










W

β :

n→ p+ e− + v̄e



SU(3)×SU(2)×U(1)

SU(3)×SU(2)×
U(1)

−

SU(2)×U(1)

(νe, e), (ν, µ), (ν, τ)

γ5 γ5 = 1 γ5 = −1



f
qfn

n = 1, 2, 3
lf

1
2

u1 u2 u3
d1 d2 d3

νe
e

$ SU(2)

3
4

c1 c2 c3
s1 s2 s3

νµ
µ

$ SU(2)

5
6

t1 t2 t3
b1 b2 b3

ντ
τ

$ SU(2)

←→
SU(3)

(u, d), (s, c), (t, b)

qfn

{
(f = 1, 2, .., 6)

(n = 1, 2, 3)

lf
{
(f = 1, 2, ..., 6)

qfn (qR)fn (qL)fn

SU(3)

SU(3)c

SU(2)

eL νe SU(2)I
SU(2)

U(1) U(1)

SU(3) × SU(2) × U(1)



LMS = LB + LF

LB = −1

4
FµνF

µν − 1

4
W a

µνW
aµν − 1

4
Ga

µνG
aµν

LF =
∑

i

iRiγ ·DRi + iLiγ ·DLi

LB W Z LF

SU(2)×U(1)

LH

LH = Dµφ
†Dµφ−m2φ†φ− λ(φ†φ)2 +Ge(LφRe +Reφ

†L) +Gν(LφRν +Rνφ
†L)

SU(2)×U(1)

SU(

SU( Gµ
a (a = 1, ..., 8)

SU(2) Wµ
i (i = 1, 2, 3)

U(1) Bµ







µ

ψ

∂µψ (∂µ + ie µ)ψ

e ψ.

e = 0

ψ,

ψ

µ

jµ

ejµ µ

U(1)

−SU(2), SU(3)−



ψi

SU(N)‡

ψi(x) −→ Sij(x)ψj(x) ,

Sij SU(N) τa

[τa, τ b] = ifabcτ c.

S

Sij(x) = (eiθ
a(x)τa)ij ⇒ ψ

′
i = (eiθ

a(x)τa)ijψj

θa(x)

∂µψi

(∂µS)

∂µψi −→ ∂µψ
′
i = S(∂µψ) + (∂µS)ψ

Dµ

Dµ

Aµ(x)

Dµ = ∂µ − igAµ

Aµ(x) ≡ Aa
µ(x)τ

a.

A
′
µ(x) = −

i

g
(∂µS)S

−1 + SAµ(x)S
−1

‡



Dµ

(Dµψ)
′ = ∂µψ

′ − igA
′
µψ

′

= S(∂µψ) + (∂µS)ψ − igA
′
µSψ

= S(Dµψ).

{
δψ = igθaτaψ

δAa
µ = − i

g∂µθ
a + fabcθbAc

µ

U(1) SU(2) SU(3)

U(1) τ

τ = −1, S = e−iθ(x)

U(1) : ψ′ = e−iθ(x)ψ

e g

U(1) : Dµ = ∂µ + ieAµ

∂µS = i(∂µθ)eiθ Aµ = Aµτ = −Aµ

A
′
µ = Aµ +

1

e
∂µθ.

SU(N) = SU(2) τa

2× 2 τa = σa/2 a = 1, 2, 3

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)

[
σi

2
,
σj

2

]
= iεijk

σ

2

k
, i, j, k = 1, 2, 3.



S = eiθ·σ/2

SU(2) : ψ′ = eiθ·σ/2ψ

Dµψ = ∂µψ −
i

2
gσ · µψ

∂µS = i
2(σ · ∂µθ)S θi

′
µ = µ − θ × µ +

1

g
∂µθ.

SU(3) τa = λa/2

3× 3

λ1 =




0 1 0

1 0 0

0 0 0



 , λ2 =




0 −i 0

i 0 0

0 0 0



 , λ3 =




1 0 0

0 −1 0

0 0 0



 ,

λ4 =




0 0 1

0 0 0

1 0 0



 , λ5 =




0 0 −i
0 0 0

i 0 0



 ,

λ6 =




0 0 0

0 0 1

0 1 0



 , λ7 =




0 0 0

0 0 −i
0 i 0



 ,

λ8 =




1 0 0

0 1 0

0 0 −2



 .

[
λa
2
,
λb
2

]
= ifabc

λc
2

ifabc






f123 = 1

f147 = −f156 = f246 = f257 = f345 = −f367 = 1/2

f458 = f678 =
√
3
2



S = ei
λa

2 θa a

Dµψ = ∂µψ −
i

2
gλaAa

µψ

Aa
µ

Aµ = Aa
µ
λa

2
=




A3

µ + 1√
3A

8
µ A1

µ − iA2
µ A4

µ − iA5
µ

A1
µ + iA2

µ −A3
µ + 1√

3A
8
µ A6

µ − iA7
µ

A4
µ + iA5

µ A6
µ + iA7

µ − 2√
3A

8
µ





Aµ Dµ

Gµν

Gµν ≡ i

g
[Dµ, Dν ]

= ∂µAν − ∂νAµ − ig[Aµ, Aν ]

= (∂µA
a
ν − ∂νAa

µ + gfabcAb
µA

c
ν)τ

a

Ga
µν

Gµν → S GµνS
−1

(S GµνS
−1S GµνS−1) = (GµνG

µν)

S =

ˆ
d4x

(
−1

4
GµνG

µν

)
=

ˆ
d4x

(
−1

4
Ga

µνG
aµν

)
.



ψ −→ ψS†(x)

Gµν

S =

ˆ
d4xψ(iγ ·D −m)ψ

S = SB + SF

=

ˆ
d4x

[
ψ(iγ ·D −m)ψ − 1

4
GµνG

µν

]

U(1) SU(2) SU(3)

U(1)

G ≡ F

Fµν = ∂µAν − ∂νAµ,

U(1)

L = ψ(iγµDµ −m)ψ − 1

4
FµνF

µν

= iψγµ(∂µ + ieAµ)ψ −mψψ − 1

4
FµνF

µν ,

ψ Aµ

SU(2) σi

W a
µν = ∂µW

a
ν − ∂νW a

µ + gεabcW b
µW

c
ν

W µν = ∂µW ν − ∂νW µ + gW µ ×W ν .

SU(2)

L = iψγµ(∂µ −
i

2
g σ·W µ)ψ −mψψ − 1

4
W µνW

µν



W µ.

SU(3)

Ga
µν = ∂µA

a
ν − ∂νAa

µ + gfabcAb
µA

c
ν a, b, c = 1, ..., 8

SU(3)

L = iψγµ(∂µ −
i

2
g λ·Aµ)ψ −mψψ − 1

4
GµνG

µν

Aµ.

H = −
∑

i,j

Jij ·

Tc

F

F > Fc

F > Fc F < Fc



φ

L = (∂µφ
∗)(∂µφ)−m2φ∗φ− λ(φ∗φ)2

= (∂µφ
∗)(∂µφ)− V (φ, φ∗)

U(1)

U(1) : φ→ eiΛφ (Λ cost.)

φ0 V

∂V

∂φ
= m2φ∗ + 2λφ∗(φ∗φ) = 0 .

m2 > 0 φ0 = 0

U(1) m2 < 0 φ = 0

φ0

|φ0|2 = −
m2

2λ
≡ a2



|φ| = a φ = 0

|φ0| = a φ

|φ0| = | 〈0|φ|0〉 | = a .

V φ1 − φ2 φ =

(φ1 + iφ2)/
√
2 V |φ| = a

U(1)

φ1 φ0 ≡
(

a

0

)

φ

φ′

φ

φ′ = φ− a

〈0|φ′|0〉 = 0

φ = a+
(φ′1 + iφ′2)√

2



L =
1

2
(∂µφ1)

2 +
1

2
(∂µφ2)

2 − 2λa2φ21 + cubici+ quartici

φ2 φ1
φ2

m1 =
√
4λa2

L = (∂µφ
∗)(∂µφ)−m2φ∗φ− λ(φ∗φ)2

U(1)

U(1) : φ→ eiΛ(x)φ

Aµ

L = (∂µ − ieAµ)φ
∗(∂µ + ieAµ)φ−m2φ∗φ− λ(φ∗φ)2 − 1

4
FµνF

µν .

m2 > 0 U(1)

m2 < 0

|φ| = a φ′1 φ′2

φ(x) = a+
φ′1(x) + iφ′2(x)√

2
.

L = −1

4
FµνF

µν + e2a2AµA
µ +

1

2
(∂µφ1)

2 +
1

2
(∂µφ2)

2 + .

+
√
2eaAµ∂µφ2 − 2λa2φ21 + cubici+ quartici .

φ2 Aµ∂µφ2
Aµ φ2



φ Λ φ2 = 0

L = −1

4
FµνF

µν + e2a2AµA
µ +

1

2
(∂µφ1)

2 − 2λa2φ21 + cubici+ quartici .

Aµ φ1
φ2

Aµ.

W±

m = 0

ψ i,ψi

e, µ, τ

µ τ

SU(2)×U(1) LB

LF

L0 = LB + LF



LB = −1

4
W a

µνW
aµν − 1

4
FµνF

µν

LF = iReγ ·DRe + iRνγ ·DRν + iLγ ·DL

L ≡
(
νL
eL

)

Iw = 1
2 I3w(νe) = 1

2 I3w(eL) = −1
2

Re ≡ (eR Rν ≡ (νR)

Iw = 0 I3w = 0

SU(2)

SU(2) :






L→ e
i
2θ·σL

Re → Re

Rν → Rν

U(1) Y

Y = −1 L Y = −2 Re Y = 0 Rν

Q = I3w +
Y w

2

L Re Rν U(1)

U(1) :






L→ e
i
2βL

Re → eiβRe

Rν → Rν

Q (νe, eL) (0,−1) (νR) (eR)

0 −1 SU(2) U(1)



W a
µν = ∂µW

a
ν − ∂νW a

µ + gεabcW b
µW

c
ν

Fµν = ∂µBν − ∂νBµ

DµRe = (∂µ + ig′Bµ)Re

DµRν = ∂µRν

DµL = (∂µ +
i

2
g′Bµ −

i

2
gσiW

i
µ)L

φ ≡
(
φ+
φ0

)

1/2 +1

L = L0 + LH

LH = Dµφ
†Dµφ−m2φ†φ− λ(φ†φ)2 +Ge(LφRe +Reφ

†L) +Gν(LφRν +Rνφ
†L)

Dµφ = (∂µ −
i

2
g′Bµ −

i

2
gσiW

i
µ)φ

φ :

〈φ〉0 =
(

0

η/
√
2

)

W a
µ Bµ

Aµ Zµ

W±
µ

Zµ =
gW 3

µ + g′Bµ

(g2 + g′2)1/2
≡ θWW 3

µ + θWBµ

Aµ =
gBµ − g′W 3

µ

(g2 + g′2)1/2
≡ − θWW 3

µ + θWBµ

W±
µ =

1√
2
(W 1

µ ± iW 2
µ)



θW

θW ≡
g

(g2 + g′2)
1
2

M2
W1

= M2
W2

=
g2η2

2

M2
Z =

M2
W

θW
MA = 0

Me = Geη/
√
2

Mν = Gνη/
√
2

M2
H = 2λη2

Me Mν MW Mz

MA

MH η

GF = g2/2M2
W

√
2 〈φ〉0 = η =

(√
2GF

)−1/2
+ 246 .

SU(2)× U(1)

(
νeL
eL

)
,

(
νµL
µL

)
,

(
ντL
τL

)

(eR), (µR), (τR)

(νeR), (νµR), (ντR)

W± Z A



SU(2)

(
uL
dL

)
,

(
cL
sL

)
,

(
tL
bL

)

IW = 1/2 Y = 1/3

U(1)

(uR), (cR), (tR)

(dR), (sR), (bR)

IW = 0 Y = 4/3 uR, cR, tR
Y = −2/3 dR, sR, bR

Ge Gν

Ya

U(1) Y

Q(u, c, t) = 2/3, Q(d, s, b) = 1/3

SU(3)

SU(3) SU(3)f

a = u, d, s, c, t, b







u1 u2 u3

d1 d2 d3

s1 s2 s3

c1 c2 c3

t1 t2 t3

b1 b2 b3





R,W,B

SU(3)c

L = −1

4
Ga

µνG
aµν +

6∑

i=1

ψi(iγ ·D −mi)ψi

Dµ = (∂µ − i
2gλ

aAa
µ) Ga

µν = (∂µAa
ν − ∂νAa

µ + gfabcAb
µA

c
ν) i

λa

SU(3)

SU(3)

q → Uq, q =




q1

q2

q3





q U

SU(3) SO(3)

SO(3)

SO(3)

SU(3)



SU(3)C SU(2)W U(1)Y Q

uL F F 1/3 2/3
dL F F 1/3 −1/3
uR F S 4/3 2/3
dR F S 2/3 −1/3
νL S F −1 0
eL S F −1 −1
νR S S 0 0
eR S S −2 −1

F
S

[3(generazioni left)× 2(isospin debole)×
3(colore) + 6(particelle right) × 3(colore)] × 2(spin) = 72

[3(generazioni left)× 2(isospin debole) + 6(particelle right)]× 2(spin) = 24

H = H ⊕H

HL = (C ⊗ C ⊗ C )︸ ︷︷ ︸
quark left

⊕ (C ⊗ C ⊗ C)︸ ︷︷ ︸
leptoni left

HR = ((C⊕ C)⊗C ⊗ C )︸ ︷︷ ︸
quark right

⊕ (C⊕ C)⊗C ⊗ C)︸ ︷︷ ︸
leptoni right

N = 3



H
(
νe
e

)

L

(
ντ
τ

)

L

(
νµ
µ

)

L

(
ui

di

)

L

(
ci

si

)

L

(
ti

bi

)

L
(ui)R (ci)R (ti)R (e)R (µR) (τ)R
(di)R (si)R (bi)R (νe)R (νµ)R (ντ )R

i

H = H ⊕H ⊕H ⊕H

H = (C ⊗ C ⊗ C )︸ ︷︷ ︸
antiquark right

⊕ (C ⊗ C ⊗ C)︸ ︷︷ ︸
antileptoni right

Hc
L = ((C⊕ C)⊗C ⊗ C )︸ ︷︷ ︸

antiquark left

⊕ (C⊕ C)⊗C ⊗ C)︸ ︷︷ ︸
antileptoni left

H ⊕ H C
H ⊕H

H ⊕H = (H ⊕H )c .

·c

ψc ≡ Cψ T = C(ψ†γ0)T = Cγ0ψ∗ = iγ2ψ∗

C =iγ2γ0

(ψL)
c = C((PLψ)

†γ0)T = C(ψ†γ0PR)
T = C(ψPR)

T = CP T
Rψ

T = PRCψ T = (ψc)R .

(
νce
ec

)

R

(
νcτ
τ c

)

R

(
νcµ
µc

)

R

(
uci
dci

)

R

(
cci
sci

)

R

(
tci
bci

)

R
(uci )L (cci )L (tci )L (ec)L (µc)L (τ c)L
(dci )L (sci )L (bci )L (νce)L (νcµ)L (νcτ )L



Gν . Ge

ψL,R
‡

ψc
L,R = (ψc)R,L CPT

SU(2)

(
νL
e−L

)
CPT←→

(
(νc)R
e+R

)
.

SU(2)

R L

CPT

NR
CPT←→ N c

L .

‡ L R γ5

σ · p̂



νL NR

LD = −mD
(
νLNR +NRνL

)
= −mDνν

ν ≡ νL + NR

νL, νcL, NR, N c
R

L = Lν+LN νL
NR

∆I = 1/2 νL
1/2 NR 0

SU(2)

LY ukawa = −hν
(
νe e

)

L

(
φ0

φ−

)
NR + h.c.

mD = hνv/
√
2 hν v = 246

hν ! 10−11 mν ∼ 1

he ∼ 10−6

ψ∗ = ψ = ψc

ψc

γµ(i∂µ − eAµ −m)ψ = 0 ( − e)

γµ(i∂µ + eAµ −m)ψc = 0 ( + e)



PL,R ≡ 1∓γ5

2

PL,R(ψL + ψR) = PL,R[(ψc)L + (ψc)R]
PL,R−→

{
ψL = (ψc)L = (ψR)c ≡ ψc

R

ψR = (ψc)R = (ψL)c ≡ ψc
L

ψ = ψL + ψc
L .

νcL

νL
νLνL = νcLν

c
L, = 0

Lmass = −
1

2
mLνν = −1

2
mL(ν

c
LνL + νLν

c
L)

ν = νL + νcL
ν = νc νL SU(2)

∆I = 1 mL

NR

νRνR = νcRν
c
R, = 0

Lmass = −
1

2
mR(N

c
RNR +NRN

c
R) ,

SU(2) ∆I = 0

LM = −1

2
mLν̄Lν

c
L −

1

2
mRN̄RN

c
R + h.c.

L R c



˜ 2× 2

˜ =

(
0 0

0 100

)

ε
˜

M =

(
ε ε

− ε ε

)(
0 0

0 100

)(
ε − ε

ε ε

)

=

(
100 ε 100 ε ε

−100 ε ε ε

)

ε ∼ 2 ε = 0.99939

ε = 0.03490

M =

(
0.122 3.488

−3.488 99.878

)

m22

√
(100 ε)( ε)

m11 m22

m22 0 m12 > m11

M M



Lmass =

(
−1

2
mLν̄Lν

c
L −

1

2
mRN̄RN

c
R + h.c.

)
+mD(νLνR + νRνL)

= −1

2

(
ν̄L N̄ c

R

)
M
(

νcL
NR

)
+ h.c.

M ≡
(

mL mD

mD mR

)

M̃ =

(
mν 0

0 M

)

Lmass = −
1

2

(
ν̄ N̄

)
M̃
(

ν

N

)

ν N

νL NR

ν N

M̃
mν M

M̃ (νN)T

(νN)T ( νcL NR )

(νN)T

M M̃
(νN)T ( νcL NR )T

M ≈ mR 0 mD > mL ≈ 0



mR
M

mL
M

mD m2
D =

mRmL mD

mR mL

M (
mL − λ mD

mD mR − λ

)
= 0

λ± =
1

2
(mL +mR)±

1

2

√
(mL +mR)2 − 4(mLmR −m2

D) .

mLmR = m2
D



λ+ = mL +mR ≡M

λ− ≡ mν = 0

λ+
(

mL − (mL +mR) mD

mD mR − (mL +mR)

)(
νcL
NR

)
= 0

νcL = (mD/mR)NR

N =

(
mD
mR

1

)
=

mD

mR

(
1

0

)
+

(
0

1

)
=

mD

mR
νcL +NR .

N = (NR +N c
R) +

mD

mR
(νL + νcL) .

λ−

ν = (νL + νcL)−
mD

mR
(NR +N c

R) .

mR 0 mD

N M

NR

N ν mν ∼ 0

νL νcL
mL mR mD

mL ≈ 0 ( )

mR ≈M



(mR 0 mD)

mR mD

M̃
mν = 0

M̃ =

(
0 0

0 M

)

(νN)T

mR 0 mD

U(1)

U(1)

νL → eiϕνL .

νcL = CνTL

LM
mass =

1

2
m
(
νTLC†νL + ν†LCν

∗
L

)
,

LM
mass −→

1

2
m
(
e2iϕνTLC†νL + e−2iϕν†LCν

∗
L

)
.

L = ±1

U(1)



[E]3/2 [E]

L5 =
g

M
(
ψT
Lσ2φ

)
C† (φTσ2ψL

)
+ h.c.

σ2 M

g ψL =

(
νL
eL

)
φ =

(
φ+

φ0

)

φ =

(
φ+

φ0

)

−−−−−−−−−−−−−−−−→
1√
2

(
0

v +H

)
,

L5 νL

LM
mass =

1

2

gv2

M νTLC†νL + h.c. .

L5

[E]5

[ g
M ] = [E]−1

SU(N)

xµ



xµ = xµ(xν) , µ, ν = 1, ..., 4

dxµ ∂/∂xµ

dxµ −→ dxµ =
∂xµ

∂xν
dxν ≡ G−1(x)dxν

∂

∂xµ
−→ ∂

∂xµ
=

∂xν

∂xµ
∂

∂xν
≡ G(x)

∂

∂xν

x = x(x)

G−1(x)

G(x)

G(x) G−1(x)

G(x)

φ(x) = φ(x) scalare

Aµ(x) =
∂xν

∂xµ
Aν(x)

A
µ
(x) =

∂xµ

∂xν
Aν(x)

T
µν
(x) =

∂xµ

∂xα
∂xν

∂xβ
Tαβ(x) .

SU(N)

GL(4)

4× 4

∂µAν

∂A
µ

∂xν
=
∂xα

∂xµ
∂xβ

∂xν
∂αAβ +

∂xσ

∂xν
∂2xµ

∂xσ∂xρ
Aρ



Γλ
µν Dµ

DµAν ≡ ∂µAν + Γλ
µνAλ

DµA
ν ≡ ∂µA

ν − Γν
µλA

λ

(DµAν) =

(
∂xα

∂xµ
∂xβ

∂xν

)
DαAβ

Γ
λ
µν(x) =

∂xα

∂xµ
∂xβ

∂xν
∂xλ

∂xγ
Γγ
αβ +

∂xσ

∂xµ
∂xρ

∂xν
∂2xλ

∂xσ∂xρ
.

[Dµ, Dν ]Aλ = Rρ
µνλAρ

Rρ
µνλ ≡ ∂µΓ

ρ
νλ − ∂νΓ

ρ
µλ + Γρ

νσΓ
σ
µλ − Γρ

µσΓ
σ
νλ

Aλ

Rρ
µνλAρSµν Sµν

Rρ
µνλδ

ν
λg

µλ ≡ R

d4x d4x

d4x = (
∂xµ

∂xν
)d4x



ψ′ = (eiθ
a(x)τa

)ψ xµ = xµ(xν)

SU(N) GL(4),

U(x) = (eiθ
a(x)τa

) G(x) = ∂xν

∂xµ

Aµ Γλ
µν

Aµ → Aµ = − i
g (∂µU)U−1 + UAµ(x)U

−1 Γλ
µν → Γ

λ
µν

Gµν Rρ
µνλ

Gµν = [Dµ, Dν ] Rρ
µνλAρ = [Dµ, Dν ]Aλ

√
−gd4x =

√
−g

√
−g(x) = (

∂xµ

∂xν
)
√
−g(x)

gµν

S =

ˆ
d4x
√
−gR

S

Rµν −
1

2
gµνR = 0

gµν
g00 ∼ 1 + φ



Rµν −
1

2
gµνR = 0 −→ ∇2φ = 0

GL(4)

V ierbein : eaµ(x)

eµa(x)

eaµe
a
ν = gµν

eaµ = gµνeaν

eaµe
aµ = δab

γa

{γa, γb} = 2ηab



γaeaµ = γµ(x)

{γµ, γν} = 2gµν(x)

ψ(x)

Trasformazioni di coordinate : ψ → ψ

Trasformazioni di Lorentz : ψ → eiε
ab(x)σabψ

εab σab
i
2 [γa, γb] ψ

ωab
µ ωab

µ → ωab
µ − ∂µεab

"µψ = (∂µ +
1

4
ωab
µ σab)ψ

(iγµ"µ −m)ψ = 0

L =− 1

2k2
√
−g R+ eψ(iγµ"µ −m)ψ

e ≡ det eaµ =
√
−g

ωab
µ

"µe
a
ν = ∂µe

a
ν + Γλ

µνe
a
λ + ωab

µ ebν = 0

Γρ
µν

ωab
µ



ωab
µ =

1

2
eaν
(
∂µe

b
ν − ∂νebµ

)
+

1

4
eaρebσ

(
∂σe

c
ρ − ∂ρecσ

)
ecµ − (a↔ b) .



∗

ψ̄(/∂ + /A)ψ



R
x p

E = p2

2m + k
2x

2.

C∞(R )

x p

[x, p] = i"1.

A
·∗

·∗

(ab)∗ = b∗a∗, 1∗ = 1

a∗∗ = a.

A

∆x∆p ≥ "/2

"/2 ∆a a ∈ A
A H

π : A→ (H)

H = L (R) ψ(x)

H = H∗ ∈ A

(
i" ∂
∂t
− ρ(Ĥ)

)
ψ(x, t) = 0



/∂ψ = 0

ψ
/∂

A /∂ ∈ End(H)

A,H, /∂)

A
H A

/∂ H

A C C
αa + βb α,β ∈ C a, b ∈ A A



A × A→ A (a, b) ∈ A × A→ab ∈ A

a(b+ c) = ab+ ac, (a+ b)c = ac+ bc, ∀a, b, c ∈ A

ab 7= ba

A
A ∗ − algebra ∗ : A→ A

a∗∗ = a ,

(ab)∗ = b∗a∗

(αa+ βb)∗ = ᾱa∗ + β̄b∗

a, b ∈ A α,β ∈ C ·̄

A ‖.‖ : A→ R
a, b ∈ A α ∈ C

‖a‖ ≥ 0, ‖a‖ = 0 ⇔ a = 0

‖αa‖ = α‖a‖
‖a+ b‖ ≤ ‖a‖+ ‖b‖
‖ab‖ ≤ ‖a‖‖b‖

topologia uniforme U

a ∈ A

∀ε > 0, Uε(a) = {b ∈ A| ‖a− b‖ < ε}

∗−algebra ∗−algebra

‖a∗‖ = ‖a‖, ∀a ∈ A

C∗−algebra A ∗−algebra ‡

‖a∗a‖ = ‖a‖2, ∀a ∈ A
‡



C∗ C0(M)

M
∗

|| f ||∞ =
∈

|f(x)| .

C∗ B(H)

H || · ||H ∗

||B|| = {||Bχ||H |χ ∈ H, ||χ||H ≤ 1} .

H n B(H)

Mn(C) M, n × n M∗

M

||B|| = M∗M .

C(M)

M C∗−
C∗− C

M C M

C∗−
‡

C∗− C Ĉ spazio struttura

C C
C∗− C

ϕ : C →C | ∀a, b ∈ C ϕ(ab) = ϕ(a)ϕ(b)

‡



Ĉ caratteri.

ϕ(I) = 1.

Ĉ C
C ϕn ∈ Ĉ

ϕ ∈ Ĉ a ∈ C {ϕn(a)} ϕ(a)

C. C Ĉ
C Ĉ

Ĉ idealemassimale C
C∗− C

φ ∈ Ĉ
C = ker(φ) ⊕ C Ker(φ) C.

I C
C C/I C ;/I ∼= C,

C → C/I φ ∈ Ĉ

C =C , C < =

(
λ1

λ2

)

π : C →C

π(a) = λ1

φ C
φ(a) = λ1

I = {a =

(
0

λ

)
}

• •



C =C , A < =





λ1
λ2

λn





• • • • · · · •

c ∈ C trasformata di Gel′fand ĉ

Ĉ
ĉ : ϕ ∈ Ĉ → ĉ(ϕ) ∈ C, ĉ(ϕ) = ϕ(c)

ĉ c. C
Ĉ C

Ĉ c ∈ C.

C C∗− c → ĉ

C in C
(
Ĉ
)
;

||ĉ||∞ = ||c|| , ∀c ∈ C

|| · ||∞ C
(
Ĉ
)

M

C∗ − algebra C(M)

Ĉ ( ) M

m ∈M φm ∈ C ( )

φm : C(M)→ C, φm (f ) = f(m)

Im = ker(φm)



C(M) M

φm Ĉ(M)

C(M) Im m ∈M

C∗

C∗

∗

A
M

Â
A (A)

Â
Prim(A)

E → M M

E = Γ(E,M)

C∞(M) M.

M

A =C∞(M) E C∞(M)

E = Γ(M,E) E E
C∞(M) Em E m ∈ M Em = E/EIm

Im ⊂ C(M) Im = {f ∈ C∞(M) | f(m) = 0}.



m M V (m)

M

M.

M E

π

π : E →M

π 1(m) fibra m ∈ M

m

m M Um ≡
U(m) ⊂M k φm

φm : Um × Rk → π−1(Um)

x ∈ Um v ∈ Rk

π ◦ φm(x, v) = x

v →φm(x, v) Rk

π−1(x)

U φ

π

U × Rk U

π : E → M sezione

s : M → E π ◦ s = identitàM



M

M Γ(M,E).

m M V (m) = V = cost.

V m M

M×V M.

M = S1, U ×R U

S1 U ×R
S1 × R

A

A C E C
A

A× E < (a, η)→ aη ∈ E
ab(η) = a(bη), (a+ b)η = aη + bη, a(η + ξ) = aη + aξ

η, ξ ∈ E a, b ∈ A.



A

E ×A < (η, a)→ ηa ∈ E
(η)ab = (ηa)b, η(a+ b) = ηa+ ηb, (η + ξ)a = ηa+ ξa

η, ξ ∈ E ; a, b ∈ A.

A E

(aη)b = a(ηb), ∀η ∈ E , a, b ∈ A

{en} E
E

∑

n

enan

an ∈ A {en}
E

η ∈ E
∑

n enan

E A

E F
E ′

F = E ⊕ E ′

M, N A ρ : M→ N
λ : E → N λ̃ :



E →M ρ ◦ λ̃ = λ.

id : M ←→ M

λ̃ ↑ ↓ ρ

λ : E −→ N

ρ ◦ λ̃ = λ

A
E ρ : AN → E

AN N A
A λ̃ : E → AN

id : AN ←→ AN

λ̃ ↑ ↓ ρ

id : E −→ E

ρ ◦ λ̃ = idE

p ∈ EndAAN + MN (A)

N ×N A

p = λ̃ ◦ ρ.

p2 = λ̃ ◦ ρ ◦ λ̃ ◦ ρ = λ̃ ◦ ρ = p p

AN

AN = pAN ⊕ (I− p)AN

ρ λ̃ E pAN

E
p ∈ MN (A), p2 = p, E = pAN

E pAN



E A
p

E = {ξ = (ξ1, ξ2, ..., ξN ) ; ξ ∈ A, pξ = ξ}.

M E A =C∞(M)

Γ(E,M) E →M, E

A = C∞(M) N p ∈ MN (A)

Γ(E,M) Γ(E,M) = pAN

C∗− A

A
E A
〈 , 〉A : E × E → A

〈η1, η2a〉A = 〈η1, η2〉A a

〈η1, η2〉∗A = 〈η2, η1〉A
〈η, η〉A ≥ 0 , 〈η, η〉A = 0⇔ η = 0 ,

η1, η2, η ∈ E , a ∈ A ·A
A.

η ∈ E

||η||A ≡
√

|| 〈η, η〉 ||



A E
|| · ||A E A η1, η2 ∈ E

{〈η1, η2〉A}
〈η1, η2〉A A.

A E

A C∗− A

〈 , 〉A : E × E −→ A, 〈a, b〉A ≡ a∗b , ∀a, b ∈ A.

A
||a||A =

√
|| 〈a, a〉A || =

√
||a||2 = ||a||.

A = C(M).

〈a, b〉 (x) = a∗(x) b(x)

AN (a1, ..., an) ∈ AN

〈(a1, ..., an), (b, ..., bn)〉A ≡
∑

k a
∗
kbk

(a1, ..., an)a ≡ (a1a, ..., ana)

a, ak, bk ∈ A.

||(a1, ..., an)||A ≡ ||
∑

k

a∗kak||

AN A

Γ(E,M) A = C(M)

M

E → M, Γ(E,M) C(M)



〈 , 〉Ep
: Ep × Ep → C Ep

C(M) Γ(E,M)

〈η1, η2〉 (p) = 〈η1(p), η2(p)〉Ep
, ∀η1, η2 ∈ Γ(E,M), p ∈M

C∗ − .

A B C∗−
E A
〈 , 〉A B

B 〈 , 〉B

E

〈η, ξ〉B χ = η 〈ξ,χ〉A , ∀η, ξ,χ ∈ E ;

B E
〈 , 〉A 〈bη, bη〉A ≤ ||b||2 〈η, η〉A

A E 〈 , 〉B
〈ηa, ηa〉B ≤ ||a||2 〈η, η〉B

A =MN (C)
B = C. MN (C) − C E = CN MN (C) E

C

ub = (u1b, ..., uNb)

au = aijuj

u ∈ CN , a ∈ MN (C), b ∈ C u, v ∈ E =

CN

〈u, v〉C ≡
∑

i uivi
〈u, v〉MN (C) ≡ |u 〉〈 v| = uivj

〈u, v〉MN (C)w = u 〈v, w〉C
∑

j uivjwj





K(H) B(H) C∗−
H



T H
T

∀ε > 0, ∃ E ⊂ H | ||TE⊥ || < ε.

K(H) B(H)

I

T H. H
{φn}n∈N

Tφn = λnφn λn → 0 n→∞.

T H {φn}n∈N {ψn}n∈N
H T

T =
∑

n≥0

µn(T ) |ψn 〉〈φn| ,

0 ≤ µj+1 ≤ µj

T = U |T | |T | =
√
T ∗T

{µn(T )}
|T | {φn} ψn = Uφn {µn(T )}

T, µ0(T ) = ||T ||.

T ∈ K(H)

µn(T ) n→∞.

α ∈ R+ α T ∈ K(H)



µn(T ) = O(n−α), n→∞,

∃C <∞ :
µn(T )

nα
≤ C, ∀n ≥ 1.

L1

T ∈ L1

(T ) ≡
∑

n

〈T ξn, ξn〉 ,

{ξn}n∈N
T. (T ) =

∑∞
n=0 µn(T ).

L1

C |µn(T ) ≤ C k−1 L1

N−1∑

n=0

µn(T ) ≤ C N

L(1,∞) T ∈ L(1,∞)

(T ) =
→∞

1

N

N−1∑

0

µn(T ).



rω(T ) = ω
1

N

N−1∑

0

µn(T )

∀T ≥ 0, T ∈ L(1,∞) γN (T ) ≡
1
N

∑N−1
0 µn(T )

ω

l∞(N)

ω{γ } ≥ , γ ≥ .

ω{γ } = {γ }, {γ }

ω{γ1, γ1, γ2, γ2, γ3, γ3, ...} = ω{γN}.

ω{γ } = ω{γ }

{γN}
H

ω

(A,H, D) A
H D = D∗

H

(D − λ)−1 λ /∈ R H

[D, a] ≡ Da− aD ∈ B (H), ∀a ∈ A.



H Z2

γ H γ = γ∗, γ2 = 1,

γD +Dγ = 0,

γa− aγ = 0, ∀a ∈ A

H

H =
(1 + γ)

2
H⊕(1− γ)

2
H = HL ⊕HR

D

D

|λk|→∞ k →∞. (D − λ)−1

µk((D − λ)−1) → 0 |λk| = µk(|D|) → ∞.

D

D

(A,H, D) n |D|−1

1/n |D|−n

A
ˆ

a ≡ ω( | |− ).

|D|−n a L(1,∞)

|D|−n

A. |D|−n

µj ≤ C j−1 j →∞ C

ˆ
I = ω| |− = ω

−∑

=

µ (| |− ) = ω

−∑

=

=

C |D|−n



A

A S(A).

d(φ,χ) =
a∈A

{|a(φ)− a(χ)| : || [D, a] || ≤ 1}, ∀φ,χ ∈ S(A) .

A = C2 < a =

(
λ1 0

0 λ2

)
D =

(
0 m

m 0

)

m m ∈ C [D, a]

[D, a] = (λ2 − λ1)
(

0 m

m 0

)

|| [D, a] || ≤ 1

[D, a]†[D, a]

|| [D, a] || = [D, a]†[D, a] = |m|2|λ2 − λ1|2
(

1 0

0 1

)

|| [D, a] || = |m| |λ2 − λ1| ≤ 1⇒ |λ2 − λ1| ≤ | 1m
= 1, 2

1 · a = λ1

2 · a = λ2

d(1, 2) = sup{| 1(a)− 2(a) | : || [D, a] || ≤ 1}

= sup{|λ1 − λ2| : |λ1 − λ2| ≤ | 1
m
|}

= | 1
m
| .



D m → ∞ ⇒ d(1, 2) → 0 m → 0 ⇒
d(1, 2)→∞

ˆ
a = (a|D|−n)

|D| =
√
D†D =

(
|m| 0

0 |m|

)

ˆ
a = (a|D|−n) =

(
λ1

|m|n 0

0 λ2
|m|n

)
=

1

|m|n

(
λ1 0

0 λ2

)
=

1

|m|n (λ1 + λ2)

Y D

(M, g) g

Spin(n)

(A,H, D) n M

A = C∞(M) M C

H =L2(M,S) ψ M

L2(M,S) g

(ψ,φ) =

ˆ
dµ(g)ψ(x)φ(x) =

ˆ
dx
√
−g ψ(x)φ(x)

D ω = dxµωµ

g

f A H

(f ψ)(x) ≡ f(x)ψ(x) , ∀f ∈ A,ψ ∈ H



(eµa , a = 1, 2, ...n) n M (∂µ, µ =

1, 2, ...n) M

{gµν} {ηab}

gµν = eµae
ν
bη

ab , ηab = eµae
ν
b gµν.

Cl(M) M x ∈M

ClC(T ∗
xM) Γ(M, Cl(M))

∗−

γ : Γ(M, Cl(M))→ B(H),

γ(dxµ) ≡ γµ(x) = γaeµa , µ = 1, ..., n

{γµ(x)} {γa}

{γµ(x), γν(x)} = 2gµν(x) µ, ν = 1, 2, ..., n

{γa, γb} = 2ηab a, b = 1, 2, ..., n

D ≡ −iγ ◦ "s

D = γµ(x) (∂µ + ωS
µ ) = γaeµa (∂µ + ωS

µ )

"s

"s
µ = ∂µ + ωs

µ = ∂µ +
1

4
ωab
µ γ

aγb

D

D2 = "s +
1

4
RΓρ

µν

R gµν "s

"s = −gµν("s
µ"s

ν − Γρ
µν"s

ρ)

Γρ
µν



M

Γ = i−n/2γ1 · · · γn

D ΓD+DΓ = 0 Γ2 = 1 Γ∗ = Γ

i−n/2

(A,H, D) M

M A A
M

M

d(p, q) = sup
f∈A

{|f(p)− f(q)| : || [D, f ] || ≤ 1}, ∀p, q ∈M .

M
ˆ
M

f ≡ c(n) ω(f |D|−n) , ∀f ∈ A

c(n) ≡ 2(n−[n/2]−1)πn/2nΓ(
n

2
).

(C(M), L2(S,M), iγµ∂µ) C(M)

M L2(S,M)

M iγµ∂µ A = C(R), H =L2(R), D =
d
dx

x ∈ R
S(Ā)

x(f) = f(x), ∀x ∈ S(A), f ∈ C(R).



x y S(A)

d(x, y) = sup{|f(x)− f(y)| : || [ d
dx

, f ] || ≤ 1}

= sup{|f(x)− f(y)| : |f ′(x)| ≤ 1}
= |x− y|

R

J : H→ H

(A,H, D) n

J : H→ H

1a. J2 = ε(n)I
1b. JD = ε′(n)DJ

1c. Jγ = (−)n/2γJ

ε(n) ε′(n)

ε(n) = (1, 1,−1,−1,−1,−1, 1, 1) ,
ε′(n) = (1,−1, 1,−1, 1,−1, 1, 1) , n = 0, 1, ..., 7



∀a, b ∈ A ∃b0 : b0 = Jb∗J−1

[a, b0] = 0 2.a

[[D, a], b0] = 0 2.b

2a

J H
A

aξb ≡ aJb∗J−1ξ , ∀a, b ∈ A

a ∈ A H Ja∗J−1

J C

Jψ = Cψ ≡ γ0γ2ψ , ∀ψ ∈ H

1− 2

n

(A,H, D) J

n

1/n

a ∈ A a [D, a]

δk k δ B(H)

δ(T ) = [|D|, T ]



H∞ ≡ ∩k (Dk)

A

J A

γ n

c

γ = πD(c)

p (n−p)

A
M

(A,H, D, J, γ) A

M (C∞(M), L2(M,S), , C, γ5)

(A,H, D, J, γ)

(A,H, D)

A.

A C.
ΩA = ⊕pΩpA

0 A Ω0A = A Ω1A



A δa, a ∈ A

δ(ab) = (δa)b+ aδb , ∀a, b ∈ A
δ(αa+ βb) = αδa+ βδb , ∀α,β ∈ C

δ(a) = δ(Ia) = (δI)a + Iδa ⇒
δI = 0.

ω ∈ Ω1A

ω =
∑

i

aiδbi , ai, bi ∈ A.

δ : A→Ω1A ,

A Ω1A.

p ΩpA

ΩpA = Ω1AΩ1A · · ·Ω1A︸ ︷︷ ︸
p−volte

(a0δa1)(b0δb1) ≡ a0(δa1)b0(δb1)

= a0δ(a1b0)δb1 − a0a1δb0δb1

ΩpA

ω = a0δa1δa2 · · · δap , ai ∈ A.

ΩA
δ δ : ΩpA→ Ωp+1A

δ(a0δa1δa2 · · · δap) ≡ δa0δa1δa2 · · · δap .

δ2 = 0 ,

δ(ω1ω2) = δ(ω1)ω2 + (−)pω1δω2 , ω1 ∈ ΩpA, ω2 ∈ ΩA.



ΩA
δ p

Hp(ΩA) ≡ (δ : ΩpA→ Ωp+1A)/ (δ : Ωp−1A→ ΩpA)

H0(ΩA) = C.

ΩA
A⊗A

(m : A⊗A→ A) , m(a⊗ b) ≡ ab.

1 ⊗ a − a ⊗ 1 a ∈ A.∑
aibi = m(

∑
ai⊗bi) = 0

∑
ai⊗bi =

∑
ai(1⊗bi−bi⊗1)

δ : A→ (m : A⊗A→ A) δa ≡ 1 ⊗ a − a ⊗ 1

δ(ab) = (δa)b+ a(δb). Ω1A (m : A⊗A→ A)

Ω1A + ker(m : A⊗A→ A)

δa ↔ 1⊗ a− a⊗ 1
∑

aiδbi ↔
∑

ai(1⊗ bi − bi ⊗ 1)

Ω1A (m : A⊗A→ A) δ

δ : A −→Ω1A, δa = 1⊗ a− a⊗ 1 .

A = C(M) M

C A⊗A S(M ×M)

A
f ∈ A (x1, x2) ∈ S(M ×M)

δf · (x1, x2) ≡ (1⊗ f − f ⊗ 1)(x1, x2) = f(x2)− f(x1).

Ω1A
ΩpA f p + 1

f(x1, · · · , xk−1, xk+1, · · · , xp+1) = 0.

δf(x1, · · · , xp) ≡
p+1∑

k=1

(−)k−1f(x1, · · · , xk−1, xk+1, · · · , xp+1) .



(A,H, D)

πD : ΩA −→ B(H) , ΩA = ⊕pΩpA
πD(a0δa1 · · · δap) ≡ a0[D, a1] · · · [D, ap] , aj ∈ A

δ [D, ·] A.

(δa)∗ ≡ −δa∗ [D, a]∗ = −[D, a∗] πD(ω)∗ = πD(ω∗) ω ∈ ΩA
π

πD(ΩA)

πD(ω) = 0 πD(δω) = 0.

πD(ω) = 0 πD(δω) 7= 0

πD
ΩA J0 ≡ ⊕pJ

p
0

Jp
0 ≡ {ω ∈ ΩpA, π(ω) = 0 }

J = J0 + δJ0 ΩA.

A

ΩDA ≡ ΩA/J + πD(ΩA)/πD(δJ0).

ΩD(A) ΩA J

Ωp
DA = ΩpA/Jp.

J δ

ΩDA
d : Ωp

DA −→ Ωp+1
D A , d [ω] ≡ [δω] + [πD(δω)]

ω ∈ ΩpA [ω] Ωp
DA Ωp

DA

Ωp
D + πD(Ω

pA)/πDδ((J0 ∩ Ωp−1A))



ωp =
∑

j

aj0[D , aj1][D , aj2] · · · [D , ajp] , aji ∈ A.





∑

j

[D , bj0][D , bj1] · · · [D , bjp−1] , bji ∈ A
∑

bj0j [D , bj1][D , bj2] · · · [D , bjp−1] = 0






d




∑

j

aj0[D , aj1][D , aj2] · · · [D , ajp]



 =




∑

j

[D , aj0][D , aj1] · · · [D , ajp]





A = C⊕ C < a =

(
λ1IdimHL 0

0 λ2IdimHR

)

H = HL⊕HR < ψ =

(
ψL

ψR

)

γ =

(
−I HL 0

0 I HR

)

D =

(
0 M

M∗ 0

)

Y = {1, 2} d(1, 2) = 1
Λ Λ

M∗M

Ω1A Y × Y

Y × Y (1, 2) (2, 1)

Ω1A
e e(1) = 1 e(2) = 0 (1 − e)(1) = 0, (1 − e)(2) = 1.



eδe, (1− e)δ(1− e) .

eδe(1, 2) = −1 (1− e)δ(1− e)(1, 2) = 0

eδe(2, 1) = 0 (1− e)δ(1− e)(2, 1) = 0

eδe(2, 1) = e[(1 × e)(2, 1) − (e × 1)(2, 1)] = e[2e(1) − e(2)1] = e(2) = 0

α ∈ Ω1A α = λeδe+µ(1−e)δ(1−e)
λ, µ ∈ C. δ : A→ Ω1A

a ∈ A

δa = (λ1 − λ2)eδe− (λ1 − λ2)(1− e)δ(1− e) = (λ1 − λ2)δe .

π(eδe) ≡ e[D, e] =

(
e(1)IH1 0

0 e(2)IH2

)(
0 [e(2)− e(1)]M

−[e(2)− e(1)]M∗ 0

)
=

(
0 −M
0 0

)

π((1− e)δ(1− e)) ≡ (1− e)[D, 1− e] =

(
0 0

−M∗ 0

)

α = λeδe+ µ(1− e)δ(1− e)

π(α) = λπ(eδe) + µπ((1− e)δ(1− e)) =

(
0 λM

−µM∗ 0

)

λ µ λ ≡ 1− ϕ µ ≡ 1− ϕ∗.

π(eδeδe) ≡ e[D, e][D, e] =

(
−MM∗ 0

0 0

)

π((1− e)δ(1− e)δ(1− e)) ≡ (1− e)[D, 1− e][D, 1− e] =

(
0 0

0 −M∗M

)
.



π(δα)

π(δα) = λπ(eδeδe) + µπ((1− e)δ(1− e)δ(1− e)) = −(λ+ µ)

(
MM∗ 0

0 M∗M

)

(A,H, D) n

f ∈ A

π(δf) ≡ [D, f ] = γµ(x)∂µf = γ(dMf) ,

γ : Γ(M,C(M)) −→ B(H) ∗ dM
M fj ∈ A

π(f0δf1...δfp) ≡ f0[D, f1]...[D, fp] = γ(f0dMf1 · ... · dMfp) ,

dMfj Cl1(M)

fj Cl0(M)

· C(M) = ⊕kCk(M)

M
∑

j f
j
0dMf j

1 f j
0 , f

j
1 ∈ A,

Ω1
DA

Λ1(M)

Ω1
DA + Λ1(M) .

Ω1
DA B(H)

γ Λ1(M)

f ∈ A,

α =
1

2
(fδf − (δf)f) 7= 0 ,

δα = δfδf .



πD(α) =
1

2
γµ(f∂µf − (∂µf)f) = 0 ,

πD(δα) = γµγν∂µf∂νf =
1

2
(γµγν + γνγµ)(∂µf∂νf) = −gµν∂µf∂νf I2n/2 7= 0

δα

A δα

n

(A,H, D) ΩDA = ⊕p Ω
p
DA

A

Ω1
DA θ ∈ Ω2

DA

θ = dA+A2 .

A A =
∑

j aj [D, bj ] , aj , bj ∈ A
A A∗ = A A

dA ∈ Ω2
DA

dA =
∑

j [D, aj ][D, bj ] θ

A A2 dA

dA− (dA)∗ =
∑

j

[D, aj ] [D, bj ]−
∑

j

[
D, a∗j

] [
D, b∗j

]
.

A∗ = −
∑

j

[
D, b∗j

]
a∗j = −

∑
j

[
D, b∗ja

∗
j

]
+
∑

j b
∗
j

[
D, a∗j

]
A∗ − A = 0

j2 ≡ dA − (dA)∗ 7= 0

dA− (dA)∗ = 0 θ

U(A) A

U(A) A

A −→ Au ≡ uAu∗ + u[D, u∗] , u ∈ U(A) .



F

θu = dAu + (Au)2

= duAu∗ + udAu∗ − uAdu∗ + du[D, u∗] + uA2u∗ +

+uA[D, u∗] + u[D, u∗]uAu∗ + u[D, u∗]u[D, u∗]

= ...

= u(dA+A2)u∗,

du = [D,u] udu∗+(du)u∗ = 0 d(u∗u) = 0.

(θ, u) −→ θu = uθu∗,

SB(A) = 〈θ, θ〉2 = ω(θ
2|D|−n) .

A ∈ Ω1
DA U(A)

SF (A, ψ) ≡ 〈ψ, (D +A)ψ〉H , ∀ψ ∈ (D) ⊂ H, A ∈ Ω1
DA ,

(D +Au)u = ((D + u [D,u∗] + uAu∗)u

= Du+ u(Du∗ − u∗D)u+ uA

= uDu∗u+ uA

= u(D +A)

〈ψu, (D +Au)ψu〉 = 〈ψu∗, (D +Au)uψ〉 = 〈ψu∗, u(D +A)ψ〉 = 〈ψ, (D +A)ψ〉

SF U(A)



D + A

J

uψ = uψu† = uJ uJψ = Uψ .

U ≡ uJ uJ

uA = uAu† + u[D, u†] ,

D +A = γµ(∂µ + giAiµ) DA

D +A ⇒ DA ≡ D +A+ JAJ .

DA −→ UDAU
∗ = UDU∗ + UAU∗ + UJAJU∗

ψDAψ

A = C⊕ C
H = HL⊕HR < ψ
γ = diag(−I H1 , I H2)

D =

(
0 M

M∗ 0

)

A A ∈ Ω1
DA

A = πD(α) = λπD(eδe) + µπD((1− e)δ(1− e)) =

(
0 λM

−µM∗ 0

)



λ = (φ− 1) µ = (φ∗ − 1)

θ (δα+ α2)

α2 =

(
0 λM

−µM∗ 0

)(
0 λM

−µM∗ 0

)
= −λµ

(
MM∗ 0

0 M∗M

)

δα = −(λ+ µ)

(
MM∗ 0

0 M∗M

)

θ

θ = −(λ+ µ+ λµ)

(
MM∗ 0

0 M∗M

)

SB(A) = (θ2) = 2(|φ| − ) (M∗M)2 .

U(A) = U(1) × U(1) A

u =

(
u1 0

0 u2

)
, |u1|2 = 1 , |u22| = 1

A Au = uAu∗+udu∗

u∗1u2 φ

Au =

(
0 (φu∗1u2 − 1)M

(u∗2u1φ− 1)M∗ 0

)

SB(A)

SB(A)

φ



SF (A,ψ) = 〈ψ, (D +A)ψ〉 ∀ψ ∈ (D) ⊂ H, A ∈ Ω1
DA .

A

D +A =

(
0 φM

φ∗M∗ 0

)

ψ =

(
ψL

ψR

)

SF (A,ψ) = ψ∗
LφMψR + ψ∗

2φ
∗M∗ψL .

U(A)



SU(2)L × SU(2)R → U(1)× U(1)
‡

gµν = (1, 1, 1, 1)

m(ψRψL + ψLψR) ψ ψ†



A =C∞(M)⊗ (H⊕H) = (C∞(M)⊗H))⊕ (C∞(M)⊗H) ,

M

H ⊕ H a ∈ A qL
qR H A

ρ(qL, qR) =

(
qL 0

0 qR

)

H =(L2(M,S)⊗ C2)⊕ (L2(M,S)⊗ C2) ≡ HL ⊕HR ,

C2

SU(2)

SU(2)

ψ =

(
ψL

ψR

)
=





ξL

(
χ1

χ2

)

ξR

(
χ1

χ2

)





ψL,R = χ ⊗ ξL,R χ ∈ L2(M,S) ξL,R ∈ C2 qL ψL

qR ψR

D

D = /∂ ⊗ I+ γ5 ⊗DF ,

DF =

(
0 M

M† 0

)
.

D =

(
/∂ ⊗ I2 γ5M
γ5M† /∂ ⊗ I2

)

ψ



M =

(
mI2 0

0 mI2

)

γ5

c
L,R L,R J

H SU(2)

M3(C) SU( , C U(1)

Ω1
D = (Ω1

D(M)⊗ Ω0
D(Z2))⊕ (Ω0

D(M)⊗ Ω1
D(Z2))

A Ω1
D

θ θ = dA+A2

A ∈ Ω1
D

A

A =
∑

i

ai [D, bi]

=

(
aLi 0

0 aRi

)[(
/∂ ⊗ I2 γ5M
γ5M† /∂ ⊗ I2

)
,

(
bLi 0

0 bRi

)]

=

(
aLi 0

0 aRi

)(
(/∂bLi ) γ5(MbRi − bLi M)

γ5(M†bLi − bRi M†) (/∂bRi )

)

=

(
aLi (/∂b

L
i ) γ5aLi (MbRi − bLi M)

γ5aRi (M†bLi − bRi M†) aRi (/∂b
R
i )

)

γ5



aL(R), bL(R)

[
/∂, bLi

]
= /∂bLi

bLi A

A = A†

A =

(
/AL γ5(φ− φ0)

γ5(φ† − φ†0) /AR

)

/A
L(R) ≡ γµAL(R)

µ φ

AL(R)
µ ≡

∑

i

aL(R)
i ∂µb

L(R)
i , φ− φ0 ≡ aLi (MbRi − bLi M)

φ0
SU(2)

dA = dA†

dA = [D,A] =

(
/∂ /AL + γ5Mγ5(φ† − φ†0)− γ5(φ− φ0)γ5M† −γ5/∂(φ− φ0) + γ5M /AR − /ALγ

5M
γ5M† /AL − /ARγ

5M† − γ5/∂(φ† − φ†0) /∂ /AR + γ5M†γ(φ− φ0)− γ5(φ† − φ†0)γ5M

)

γ5M = −Mγ5 γ5φ = −φγ5

dA =

(
/∂ /AL −γ5/∂(φ− φ0)

−γ5/∂(φ† − φ†0) /∂ /AR

)

A2

A2 =

(
/AL /AL + γ5(φ− φ0)γ5(φ† − φ†0) /Alγ

5(φ− φ0) + γ5(φ− φ0) /AR

γ5(φ† − φ†0) /AL + /ARγ
5(φ† − φ†0) /AR /AR + γ5(φ† − φ†0)γ5(φ− φ0)

)



θ =

(
/∂ /AL + /AL /AL + γ5(φ− φ0)γ5(φ† − φ†0) −γ5/∂(φ− φ0) + /ALγ

5(φ− φ0) + γ5(φ− φ0) /AR

−γ5/∂(φ† − φ†0) + γ5(φ† − φ†0) /AL + /ARγ
5(φ† − φ†0) /∂ /AR + /AR /AR + γ5(φ† − φ†0)γ5(φ− φ0)

)

Fµν ≡ ∂µAν − ∂νAµ + [Aµ, Aν ]

γµν ≡ 1
2 [γµ, γν ] /Dφ ≡ (/∂+ /AL)φ−φ /AR

θ

θ =

(
1
2γµνF

µν
L + (φφ† − φ0φ†0) −γ5 /Dφ
γ5( /Dφ)† 1

2γµνF
µν
R + (φ†φ− φ†0φ0)

)

θ11

/∂ /AL + /AL /AL = γµγν(∂
µAν +AµAν)

= (γµν + gµν)(∂
µAν +AµAν)

=
1

2
(γµν − γνµ)(∂µAν +AµAν) + gµν(∂

µAν +AµAν)

=
1

2
γµν(∂

µAν − ∂νAµ +AµAν −AνAµ) + gµν(∂
µAν +AµAν)

=
1

2
γµνF

µν + gµν(∂
µAν +AµAν)

gµν(∂µAν +AµAν)

SB =
1

N θ2 =

ˆ
d4x [

1

4
Fµν
L FL

µν +
1

4
Fµν
R FR

µν + (Dφ)†Dφ+ (φφ† − φ0φ†0)
2] .

V (φ,φ†) = (φφ† − φ0φ
†
0)

2 |φmin|2 = φ20
A u−1Au + u−1[D,u] u

SU(2) φ



H SU(2)

φ = aLi (MbRi − bLi M)

=

(
x −y∗

y x∗

)[(
m 0

0 m

)(
x′ −y′∗

y′ x′∗

)
−
(

x′′ −y′′∗

y′′ x′′∗

)(
m 0

0 m

)]

=

(
m(xx′ − xx′′ + y∗y′′ − y∗y′) −m(xy′∗ − xy′′∗ + y∗x′∗ − y∗x′′∗)

m(yx′ − yx′′ − x∗y′′ + x∗y′) m(yy′′∗ − yy′∗ + x∗x′∗ − x∗x′′∗)

)

≡ m

(
h1 −h∗2
h2 h∗1

)
≡ ĥM .

φ

ψL(M+ φ)ψR

M+ φ = m

(
h1 + 1 −h∗2
h2 h∗1 + 1

)

≡
(

H1 −H∗
2

H2 H∗
1

)

M+ φ ≡ H

ψL(M+ φ)ψR = ψLHψR

V (φ,φ†) =
[
(φ+ φ0)(φ† − φ†0)

]2

H

V (H) =
[
(H −M+ φ0)(H

† +M† − φ†0)
]2

=
[
(H −M+ φ0)(H

† +M† − φ†0)
]2

= (HH† −H0H
†
0)

2

H

(
H1

H2

)



SU(2) H

LH = (Dφ)†Dφ+ (HH† −H0H
†
0)

2 + (ψLHψR + ψRH
†ψL)

SF =
〈
ψ | D +A | ψ

〉

= ψL(/∂ + /AL)ψL + ψL(/∂ + /AR)ψL + (ψLHψR + ψRH
†ψL) .

A

A =C∞(M)⊗AF ,

C∞(M) M AF

AF = M3(C)⊕H⊕ C

G = U(3)× SU(2)× U(1)

U(1) C
SU(2) H ≡ (I2, iσpauli) U(3)

M3(C)
AF

U(1)

H



H =L2(M ; S)⊗HF ,

HF

HL ⊕HR ⊕Hc
R ⊕Hc

L

AF HF

(c, q, b) ∈ AF q, b, c ∈ H, C, M3(C)
ρ AF HF

ρ(c, q, B) ≡
(
ρw(q,B) 0

0 ρs(c)

)

B = (b, b∗)

ρw(q,B) =

(
q ⊗ IN ⊗ I3 0

0 B ⊗ IN ⊗ I3

)
:

−−−−−−−→





(
uiL
diL

)

(uiR)

(diR)




×N

ρs(c) =

(
I2 ⊗ IN ⊗ c 0

0 I2 ⊗ IN ⊗ c

)
:

−−−−−−−→





(
uiL
diL

)c

(uiR)
c

(diR)
c




×N

N = 1

ρ(c, q, B) ≡





q ⊗ I3 0

0 B ⊗ I3
0

0
I2 ⊗ c 0

0 I2 ⊗ c




:

−−−−−−−→





QL

QR

Qc
R

Qc
L





Q u, d Qc
R ≡ (QR)c = (Qc)L

Γ = γ5 ⊕ γF J =J ⊕ JF γ5

J M γF JF



γF =





−I6N
I6N

−I6N
+I6N




, JF = J†

F =

(
0 I12N

I12N 0

)
C

C JF

C

D = /∂ ⊗ I+ γ5 ⊗DF

DF

DF =





0 M 0 0

M† 0 0 0

0 0 0 M∗

0 0 MT 0




⇒ D =





/∂ γ5M 0 0

γ5M† /∂ 0 0

0 0 /∂ γ5M∗

0 0 γ5MT /∂





M

M =

(
Mu ⊗ I3 0

0 Md ⊗ I3

)

Mu, Md

Mu = (mu,mc,mt)

Md = CKM (md,ms,mb)

Mu Md mu md

M 6× 6

A 24×24



A =
∑

i

αidβi =
∑

i

αi[D,βi]

αi,βi ∈ A

αi ≡





q′i ⊗ I3 0

0 B′
i ⊗ I3

0

0
I2 ⊗ c′i 0

0 I2 ⊗ c′i




; βi ≡





qi ⊗ I3 0

0 Bi ⊗ I3
0

0
I2 ⊗ ci 0

0 I2 ⊗ ci





A(AL, B,φ, G) =





/AL ⊗ I3 γ5(φ− φ0)⊗ I3 0 0

γ5(φ̃− φ̃0)⊗ I3 /B ⊗ I3 0 0

0 0 I2 ⊗ /G 0

0 0 0 I2 ⊗ /G





φ̃− φ̃0 ≡
∑

iB
′
i(M†qi −BiM†) ; Bµ ≡ B′

i∂
µBi ; Gµ ≡

∑
i c

′
i∂

µci
φ− φ0 ≡

∑
i q

′
i(MBi − qiM) ; Aµ

L ≡
∑

i q
′
i∂

µqi

A

(φ̃− φ̃0) = (φ− φ0)†

AL, B,G = A
†
L, B

†, G†

Aµ
L SU(2) Bµ U(1)

Gµ U(3)

Aµ
L =

3∑

i=1

Aµi
L

σi

2

Bµ = BµI2

Gµ =
8∑

a=1

Ga
µ
λa

2
+G0

µI3



σi SU(2) I3 I2
U(1) λa SU(3)

3 × 3 U(3)

SU(3) ⊗ U(1) Gµ

SU(3) G0
µ U(1)

DF M3(C) A

θ θ ≡ dA + A2

L = LB + LF = 1
N θ2 + ψDAψ

ψ A

θ dA A2

dA =

(
[dA]1 0

0 [dA]2

)

[dA]1 =

(
(/∂ /AL +Mγ5(φ† − φ†0)− γ5(φ− φ0)M†)⊗ I3 (−γ5/∂(φ− φ0) +M /B − /ALM)⊗ I3

(M† /AL − /BM† − γ5/∂(φ† − φ†0))⊗ I3 (/∂ /B +M†γ5(φ− φ0)− γ5(φ† − φ†0)M)⊗ I3

)

=

(
(/∂ /AL (−γ5/∂(φ− φ0))⊗ I3

(γ5/∂(φ† − φ†0))⊗ I3 (/∂ /B

)

[dA]2 =

(
I2 ⊗ /∂ /G I2 ⊗ (M∗ /G− /GM∗)

I2 ⊗ (MT /G− /GMT ) I2 ⊗ (/∂ /G)

)

=

(
I2 ⊗ /∂ /G 0

0 I2 ⊗ /∂ /G

)



A2 =





( /AL /AL + γ5(φ− φ0)γ5(φ† − φ†0))⊗ I3 ( /ALγ
5(φ− φ0) + γ5(φ− φ0) /B)⊗ I3 0 0

(γ5(φ† − φ†0) /AL + /Bγ5(φ† − φ†0))⊗ I3 ( /B /B + γ5(φ† − φ†0)γ5(φ− φ0))⊗ I3 0 0

0 0 /G/G

0 0 /G/G





θ

θ =





1
2γµνF

µν
L + (φφ† − φ0φ†0) −γ5 /Dφ
γ5( /Dφ)† 1

2γµνB
µν + (φ†φ− φ†0φ0)

0

0
1
2γµνG

µν 0

0 1
2γµνG

µν





/Dφ ≡ (/∂ + /AL)φ− φ /B

AF U(3)× SU(2)× U(1) U(3) = SU(3)× U(1)

U(1)

unimodularità A (A+

JAJ) = 0

A+JAJ =





/AL ⊗ I3 + I2 ⊗ /G γ5(φ− φ0)⊗ I3 0 0

γ5(φ† − φ†0)⊗ I3 /B ⊗ I3 + I2 ⊗ /G 0 0

0 0 I2 ⊗ /G+ /B ⊗ I3 γ5(φ† − φ†0)⊗ I3
0 0 γ5(φ− φ0)⊗ I3 I2 ⊗ /G+ /AL ⊗ I3





(A+ JAJ) = 2 /AL ⊗ I3 + I2 ⊗ 4/G+ 2/B ⊗ I3)
= (4 /G0 /G0 ⊗ I3 + 2/B ⊗ I2)
= 12 /G0 + 4/B = 0

U(1) G0
µ

U(1)

F 2

SB =
1

N θ2 =

ˆ
d4x [

1

4
GµνGµν +

1

4
FµνFµν +

1

4
BµνBµν + (Dφ)†Dφ+ (φφ† − φ0φ†0)

2] .



φ SU(2)L

V (φ) = (φφ† − φ0φ†0)
2 .

SU(2)

φ

φ = q′i(MBi − qiM)

=

(
x′ −y′∗

y′ x′∗

)(
muI3 0

0 mdI3

)(
b 0

0 b∗

)
−
(

x′ −y′∗

y′ x′∗

)(
x −y∗

y x∗

)(
muI3 0

0 mdI3

)

=

(
mu(bx′ + x′x− y′y) −md(y′∗b∗ + x′y∗ + y′x∗)

mu(y′b+ y′x+ x′∗y) md(x′∗b∗ − y′y∗ + x′∗x∗)

)
⊗ I3

≡
(
ϕ1mu −ϕ∗

2md

ϕ2mu ϕ∗
1md

)
⊗ I3

=

(
ϕ1 −ϕ∗

2

ϕ2 ϕ∗
1

)(
mu 0

0 md

)
⊗ I3

(ϕ1,ϕ2) x, x′, y, y′, b,

AF

SU(2)

V (ϕ) = 3(m4
u +m4

d)|ϕ|4 − 2(φ0φ
†
0)3(m

2
u +m2

d)|ϕ|2 + (φ0φ
†
0)

2

ϕ→ ϕ′ = ϕ/φ0

V (ϕ) = (φ0φ
†
0)

2
[
3(m4

u +m4
d)|ϕ|4 − 6(m2

u +m2
d)|ϕ|2 + 1

]

≡ K

[
|ϕ|4

16L2
− |ϕ|2

2L
+ 1

]

K L

λ

K L



SF

SF = 〈ψ | D +A+ JAJ | ψ〉 = 〈ψ | D | ψ〉+ 〈ψ | A+ JAJ | ψ〉

= ψ





/∂ γ5M 0 0

γ5M† /∂ 0 0

0 0 /∂ γ5M∗

0 0 γ5MT /∂




ψ

+ψ





/AL + /G γ5(φ− φ0)⊗ I3 0 0

γ5(φ† − φ†0)⊗ I3 /B + /G 0 0

0 0 /G+ /B γ5(φ† − φ†0)
0 0 γ5(φ− φ0) /G+ /AL




ψ

ψ ψ

ψ = (QL QR Qc
R Qc

L) , ψ =





QL

QR

Qc
R

Qc
L




.

SF = QL(/∂ + /AL + /G)QL +Qc
L(/∂ + /AL + /G)Qc

L +

+QR(/∂ + /B + /G)QR +Qc
R(/∂ + /B + /G)Qc

R +

+[QL(M+ φ)QR +Qc
L(M∗ + φ)Qc

R + h.c. ] .

H
HF

L2(M ; S)

hF ∈ HF

hF = hL + hR + hcR + hcL



HL HR Hc
R, Hc

L

x ∈M ψ

ψ(x) = ψL + ψR + ψc
R + ψc

L .

− a− (ψL ⊗ hL + ψR ⊗ hR + ψL ⊗ hcR + ψR ⊗ hcL)

−b− (ψc
L ⊗ hcL + ψc

R ⊗ hcR + ψc
L ⊗ hR + ψc

R ⊗ hL)

−c− (ψL + ψc
R)⊗ (hR + hcL) + (ψR + ψc

L)⊗ (hL + hcR)

(c) ψL ⊗ hR
ψL

hR (a)

(b)

(a) (b) QL,R ≡ Qc
L,R

J (c)

P

P =
1− γ5

2
⊗ PL +

1 + γ5

2
⊗ PR ,

PL PR PL =

(1, 0, 1, 0) PR = (0, 1, 0, 1)

P =
1

2





1− γ5 0 0 0

0 1 + γ5 0 0

0 0 1− γ5 0

0 0 0 1 + γ5




.

SF = 〈ψ | PDAP | ψ〉 ,

qL,R χL,R ⊗ qαL,R



SF = qL(/∂ + /AL + /G)qL + qR(/∂ + /B + /G)qR +

+[ qL(M+ φ)qR + qcR(M∗ + φ)qcL + h.c. ] .

A =C∞(M)⊗AF ,

C∞(M) M AF

AF = H⊕ C

G = SU(2) × U(1)

H

H =L2(M ; S)⊗HF ,

HF HL⊕HR⊕
Hc

R ⊕Hc
L

AF HF

(q, b) ∈ AF q, b,∈ H, C ρ AF

HF

ρ(q,B) ≡
(
ρ2(q,B) 0

0 ρ1(b)

)

B = (b, b∗)

ρ2(q,B) =

(
q ⊗ IN 0

0 B ⊗ IN

)
:

−−−−−−−→





(
νL
eL

)
×N

(νR)

(eR)
×N







ρ1(b) =

(
b∗I2 ⊗ IN 0

0 b∗I2 ⊗ IN

)
:

−−−−−−−→





(
νL
eL

)c

×N

(νR)c

(eR)c
×N





N = 1

ρ(q,B) ≡





q 0

0 B
0

0
b∗I2 0

0 b∗I2




:

−−−−−−−→





ψL

ψR

ψc
R

ψc
L





ψ (ν, e) ψc
R ≡ (ψR)c = (ψc)L

Γ = γ5 ⊕ γF J =J ⊕ JF γF JF

γF =





−I2N
I2N

−I2N
I2N




, JF = J†

F =

(
0 I4N

I4N 0

)
C

C

D = /∂ ⊗ I+ γ5 ⊗DF

DF

DF =





0 M 0 0

M† 0 0 0

0 0 0 M∗

0 0 MT 0




⇒ D =





/∂ γ5M 0 0

γ5M† /∂ 0 0

0 0 /∂ γ5M∗

0 0 γ5MT /∂





M

M =

(
Mν 0

0 Ml

)

Mν , Me



Mν = (mνe,mνµ,mντ )

Ml = CKM (me,mµ,mτ )

Mν Ml mν me

M 6× 6

SB =

ˆ
d4x [

1

4
FµνFµν +

1

4
BµνBµν + (Dφ)†Dφ+ (φφ† − φ0φ†0)

2] .

SF = ψL(/∂ + /AL)ψL + ψc
L(/∂ + /AL)ψ

c
L +

+ψR(/∂ + /B)ψR + ψc
R(/∂ + /B)ψc

R +

+[ψL(M+ φ)ψR + ψc
L(M

∗ + φ)ψc
R + h.c. ] .

ψL,R ≡ ψc
L,R P

SF = ψL(/∂ + /AL)ψL + ψc
L(/∂ + /B)ψc

L +

+[ψL(M+ φ)ψR + h.c. ] .

ψDFψ =
(
ψL ψR ψ

c
R ψ

c
L

)





0 M 0 ML

M† 0 0 0

0 0 0 M∗

† 0 MT 0









ψL

ψR

ψc
R

ψc
L





LM = (ψLMLψ
c
L + ψ

c
LMLψL) .



MR

ML =
1

2

(
mL 0

0 0

)

mL

LM =
1

2
mL(νLν

c
L + νcLνL) .

[
[D, a] , b0

]
= 0 ,

b0 = Jb∗J ML

[D, a] =





/∂q γ5(MB − qM) 0 (MLb∗ − qML)

γ5(M†q −BM†) /∂B 0 0

0 0 /∂b∗I2 0

(M †
Lq − b∗M †

L) 0 0 /∂b∗I2





b0 =





b
′I2 0 0 0

0 b
′I2 0 0

0 0 B
′∗ 0

0 0 0 q
′∗







[
[D, a] , b0

]
=





0 0 0 (MLb∗ − qML)q
′∗ − b

′I2(MLb∗ − qML)

0 0 0 0

0 0 0 0

(M †
Lq − b∗M †

L)b
′I2 − q

′∗(M †
Lq − b∗M †

L) 0 0 0





DF

DF =

(
M T
T† M∗

)

M =

(
0 M

M† 0

)
T

T =

(
0 ML

0 0

)

T

T =

(
ML 0

0 0

)

ψc
R ←→ ψc

L

ψ −→ ψ̃

ψ =





ψL

ψR

ψc
R

ψc
L




→ ψ̃ =





ψL

ψR

ψc
L

ψc
R





DF



〈
ψ̃ | DF ψ̃

〉
=

(
ψL ψR ψc

L ψc
R

)





0 M ML 0

M† 0 0 0

M †
L 0 0 M∗

0 0 MT 0









ψL

ψR

ψc
L

ψc
R





= ψLMψR + ψRM†ψL + ψc
LM∗ψc

R + ψc
RMTψc

L +

+ψLMLψ
c
L + ψc

LM
†
LψL .

〈
ψ̃ | DF ψ̃

〉
=

(
ψLMψR + ψc

LM∗ψc
R + h.c.

)
+
(
ψLMLψ

c
L + h.c.

)
.

A ≡
∑

i ai [D, bi] ,

A =





qi/∂q
′
i γ5qi

(
MB

′
i − q

′
iM
)

γ5qi
(
MLb

′∗
i − q

′
iML

)
0

γ5
(
M†q

′
i −B

′
iM†

)
Bi/∂B

′
0 0

γ5b∗i

(
M †

Lq
′
i − b

′∗
i M

†
L

)
0 b∗i /∂b

′∗ 0

0 0 0 b∗i /∂b
′∗





=





/AL γ5 (φ− φ0) γ5 (χ− χ0) 0

γ5
(
φ† − φ†0

)
/B 0 0

γ5
(
χ† − χ†

0

)
0 /b 0

0 0 0 /b




,

χ

(χ− χ0) = qi
(
MLb

′∗
i − q

′
iML

)

=

(
χ1 0

χ2 0

)
ML

χ1, χ2 b, x, y, x
′
, y

′

qi biI2



A+ JAJ =





/AL + /b γ5 (φ− φ0) γ5 (χ− χ0) 0

γ5
(
φ† − φ†0

)
/B + /b 0 γ5

(
χ† − χ†

0

)

γ5
(
χ† − χ†

0

)
0 /b + /B γ5

(
φ† − φ†0

)

0 γ5 (χ− χ0) γ5 [(φ− φ0)] /b + /AL





S0
F

SF = S0
F + ψL

[
ML + γ5 (χ− χ0)

]
ψc
L + h.c. ,

γ5 χ γ5 ψc
L

SF = S0
F + ψL [ML + (χ− χ0)]ψ

c
L + h.c. ,

χ SU(2)

φ χ

DA −→ Du
A = UDU∗ + UAU∗ + U(JAJ)U∗

ψ −→ ψu = Uψ

U = uJuJ∗ U

U =





qu ⊗ I2b∗u
Bu ⊗ I2b∗u

I2b∗u ⊗ qu

I2b∗u ⊗Bu





ψ̃





ψL

ψR

ψc
L

ψc
R




−→





qu ⊗ I2b∗u ψL

Bu ⊗ I2b∗u ψR

I2b∗u ⊗ qu ψc
L

I2b∗u ⊗Bu ψc
R





ψL ψc
L SU(2)

U(1) ψR ψc
R SU(2) A



UAU∗

Au =





qub∗u /ALq
∗ubu qub∗u (φ− φ0)B∗ubu qub∗u (χ− χ0) q∗ubu

Bub∗u
(
φ† − φ†0

)
q∗ubu Bub∗u /BB∗ubu

q∗ubu
(
χ† − χ†

0

)
qub∗u b∗uqu/bbuq∗u

b∗uBu/bbuB∗u




,

φ SU(2) U(1)

χ

SU(2) ψLχψ
c
L

χ̂

ML + (χ− χ0) ≡ χ̂ML

[ML + χ− χ0] = ML +

(
χ1 0

χ2 0

)
ML =

[
I+

(
χ1 0

χ2 0

)]
ML =

(
1 + χ1 0

χ2 1

)
ML =

= mL

(
1 + χ1 0

χ2 0

)
≡
(

mLχ̂1 0

mLχ̂2 0

)
≡ χ̂ML .

SF = S0
F + ψLχ̂MLψ

c
L + h.c. ,

(χ̂1, χ̂2)

χ̂2 = 0

ψLχ̂MLψ
c
L = mLνLχ̂1ν

c
L

χ̂ =

(
χ̂1

0

)
−→ 1√

2

(
v + H̃

0

)

LM
mass =

mLv√
2
νLν

c
L + h.c. .

χ



θ = dA+A2

θ =





1
2γµνF

µν
L + (φφ† − φ0φ

†
0) + (χχ† − χ0χ

†
0) −γ5 /Dφ −γ5( /Dχ) γ5χM†

γ5( /Dφ)† 1
2γµνB

µν + (φ†φ− φ†
0φ0) −φ†χ 0

γ5( /Dχ)† −χ†φ 1
2γµνb

µν ++(χχ† − χ0χ
†
0) 0

M∗γ5χ† 0 0 1
2γµνbµν





/Dχ ≡ −(/∂ + /A)χ+ χ/b

SB =
1

N θ2

=

ˆ
d4x [

1

4
FµνFµν +

1

4
BµνBµν + (Dφ)†Dφ+ (φφ† − φ0φ†0)

2 +

+(Dχ)†Dχ+ (χχ† − χ0χ
†
0)

2 + φ†χχ†φ+ χMTM∗χ†] .

D

DA = D+A+JAJ∗, A J

DA

D DA

D → DA = D +A+ JAJ∗

A

A∗ = A

A =
∑

j

aj [D, bj ] , aj , bj ∈ A .



DA

SB(D,A) = H(χ
D2

A

Λ2
)

H H Λ

χ D2
A Λ2

Λ

d m−
M g O ≡ D2

A/Λ
2

(O−s) =
1

Γ(s)

∞̂

0

dt e−tOt−s , (s) ≥ 0 ,

e−tO

e−tO =
∑

n≥0

t
n−m

d

ˆ
M

√
gdx an(x; O) .

an(x; O)

an(x; D2/Λ2) χ

(χO) =
∑

n≥0

fnan(x; O) ,

fn

f0 =

∞̂

0

duχ(u)u

f2 =

∞̂

0

duχ(u)

f2(n+2) = (−1)nχ(n)(0) , n ≥ 0 ,



χ(n) n χ χ

[0, 1] f2 = f4 = 2f0 = 1

D2
A Λ2

D2 = ∇S +
1

4
R ,

R gµν ∇S

"s = −gµν("s
µ"s

ν − Γρ
µν"s

ρ) .

O

più

SB =

ˆ

M

√
gdx

(
I1Λ

2 + I2 + I3Λ
−2 + o(

1

Λ4
)

)

I1 =
45

8π2
,

I2 =
1

16π2
(−15R− 8K1|φ|2) ,

R K1 = (3M †
uMu + 3M †

dMd + M †
eMe) M

Λ−2

I3 =
1

16π2

(
240FµνFµν + 12GµνGµν + 4K1|Dµ

Aφ|−
2

3
K1R|φ|2 +K2|φ|4 −

9

4
C2

)
+

+ .

F G K2 = (3(M †
uMu)2+



3(M †
dMd)2 + 3(MMe)2) C2

Cµνσρ = Rµνσρ − gµν[ρRµσ] +
1

6
(gµρgνσ − gµσgνρ)R .





GeometriaRiemanniana −→ Gravità

↓

Geometria non commutativa −→ Gravità + Y ang −Mills



G

g1, g2 ∈ G G

g1, g2 ∈ G g3 = g1g2 ∈ G

g1, g2, g3 ∈ G g1(g2g3) = (g1g2)g3 ∈ G

∃ I : ∀g ∈ G Ig = gI = g

∀g ∈ G ∃ g−1 | gg−1 = g−1g = I

G G

g1, g2 ∈ G g1g2 = g2g1

N La a = 1, ..., N

[La, Lb] = iCc
abLc .

Cc
ab

G

g = eiωaLa , ∀g ∈ G



ωa Cc
ab

{
Cc
ab = −Cc

ba

Cn
abC

d
nc + Cn

bcC
d
na + Cn

caC
d
nb = 0

G

N U(1) RN

SU(2)

G V π

G G GL(V )

V

R C
π G V π : G −→ GL(V )

π(I) = 1 GL(V )

∀g1, g2 ∈ G, π(g1)π(g2) = π(g1g2)

π(g−1) = π(g)−1 g

g

π

N π π′

C N × N π(g) → π′(g) = Cπ(g)C−1 g ∈ G

π(g1)π(g2) = π(g1g2)⇒ π′(g1)π
′(g2) = Cπ(g1)C

−1Cπ(g2)C = Cπ(g1g2)C
−1 = π′(g1g2).

W ⊂ V

G

π(g) W W π(g)W ⊂



W, ∀g ∈ G





π1(g) · · ·

π2(g)





πi(g) i

πc.r.(g)

Di(g)

πc.r.(g) = ⊕n
i=1πi(g)

Zn n Zn {0, 1, ..., n−
1} n 0

{1, e2πi/n, e4πi/n, ..., e2π(n−1)/n} = {e2πik/n}k=0,1,...,n−1

1 k

GL(n,C) n × n

In 2n2

GL(n,C). SL(n,C)
2n2 − 1

O(n) n× n ggT = I, ∀g ∈ O(n)



SO(n) O(n)

Rn n(n− 1)/2

O(1, 3) g 4×4 gηgT = η η = (1,−1,−1,−1).
U(n) n × n gg† = g†g = I n2

SU(n)

n2 − 1

R2n2

U(1)

R2 U(1) SO(2)

U(1) SO(3)

v
c ≡ β ∈ [0, 1[

π(g)

π† = π−1

π1 π2 G H1 H2

π1 ⊗ π2 H1 ⊗H2 < ψ1 ⊗ ψ2

(π1 ⊗ π2)(g)(ψ1 ⊗ ψ2) ≡ π1(g)ψ1 ⊗ π2(g)ψ2



An = SU(n+ 1)

Bn = SO(2n+ 1)

Cn = Sp(2n)

Dn = SO(2n)

E6, E7, E8, F4, G2.

SU(N) N × N

U ∈ SU(N)

U †U = 1 (unitaria)

U = 1 (speciale)

SU(N)

N2 − 1

H H† = H

U = eiH .

N2 − 1 N ×N

U = exp



i
N2−1∑

i=1

θaτa





τa SU(N)

[τa, τ b] = ifabcτ c.

SU(N) N

φi ψi

φi → U i
jφ

j

ψ∗
i → ψ∗

j (U
†)ji

ψ∗
i φ

i SU(N)



SU(N)

ψ∗
i φ

i φi

T i1i2...iM
j1j2...jN

→ (U i1
k1
U i2
k2
...U iM

kM
)(U †l1

j1
U †l2

j2
...U †lN

jN
)T k1k2...kM

l1l2...lN

SU(3) × SU(2) × U(1)

SU(5)

= ⊕



∗ −morfismo A B π : A→ B

π(ab) = π(a)π(b)

π(a∗) = π(a)∗, ∀a ∈ A

rappresentazione π C∗−algebraA H ∗ morfismo

A H

π : A→B (H)

A

rappresentazion fedele ∗ − morfismoπ

π

ker(π) = {a ∈ A |π(a) = elemento neutro diB}
irriducibile H

π H
π(a) B (H)

π(a)

I A



A
∀a ∈ A, b ∈ I ⇒ ab ∈ I ( ba ∈ I )

I
I
[a, b]

A ∗ − ideale

C∗ − algebraA semplice

I essenziale A A
I C∗ − algebraA primitivo

∀π diA , I = (π)

I A
A

insieme risolvente r(a) a ∈ A C

r(a) = {λ ∈ C| (a− λI) A}

λ (a− λI)−1 a λ

r(a) C σ(a) a

σ(a) = {λ ∈ C | (a− λI) A}

A C∗−algebra a

C. ρ(a) a ∈ A

ρ(a) = {|λ|, λ ∈ σ(a)}

C∗− algebra

||a||2 = ρ(a∗a), ∀a ∈ A.
∗−algebraA a normale a∗a = a a∗. autoaggiunto

a = a∗. C∗ − algebra

σ(a) ⊆ [−||a|| , ||a|| ] σ(a2) ⊆ [0, ||a||2 ] proiezione

A p = p∗ = p2 isometria parziale v ∈ A v∗v



a unitario a∗a = a a∗ = I ∗−algebra

M3(C)
U(3) C U(1)

|a| ≡ (a∗a)1/2 a ∈ A.

A a = u|a|,
u ≡ a|a|−1

T ∈ B (H) H
T = U |T | U T

stato C∗ − algebra A

φ : A→C,

φ(I) = 1

φ(a∗a) ≥ 0, ∀a ∈ A
||φ|| ≡ sup

a∈A
{|φ(a) : ||a|| ≤ 1|} = 1.

φ

S(A) A S(A)

∀φ1,φ2 ∈ S(A) 0 ≤ λ ≤ 1

λφ1 + (1− λ)φ2 ∈ S(A)

φ puro

PS(A)

C∗

B(H)

φ ∈ S(A) (Hφ,πφ)

A



Nφ A

Nφ = {a ∈ A |φ(a∗a) = 0}.

φ(a∗b∗b a) ≤ ||b||2φ(a∗a) Nφ A
preHilbertianoA/Nφ, a

[a]

A/Nφ ≡ { [a] = a+ c , ∈ A, ∈ Nφ}

A/Nφ ×A/Nφ → C , (a+Nφ, b+Nφ)→ φ(a∗b)

A/Nφ a ∈ A π(a) ∈ B(A/Nφ)

π

π(a)(b+Nφ) ≡ ab+Nφ

||π(a)(b+Nφ)‖2 = φ(b∗a∗ab) ≤ ||a||2φ(b∗b) = ||b+Nφ||2 ,

||π(a)|| ≤ ||a|| π(a) ∈ B(A/Nφ). π(a)

πφ(a) ∈ B(Hφ) πφ(a1a2) = πφ(a1)πφ(a2)

πφ(a∗) = πφ(a)∗ ∗−

πφ : A −→ B(Hφ), a→ πφ(a).

A = C0(M)

M δ δx0 = a(x0)

δx0

Nδx0
= {a | a(x0) = 0}

A = M2(C)

φ1

([
a11 a12
a21 a22

])
= a11 , φ2

([
a11 a12
a21 a22

])
= a22



φ1 φ2

N1 =

{[
0 a12
0 a22

]}
, N2 =

{[
a11 0

a21 0

]}

H1 =

{[
x1 0

x2 0

]}
+ C2 =

{
X =

(
x1
x2

)}
, < X,X

′
>= x∗1x

′
1 + x∗2x

′
2.

H2 =

{[
0 y1
0 y2

]}
+ C2 =

{
Y =

(
y1
y2

)}
, < Y, Y

′
>= y∗1y

′
1 + y∗2y

′
2.

H1 H2(
0

0

)

a ∈M2(C)

π1(a)

[
x1 0

x2 0

]
=

[
a11x1 + a12x2 0

a21x1 + a22x2 0

]
≡ a

(
x1
x2

)

π2(a)

[
0 y1
0 y2

]
=

[
a11y1 + a12y2 0

a21y1 + a22y2 0

]
≡ a

(
y1
y2

) .



gµν = (1,−1,−1,−1)

(iγµ∂µ −m)ψ = 0

ψ =

(
ψL

ψR

)

γ0 =

(
0 I
I 0

)
, γi =

(
0 σi

−σi 0

)
, i = 1, 2, 3

ψL ψR γ5

γ5 ≡ iγ0γ1γ2γ3 =

(
−I 0

0 I

)

ψ

{γµ, γν} = 2gµν



x0 → x4 = ix0

−→x → −→x

gµν = (−1,−1,−1,−1)

{ψ(x),ψ(y)} = 0
{
ψ(x),ψ(y)

}
= 0

{
ψ(x),ψ(y)

}
= 0

ψ

ψ

ψ ψ

{γµ, γν} = −2δµν

γ4 ≡ iγ0 = i

(
0 I
I 0

)
, γi =

(
0 σi

−σi 0

)
, i = 1, 2, 3 .

O(4)

ψ ψ

γ5 ≡ γ1γ2γ3γ4 =
(
−I 0

0 I

)

ψψ ψγ5ψ ψγµψ

S = −
ˆ

d4x (iγµ∂µ − im)ψ .

ψ

ψ ψ



(/p+ im)/(p2 +m2) i
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