2 pm thick, given that its sheet resistance is 2.2 Q/square. 1 

(b) Repeat part a for an aluminum metalizing layer 0.5 pm thick of resistivity 
2.8 X Q-cm. Note the advantage of avoiding diffused crossovers. 

7-13 (a)  What is the minimum number of isolation regions required to realize in 
monolithic form the logic gate shown? 
(b) Draw a monolithic layout of the gate in the fashion of Fig. 7-25b. 

Prob. 7-13 

7-14 Repeat Prob. 7-13 for the difference amplifier shown. 

4 2  

Prob. 7-14 



APP. = PROBLEMS / 807 

For the circuit shown, find (a) the minimum number, (b) the maximum number, 
of isolation regions. 

Prob. 7. 

For the circuit shown, (a) find the minimum number of isolation regions, and 
(b) draw a monolithic' layout in the fashion of Fig. 7-26! given that (i) Q1, Q2, 
and Q3 should be single-base-stripe, 1- by 2-mil emitter, transistors, (ii) R1 = Rt = 
R, = 400 52, R ,  = 600 52. Use 1-mil-wide resistors. 

Prob. 7-16 

An integrated junction capacitor has an area of 1,000 mils2 and is operated a t  a 
reverse barrier potential of 1 V. The acceptor concentration of 1016 atoms/cms 
is much smaller than the donor concentration. Calculate the capacitance. 
A thin-film capacitor has a capacitance of 0.4 pF/mi12. The relative dielectric 
constant of silicon dioxide is 3.5. What is the thickness of the Si02 layer in 
angstroms? 
The n-type epitaxial isolation region shown is 8 mils long, 6 mils wide, and 
1 mil thick and has a resistivity of 0.1 Q-cm. The resistivity of the p-type 
substrate is 10 Q-cm. Find the parasitic capacitance between the isolation 
region and the substrate under 5-V reverse bias. Assume that the sidewalls 
contribute 0.1 pF/mil2. 
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pi isolation diffusion 
(5  x 1020cm-3) 

Prob. 7-19 
--- p-type substrate 

n-type isolation region 

NOTE: I n  the problems that follow, indicate your answer by giving the letter of the 
statement you consider correct. 

7-20 The typical number of diffusions used in making epitaxial-diffused silicon inte- 
grated circuits is (a) 1, (b )  2, ( c )  3, ( d )  4, (e )  5. 

7-21 The "buried layer" in an  integrated transistor is ( a )  p+ doped, (b)  located in the 
base region, (c )  n+ doped, ( d )  used to reduce the parasitic capacitance. 

7-22 Epitaxial growth is used in integrated circuits (ICs) 
( a )  To grow selectively single-crystal p-doped silicon of one resistivity on a 
p-type substrate of a different resistivity. 
(b )  T o  grow single-crystal n-doped silicon on a single-crystal p-type substrate. 
(c )  Uecause it  yields back-to-back isolating p-n junctions. 
( d )  L3ecause it  produces low parasitic capacitance. 

7-23 Silicon dioxide (Si02) is used in ICs 
(a) Because i t  facilitates the penetration of diffusants. 
( b )  Because of its high heat conduction. 
(c )  To coritrol the location of diffusion and to protect and insulate the silicon 
surface. 
(d) To  control the concentration of diffusants. 

7-24 The p-type substrate in a monolithic circuit should be connected to 
(a) The most positive voltage available in the circuit. 
(b )  The most negative voltage available in the circuit. 
(c)  Any dc ground point. 
( d )  Nowhere, i.e., be left floating. 

7-25 Monolithic integrated circuit systems offer greater reliability than discrete- 
component systems because 
( a )  There are fewer interconnections. 
(b )  High-temperature metalizing is used. 
(c )  Electric voltages are low. 
( d )  Electric elements are closely matched. 

7-26 The collector-substrate junction in the epitaxial collector structure is, approxi- 
mately, 
(a) A step-graded junction. 
(b )  A linearly graded junction. 
( c )  An exponential junction. 
(d) None of the above. 

7-27 The sheet resistance of a semiconductor is 
(a) An undesirable parasitic element. 
(b )  An important characteristic of a diffused region, especially when used to 
form diffused resistors. 
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(c )  A characteristic whose value determines the required area for a given value 
of integrated capacitance. 
( d )  A parameter whose value is important in a thin-film resistance. 

7-28 Isolation in ICs is required. 
( a )  To make i t  simpler to test circuits. 
(b )  To protect the components from mechanical damage. 
(c )  T o  protect the tramistor from possible "thermal runaway." 
( d )  To minimize electrical interaction between circuit components. 

7-29 Almost all resistors are made in a monolithic I C  
( a )  During the emitter diffusion. 
(b )  While growing the epitaxial layer. 
(c )  During the base diffusion. 
( d )  During the collector diffusion. 

7-30 Increasing the yield of an  integrated circuit 
( a )  Reduces individual circuit cost. 
(b )  Increases the cost of each good circuit. 
(c )  Results in a lower number of good chips per wafer. 
(d) Means that  more transistors can be fabricated on the same size wafer. 

7-31 In  a monolithic-type I C  
( a )  All isolation problems are eliminated. 
(b )  Resistors and capacitors of any value may be made. 
(c )  All components are fabricated into a single crystal of silicon. 
( d )  Each transistor is diffused into a separate isolation region. 

7-32 The main purpose of the metalization process is 
( a )  To interconnect the various circuit elements 
( b )  To protect the chip from oxidation. 
(c )  To act as  a heat sink. 
(d) To  supply a bonding surface for mounting the chip. 

CHAPTER 8 
NOTE : Unless otherwise specijied, all transistors in these problents are identical, and 

the numerical values of their h para~neters are given in Table 8-2. Also assume that all 
capacitances are arbitrarily large. 

8-1 ( a )  Using Fig. 8-6b write the input and output equations. 
( b )  Draw the hybrid model for a C13 transistor and write the input and output 
equations. 

8-2 ( a )  Describe how to obtain h,, from the C E  input characteristics. 
(b )  Repeat part a for h,,. Explain why this procedure, although correct in 
principle, is inaccurate in practice. 

8-3 The transistor whose input characteristics are shown in Fig. 8-2 is biased a t  
V C E  = -8 V and Ie = -300 PA. 
( a )  Compute graphically h / ,  and hoe a t  the quiescent point specified above. 
( b )  Using the h parameters computed in part  a ,  calculate h/b and hot,. 

8-4 Justify the statement in the footnote to Table 8-3. HINT: Draw a C E  transistor 
circuit with a signal voltage V ,  between base and ground. Now interchange 
B and E and observe the resulting configuration. 



(b) For the circuit of part a determine the variation of I c  in the temperature 
range -65 for 175OC when the silicon transistor of Table 9-1 is used. 
Prove Eq. (9-38). 
(a) The circuit of Prob. 9-19 is modified by the addition of a thermistor as in 
Fig. 9-12. Find RT, IT ,  and Vce for the modified circuit if Ic = 1.5 mA and 
Vcc = 27.5 V. 
(b) I t  is desired that as the temperature changes from 25 to 175O, the varia- 
tion of Ic be +0.4 mA. Calculate the temperature coefficient of the thermistor. 
(a) Calculate the thermal resistance for the 2N338 transistor for which the 
manufacturer specifies PC,, = 125 mW a t  25OC free-air temperature and 
maximum junction temperature Ti = 150°C. 
(b) What is the junction temperature if the collector dissipation is 75 mW? 
Show that the load line tangent to the constant-power-dissipation hyperbola 
of Fig. 9-14 is bisected by the tangency point, that is, AC = BC. 
The transistor used in the circuit is a t  cutoff. 
(a) Show that runaway will occur for values of ICO in the range 

Vcc - d v c c '  - 8Rc/0.078 < Ice 5 Vcc + 1/vcc2 - 8RJ0.078 
- 

4Rc 4Rc 

(b) Show that if runaway is not destructive, the collector current ICO after 
runaway can never exceed ICO = Vcc/2Rc. 

A germanium transistor with 8 = 250°C/W, ICO = 10 pA a t  25OC, Rc = 1 K, 
and Vcc = 30 V is used in the circuit of Prob. 9-33. 
(a) Find ICO a t  the point of runaway. 
(b) Find the ambient temperature a t  which runaway will occur. 

CHAPTER 10 

1 The drain resistance Rd of an n-channel F E T  with the source grounded is 2 K. 
The F E T  is operating a t  a quiescent point VDs = 10 V, and I D S  = 3 mA, and 
its characteristics are given in Fig. 10-3. 
(a) To what value must the gate voltage be changed if the drain current is to 
change to 5 mA? 
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(b) To  what value must the drain voltage be changed if the drain current is 
to be brought back to its previous value? The  gate voltage is maintained con- 
stant a t  the value found in part  a.  
For a p-channel silicon F E T  with a = 2 X 10-4 cm and channel resistivity 
p = 10 Q-cm 
(a) Find the pinch-off voltage. 
(b) Repeat (a) for a p-channel germanium F E T  with p = 2 Q-cm. 
(a) Plot the transfer characteristic curve of an  FET a s  given by Eq. (10-8), 
with I D s s  = 10 mA and Vp = -4 V. 
( b )  The magnitude of the slope of this curve a t  V G ~  = 0 is g,, and is given by 
Eq. (10-17). If the slope is extended as  a tangent, show tha t  i t  intersects the  
VGs axis a t  the point VGS = Vp/2. 
(a) Show that  the transconductance g, of a J F E T  is related to the drain cur- 
rent IDs by 

(b) If Vp = -4 V and IDss = 4 mA, plot g, versus IDS .  

Show that  for small values of VGS compared with Vp, the drain current is given 
approximately by  ID = IDSS + g,,V~s. 
(a) For the F E T  whose characteristics are plotted in Fig. 10-3, determine rd  
and g, graphically a t  the quiescent point VDS = 10 V and V G ~  = -1.5 V. 
Also evaluate p. 
(b) Determine r d , ~ ~  for V G ~  = 0. 
(a) Verify Eq. (10-15). 
(b )  Starting with the definitions of g, and rd, show tha t  if two identical F E T s  
are connected in parallel, g, is doubled and rd  is halved. Since p = rdg,, then 
p remains unchanged. 
(c) If the two F E T s  are not identical, show tha t  

and that  

Given the transfer characteristic of an  FET,  explain clearly how to determine 
g, a t  a specified quiescent point. 
(a) Using Eq. (10-18)) prove that  the load conductance of a hIOSFET is given 
by 

9.5 = .do (1 - 5) where gd, = - ~ I D S S  
IVTI 

(b) Prove tha t  g~ = g, for a JFET.  HINT: Use Eq. (10-8). 
Draw the circuit of a MOSFET negative AND gate and esplain its operation. 



10-11 Consider the FLIP-FLOP circuit shown. Assurtle V T  = Vo.v = 0 alld (VDnl >> 
VT. 
(a) Assume t ~ , ,  = v , ~  = 0. Verify that  the circuit has two possible stable 
states; either v0l = 0 and v o 2  = - Vnn or V,I = - J'nu and v,? = 0. 
(b) Show that  the state of the FLIP-FLOP may be chal lgd 1)y ~nonie~ltari ly 
allowing one of the inputs to  go to  - I'm; ill other words hy npplyillg a negative 
mput pulse. 

Prob. 10-1 1 

10-12 Draw a CMOS inverter using positive logic. 
10-13 (a) The complementary MOS negative NAN!) gate is indicated. Explain its 

operat ion. 
(b) Draw the corresponding positive N A N D  gate. 

Prob. 10-1 3 
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10-14 The circuit of a CMOS positive NOR gate is indicated. Explain its operation. 

Prob. 10-14 

10-15 Draw a MOSFET circuit satisfying the logic equation. Y = A + BC, where 
Y is the output corresponding to the three inputs A, B, and C. 

10-16 (a) Calculate the voltage gain A" = Vo/Vi  a t  1 kHz for the circuit shown. 
The F E T  parameters are g, = 2 mA/V and r d  = 10 K .  Neglect capacitances. 
( b )  Repeat part a if the capacitance 0.003 pF is taken under consideration. 

I 

Prob. 10-16 

10-17 If an input signal Vi is impressed between gate and ground, find the amplifica- 
tion Av  = Vo/V; .  Apply Miller's theorem to the 50-K resistor. The FET 
parameters are C( = 30 and r d  = 5 K .  Neglect capacitances. 

Prob. 10-17 



If in Prob. 10-17 the signal Vi is impressed in series with the 40-K resistor 
(instead of from gate to ground), find AV = Vo/Vi. 
The circuit shown is called common-gate amplifier. For this circuit find (a) 
the voltage gain, ( b )  the input impedance, (c) the output impedance. Power 
supplies are omitted for simplicity. Neglect capacitances. 

Prob. 10-19 

Find an expression for the signal voltage across RL. The two FETs are iden- 
tical, with parameters p, rd, and g,. HINT: Use the equivalent circuits in 
Fig. 10-22 a t  Sy and Dl .  

- 

Prob. 10-20 Prob. 10-21 

Each F E T  shown has the parameters rd = 10 K and g, = 2 mA/V. Using 
the equivalent circuits in Fig. 10-22 a t  St and Dl ,  find the gain (a) v,/vr if 
v t  = 0, (b )  vo/vt if v1 = 0. 
(a) Prove that the magnitude of the signal current is the same 
provided that 

in both FETs 
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Neglect the reactance of the capacitors. 
( 6 )  If r is chosen as ill part a, prove that the voltage gain is given by 

- 2 
A =  R= 

l - ~  + 1 RL + rd/2 

Prob. 10-22 

(a) If R, = R2 = R and the two FETs have identical parameters, verify that 
the voltage amplification is V J V ,  = - p / 2  and the output impedance is &[rd + 
(P + 1)RI. 
(6 )  Given rd = 62 K ,  = 10, Rl = 2  K ,  and R2 = 1 K. Find the voltage 
gain and the output impedance. 

Prob. 10-23 
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(a) If in the amplifier stage shown the positive supply voltage VoD changes 
by AVDD = v,, how much does the drain-to-ground voltage change? 
(b )  How much does the source-to-ground voltage change under the condit,ions 
in part  a? 
(c) Repeat parts a and b if VDD is const,ant but  V S S  changes by AVss = v,. 

Prob. 10-24 

If in the circuit shown V 2  = 0, then this circuit becomes a source-coupled 
phase inverter, since VO1 = -Vo2. Solve for the current I2 by drawing the 
equivalent circuit, looking into the source of Q1 (Fig. 10-22). Then replace 
Q2 by the equivalent circuit, looking into its drain. The source resistance R, 
may be taken a s  arbitrarily large. 

Prob. 10-25 

I n  the circuit of Prob. 10-25, assume that  V 2  = 0, Rd = rd = 10 K ,  R8 = 1 K, 
and p = 19. If the  output is taken from the drain of Q2, find (a) the voltage 
gain, (b) the output impedance. HINT: Use the equivalent circuits in Fig. 
10-22. 
I n  the circuit of Prob. 10-25, V 2  # V1, Rd = 30 K, Rs = 2 K, p = 19, and 
rd = 10 K .  Find (a) the voltage gains A l  and A2 defined by V,2 = AlVl + 
A2V2. HINT: Use the equivalent circuits in Fig. 10-22. (b) If R, is arbitrarily 
large, show that  A2 = - A1.  Note that the circuit now behaves as a difference 
amplifier. 
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10-28 The CS amplifier stage shown in Fig. 10-23 has the following parameters: 
Rd = 12 K, Rg = 1 hi, R, = 470 $2, VDD = 30 V ,  C, is arbitrarily large, IDSs = 

3 mA, V p  = -2.4 V ,  and r d  >> R d .  Determine (a)  the gate-to-source bias 
voltage V ~ S ,  (b) the drain current ID, (c) the quiescent voltage VDs, (d) the 
small-signal voltage gain Av.  

10-29 The amplifier stage shown uses an n-channel F E T  having IDSs = 1 mA, V p  = 

-1 V .  If the quiescent drain-to-ground voltage is 10 V ,  find R1. 

Prob. 10-29 

10-30 The PET shown has the following parameters: IDss = 5.6 mA and V p  = -4 V .  
(a)  If vi = 0, find v,. 
(b) If V i  = 10 V ,  find v,. 
(c) If vo = 0, find v i .  
NOTE: vi and u,, are constant voltages (and not small-signal voltages). 

Prob. 10-30 Prob. 10-31 

10-31 If ( I D S S ~  = 4 RIA, V P  = 4 V ,  calculate the quiescent values of ID, Vos, and 
V D S .  
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10-32 In  the figure shown, two extreme transfer characteristics are indicated. The 
values of VP,,,, and Vpjdn are difficult to determine accurately. Hence these 
values are calculated from the experimental values of IDSS,,,, IDSS,,~,, g,,,,,, 
and gmWmin. Note that  g, is the slope of the transfer curve and that both gm,& 
and grnmmin are measured a t  a drain current corresponding to IDSS,,~,. Verify 
that 

2 
(a) VP,,, = - - ( I D s s , ~ x I D S S , ~ ~ ~ ) '  

gm, min 

(c) If for a given FET, IDSS,~~,  = 2 mA, = 6 mA, gm,min = 1.5 mA/V, 
m d  g, ,,,, = 3 mA/V, evaluate VP,,, and V~,min. 

Prob. 

Slope = g,,, (min) 

The drain current in milliamperes of the enhancement-type MOSFET shown 
is given by 

in the region VDs 2 Vas - Vp. If Vp = +3 V, calculate the quiescent values 

Prob. 10-33 
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10-34 Show tha t  if RL << l/h0bt, the voltage gain of the hybrid cascode amplifier 
stage shown is given to a very good approximation by 

where gm is the F E T  transconductance. 

- 
Prob. 10-34 

10-35 I f  h i e  << R d ,  hi, << ~ d ,  h/,>> 1 ,  and p >> 1 for the circuit, show that  

(a) A~~ = % =  gmhfeR8  (b )  Av2  = 1102 - grnh/,(R8 - + R,) 
vi 1 + g m k / e R s  ui 1 + g m h f e R ,  

where g ,  is the F E T  transconductance. 

Prob. 10-35 

10-36 I f  r d  >> Ri, Rz >> h i h a ,  l /hoez  >> hias, Rt>> R3, and l / h o b 3  >> R3, S ~ O W  that  the 
voltage gain a t  low frequencies is given by 



PROBLEMS / 837 

10-37 In  the circuit shown, the FET is used as  an adjustable impedance element by 
varying the dc bias, and thereby the g, of the FET. 
(a) Assume that  there is a generator V between the terminals A and B. Draw 
the equivalent circuit. Neglect interelec trode capacitances. 

O B  

OD 

Prob. 10-37 , 

t---- 

(b) Show that  the input admittance between A and B is 

where Y d  is the admittance corresponding to  rd,  and Y c R  is the admittance 
corresponding to  R and C in series. 
( c )  If g,R >> 1, show tha t  the effective illput capacitance is 

and the effective input resistance is 

where a = wCR. 
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(d) At a given frequency, show that the maximum value of Ci (as either C or R 
is varied) is obtained when cr = 1, and 

Also show that the value of Ri corresponding to this Ci is 

which, for p >> 2, reduced to (Ri)rnax = 2/gm. 
10-38 Solve Prob. 10-37 if the capacitance C is replaced by an inductance L. 
10-39 (a) A MOSFET connected in the CS configuration works into a 100-K resistive 

load. Calculate the complex voltage gain and the input admittance of the 
system for frequencies of 100 and 100,000 Hz. Take the interelectrode capaci- 
tances into consideration. The MOSFET parameters are p = 100, rd = 40 K, 
g, = 2.5 mA/V, C,, = 4.0 pF, Cd, = 0.6 F, and Cod = 2.4 pF. Compare these 
results with those obtained when the interelectrode capacitances are neglected. 
(b) Calculate the input resistance and capacitance. 

10-40 Calculate the input admittance of an F E T  a t  lo3 and 106 Hz when the total 
drain circuit impedance is (a) a resistance of 50 K, (b) a capacitive reactance of 
50 K a t  each frequency. Take the interelectrode capacitances into considera- 
tion. The FET parameters are p = 20, rd = 10 K, g, = 2.0 mA/V, C,, = 

3.0 pF, Cd, = 1.0 pF, and Cod = 2.0 pF. Express the results in terms of the 
input resistance and capacitance. 

10-41 (a) Starting with the circuit model of Fig. 10-31, verify Eq. (10-37) for the 
voltage gain of the source follower, taking interelectrode capacitances into 
account. 
(b) Verify Eq. (10-39) for the input admittance. 
(c) Verify Eq. (10-40) for the output admittance. 
HINT: For part c, set Vi = 0 and impress an  external voltage Vo from S to N; 
the current drawn from V ,  divided by V ,  is Yo.  

10-42 Starting with the circuit model of Fig. 10-8, show that, for the CG amplifier 
stage with R, = 0 and Cdr - 0, 

(a) Av = 
(gm + gd) Rd 

(b )  Yi = gm + gd(l - Av) + jwC., 
1 + Rdbd + j~C'7d) 

(c) Repeat (a), taking the source resistance R, into account. 
(d) Repeat (b), taking the source resistance R, into account. 

10-43 (a) For the source follower with gm = 2 mA/V, R, = 100 K, rd = 50 K, and 
with each internode capacitance 3 pF, find the frequency at which the reactive 
component of the output admittance equals the resistive component. 
(b) At the frequency found in part a calculate the gain and compare it  with the 
low-frequency value. 
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Find the value of this limiting frequency before the output signal is dis- 
torted by the slew-rate limit if (a) V ,  = 1 V ,  (b) V ,  = 10 V .  

CHAPTER 16 

Design the circuit of Fig. 16-1 so that  the output V, (for a sinusoidal signal) 
is equal in magnitude to the input V ,  and leads the input by 45". 

Consider the circuit of Fig. 16-1 with A v  = - 100. If Z = R and Z' = -jXc 
with R = X c  a t  some specific frequency f ,  calculate the gain V , / V ,  a s  a com- 
plex number. 
Given the operational amplifier circuit of Fig. 16-1 consisting of R and L in series 
for Z, and C for 2'. If the inlmt voltage is a constant v, = V ,  find the output 
v, as a function of time. Assume an  infiliite open-loop gain. 

For the given circuit, show that  the output voltage is 

Prob. 16-4 

Consider the operational arnplifier circuit of Fig. 16-1 with Z consisting of a 
resistor R in parallel with a capacitor C, and 2' consisting of a resistor R'. The 
input is a sweep voltage v = at. Show that  the output voltage v, is a sweep 
voltage that  starts with an  initial step. Thus prove tha t  

R ' 
a - t  

R 

Assume infinite open-loop gain. 

Consider the operational amplifier circuit of Fig. 16-1 with Z consisting of a 
100-I< resistor and a series combination of a 50-K resistance with a 0.001-pF 
capacitance for 2'. If the capacitor is initially uncharged, and if a t  t = 0 the 
input voltage v, = 1 0 ~ - ' / ~  with T = 5 X 10-4 s is applied, find v,(t) .  
I n  Fig. 16-3b show tha t  i~ is equal to  - v , /R2  if R3/R2 = R' /Rl .  
The differential input operational amplifier shown consists of a base amplifier 
of infinite gain. Show that  V ,  = ( R 2 / R 1 ) ( V 2  - V l ) .  
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R1 R: 

16-9 Repeat Prob. 16-8 for the  amplifier shown. 

Prob. 16-8 

Prob. 

16-10 For the base differential-input amplifier shown, assume infinite input resistance, 
zero output resistance, and finite differential gain Av = V,/(V1 - Vz). 
(a) Obtain an  expression for the gain Atrf = V,/V,. 
( b )  Show that  lim Avt = n + 1, A v -+ a. 

16-1 1 Verify Eq. (16-6) for the bridge amplifier. 
16-12 The circuit shown represents a low-pass dc-coupled amplifier. Assuming an  
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ideal operational amplifier determine (a )  the high-frequency 3-dB point f,,; 
(b) the low-frequency gain AV = V,/V,. 

Prob. 16-12 

16-13 (a) The input to  the operational integrator of Fig. 16-10 is a step voltage of 
magnitude V .  Show that  the output is 

(b) Compare this result with the output obtained if the step voltage is impressed 
upon a simple RC integrating network (without the use of a n  operational 
amplifier). Show that  for large values of RC, both solutions represent a voltage 
which varies approximately linearly with time. Verify that  if - AV >> 1, the 
slope of the ramp output is approximately the  same for both circuits. Also 
prove that  the deviation from linearity for the amplifier circuit is 1/(1 - A v )  
times that  of the simple RC circuit. 

16-1 4 Derive Eq. (16-13). 
16-1 5 (a) The input to an operational differentiator whose open-loop gain AV = A is 

infinite is a ramp voltage v = at. Show tha t  the output is 

(b) Compare this result with that  obtained if the same input is impressed 
upon a simple RC differentiating network (without the use of an  amplifier). 
Show that,  approximately, the same final constant output RC dv/dt is obtained. 
Also show that  the operational-amplifier output reaches this correct value of 
the differentiated input much more quickly than does the simple RC circuit. 

16-16 Given an  operational amplifier with Z consisting of R in series with C, and 2' 
consisting of R'  in parallel wit,h C'. The input is a step voltage of magnitude V. 
(a) Show by qualitative argument that  the output voltage must start  a t  zero, 
reach a maximum, and then again fall to zero. 
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(b) Show that if R'C' # RC, the output is given hy 

0, = R'CV (c-rinc - c-tintcp) 
R 'C' - RC 

16-17 Sketch an operational amplifier circuit having an input v and an output which 
is approsimately -5v - 3dv/dt. Assume an ideal operational amplifier. 

16-18 Sketch in block-diagram form a computer, using operational amplifiers, to solve 
the differential equation 

d v 
- + 0 . 5 ~  + 0.1 sin at = 0 
d t 

An oscillator is available which will provide a signal sin at. Use only resistors 
and capacitors. 

16-19 Set up a computer in block-diagram form, using operational amplifiers, to solve 
the following differential equation: 

where 

Assume that a generator is available which will provide the signal z( t ) .  

16-20 (a) Verify that  the damping factor of each pair of comples poles of a Butter- 
worth low-pass filter is given by k = cos 8, where 8 is defined in Fig. 16-17. 
(b) - Define a damping factor k for the single pole a t  s = - 1 which is consistent 
with Eq. (16-23). 

16-21 Verify the entries in Table 16-1 for n = 3 by using Fig. 16-176. 
16-22 Using Eq. (16-22), show that  the transfer function of a second-order Butter- 

worth low-pass filter satisfies Eq. (16-19). 
16-23 Use the value of P2(s) from Table 1 6 1  and verify that 

Pz(s)Pz(-s) j 8 _ j u  = 1 + '4,' 
16-24 Use the values of P3(s) from Table 16-1 and verify that 

16-25 Show that the voltage gain AV(s) = V,/V, in Fig. 16-18a is given by Eq. 
(16-24). HINT : Use feedback principles. 

16-26 Design an active sisth-order Butterworth low-pass filter with a cutoff frequency 
(or upper 3-dB frequency) of 1 kHz. 

16-27 The circuit shown uses an ideal OP AMP. 
(a) Find the voltage gain AV = V,/V,, the damping factor k, and the cutoff 
frequency w,. 
( b )  Using this circuit, design a second-order Butterworth low-pass filter with 
jo = 1 kHz and low-frequency voltage gain equal to - 1. 
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Prob. 16-27 

16-28 Define the z parameters of a two-port network by the following relations: 

For the circuit shown prove that  the voltage gain Av  = V o / V ,  is given by 

where zl l  and zzl are the z parameters of the RC network. 

Prob. 16-28 A - o 

t + 

V O  

- 

16-29 The network shown is the RC network of Prob. 16-28. 
(a) Find the parameters z l l  and 221 of this network. 
( b )  Find the voltage gain V o / V ,  of the amplifier in Prob. 16-28 if this RC net- 
work is used. 

16-30 Design a second-order active RC bandpass filter that  has a midband voltage 
gain of 40 dB, center frequency of 100 I Iz ,  and no specified balrdn.idt.11. How- 
ever, the circuit n u s t  1,roride a t  least 20-dl3 rejection one decade from the 
center frequency and hold 1)hase shift to +_ 10' lnasimu~n for 10 l~crc'cllt chalrge 
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from the center frequency. HINT: Use Fig. 16-22 to find Q and let R2 = w, 
R I  = 1 K .  

16-31 Design a bandpass RC active filter with midband voltage gain of 30, center 
frequency of 200 Hz, and Q = 5. HINT: Choose C1 = C2 = 0.1 pF. 

16-32 Design the resonant RLC bandpass filter of Fig. 16-21 with f, = 160 Hz, 
3-dB bandwidth B = 16 Hz, and minimum input resistance seen by the voltage 
source V ,  of 1,000 Q. Is this a practical circuit? 

16-33 Verify Eq. (16-50) for the transfer function of the delay equalizer of Fig. 16-24a. 

16-34 (a) Show that  the circuit of the accompanying figure can simulate a grounded 
inductor if R1 > R2. I n  other words, show tha t  the reactive part  of the input 
impedance of this circuit is positive if R1 > R2. 
( b )  Find the frequency range in which the Q = w L / R  of the inductor is greater 
than unity. 

Assume that  the unity gain amplifier has infinite input rejistance and zero 
output resistance. 

Prob. 16-34 

16-35 (a) Show that  the circuit of the given figure can simulate a grounded inductor 
if A > 1. I n  other words, show that  the reactive part of Zi is positive. 
(b )  Show that  the real part of Zi'becomes zero (Q = w) a t  the frequency 

Assume tha t  the input resistance of the amplifier of gain A is infinite. 

0 V, = AV, 

Prob. 16-35 
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16-36 Using Fig. 16-273, derive Eqs. (16-54) and (16-55). 
16-37 Using Fig. 16-273, derive Eqs. (16-57) and (16-58). 
16-38 The figure shows a circuit using an ideal OP AMP and an RC two-port network. 

The RC two-port is defined in terms of its y parameters (Sec. 16-9). Show 
that the voltage gain AV = V,/V, is given by 

v - o - -gzl(l  4-k)  +kg2,  R ' 
v, where k = - 

Y22  R 

Prob. 16-38 

Repeat Prob. 16-38 for the circuit shown. Show that the expression for A v  = 

V,/V, is the same as in Prob. 16-38. 

Prob. 

In Probs. 16-38 and 16-39 the RC two-port shown is used. (a) Find the 
parameters y 2 ~  and y 2 ~  of this two-port RC network. (b) Show that if 

then the two circuits are delay equalizers with transfer function 
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Prob. 16-40 

16-41 Using the curve of Fig. 16-31 and assuming VAGc = 3.5 V, with an audio modu- 
lating signal of 1.5 V peak to peak, calculate the modulation factor 

= V0,max - Vo,min 
v o  , m.x 

16-42 Derive Eq. (16-59) for the gain of the cascode video amplifier. 
16-43 (a) Verify that  the circuit shown gives full-wave rectification provided that  

R2 =: 2R1. 
(6) What is the peak value of the rectified output? 
(c) Draw carefully the waveforms vi  = 10 sin ot, v,, and v, if Ra = 2R1. 

R 9 R a 
- 

R "P 

R 
'i 

0 v, 

- 
Prob. 16-43 - d 

16-44 If a waveform has a positive peak of magnitude Vl and a negative peak of 
magnitude V,, draw a circuit using two peak detectors whose output is equal 
to the peak-to-peak value V1 - V2. 

16-45 Show that the given circuit can be used to raise the input V. to an arbitrary 
power. Assume VI = K1 In K2V., Vo = K S  1n-l K4V2, Vt = aV,. 

Antilog Vo 

- v, 
- " 'V' 

Prob. 16-45 Prob. 16-46 

16-46 For the feedback circuit shown, the nonlinear feedback network B gives an 
output proportional to the product of the two inputs to this network, or 
V, = /3V2VO. Prove that  if A = 00, then V, = KVl/V2, where K is a 
constant. 
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16-47 (a) With the results of Prob. 16-46, draw the block diagram of a system used 
to obtain the square root of the voltage V,. 
(b) What should be the value of 0 if i t  is required that V. = fi? 

16-48 (a) Verify Eq. (16-78) for the pulse width of a monostable multivibrator. 
(b) If V, >> V1 and 0 = 1/2, what is T? 

16-49 Verify Eq. (16-84) for the frequency of the triangle waveform. 
16-50 The Schmitt trigger of Fig. 16-47 is modified to include two clamping Zener 

diodes across the output as in Fig. 16-45a. If V ,  = 4 V and A, = 5,000 and if 
the threshold levels desired are 6 k0.5 V, find (a) R2/R1, (b) the loop gain, and 
(c) VR. (d) Is  i t  possible to set the threshold voltage a t  a negative value? 
(e) In  part (a) the ratio of R2 to R1 is obtained. What physical conditions 
determine the choice of the individual resistances? 

16-51 The input v ;  to a Schmitt trigger is the set of pulses shown. Plot v, versus 
time. Assume Vl = 3.2 V, V2 = 2.8 V, and v, = +5 V a t  t = 0. 

Prob. 16-51 

16-52 (a) Calculate the logic levels a t  output Y of the ECL Texas Instruments gate 
shown. Assume that VBE,.~,~,, = 0.7 V. TO find the drop across an emitter 
follower when it behaves as a diode assume a piecewise-linear diode model with 
V, = 0.6 and R, = 20 Q .  
(b) Find the noise margin when the output Y is a t  V(0) and also a t  V(1). 
(c) Verify that none of the transistors goes into saturation. 
(d) Calculate R so that Y' = P. 
(e) Find the average power taken from the power source. 

Prob. 16-52 

16-53 Verify that, if the outputs of two (or more) ECL gates are tied together as  in 
Fig. 16-51, the OR function is satisfied. 

16-54 (a) For the system in Fig. 16-51 obtain an expression for Y which contains .three 
terms. 
(b) If in Fig. 16-51 P1 and Pz are tied together, verify that the output is 
Y = AB + CD. 
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(c) If in Fig. 16-51 Y1 and Y 1  are tied together and if the input to the lower ECL 
gate is C and b (instead of C and D), what is Y?  

CHAPTER 17 

Indicate how to implemelit S, of Eq. (17-1) with AND,  OR, and NOT gates. 
Verify that  the sum S ,  in Eq. (17-1) for a full adder can be put in the form 

S n  = 14, @ Bn @ Cn-1 
(a) For convenience, let A,  = A, B, = B, CnP1 = C, and Cn = Cl. Using 
Eq. (17-4) for C1, verify Eq. (17-5) with the aid of the Boolean identities in 
Table 6-4; in other words, prove that  

(b) Evaluate D = (A + B + C)C1 and prove tha t  S, in Eq. (17-1) is given by 

S, = D + ABC 

(a) Verify that  an  EXCLUSIVE-OR gate is a true/complement unit. 
(b )  One input is A ,  the other (control) input is C, and the output is Y .  I s  
Y = A f o r C =  l o r C = O ?  
For the system shown in Fig. 17-lla,  verify the t ruth  table in Fig. 17-llb. 
(a) Make a truth table for a binary half subtractor A minus B (corresponding 
to the half adder of Fig. 17-3). Instead of a carry C, introduce a borrow P .  
(b) Verify that  the digit D is satisfied by an  EXCLUSIVE-OR gate and tha t  P 
follows the logic " B  but not A." 
Consider an  &bit comparator. Justify the connections C' = CL, D' = DL, 
and E' = EL for the chip handling the more significant bits. HINT: Add 4 
to  each subscript in Fig. 17-14. Extend Eq.  (17-12) for E and Eq.  (17-13) 
for C to take all 8 bits into account. 
(a) By means of a truth table verify the Boolean identity 

(b )  Verify that  Y = l(0) if an  odd (even) number of variables equals 1. This 
result is not limited to three inputs, but is true for any  number of inputs. I t  is 
used in Sec. 17-3 to  construct a parity checker. 
Construct the truth table for the EXCLUSIVE-OR tree of Fig. 17-15 for all possi- 
ble inputs A, B, C, and D. Include A @ B and C @ D as  well as  the out- 
put  2. Verify tha t  Z = l (0)  for odd (even) parity. 
(a) Draw the logic circuit diagram for an &bit parity check/generator system. 
(b) Verify that  the output is O(1) for odd (even) parity. 
(a) Verify that  if P' = 1 in Fig. 17-15, this system is an even-parity check. 
I n  other words, demonstrate that  with P' = 1, the output is P = O(1) for 
even (odd) parity of the inputs A, B, C, and D. 
(b) Also verify that  P generates the correct even-parity bit. 
(a) Indicate an  &bit parity checker a s  a block having 8 input bits (collec- 
tively designated AJ,  an  output P1, and an  input control Pi. Consider a 
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