
Noncommutative Geometry

Between Quantum Mechanics, Quantum Gravity

and the Standard Model

Fedele Lizzi

Università di Napoli Federico II

Napoli 2012



In this talk I will give a non-technical, non-rigorous, overview of the research

I have been doing for the past years. Mostly in collaboration with Patrizia

Vitale and now Max Kurkov and Agostino Devastato, but there have been

collaborations with other past and presents members of the department in

basically all of the aspects i will describe, and some of the aspect I will not

touch upon. I will not give detail, preferring general descriptions.

I will discuss the following points:

1. The need for a noncommutative geometry

2. The algebraic description of ordinary geometry and the possibility to
generalize it

3. The noncommutative geometry of the quantum phase space

4. Field theory on noncommutative spaces

5. Noncommutative geometry and the standard model coupled with gravity
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The need for a noncommutative geometry

Classical mechanics can be seen as the study of the geometry of

phase space (or position momentum space). Given an initial po-

sition of a system, the classical dynamics describes its evolution.

We can have the case of constrained mechanics, the in�nite

dimensional case, and also the relativistic case

Relativity is a big change, from space we go to spacetime, but

we still have points (events).

Even with general relativity, and the curvature of spacetime, the

underlying space is still has a classical geometry.

All this changes dramatically with quantum mechanics

2



A quick way to see that in quantum mechanics the concept of

point (of phase space) is not valid is given by the Heisenberg

Microscope

The idea is that to �see� something small, of size of the order of ∆x , we

have to send a �small� photon, that is a photon with a small wavelength λ ,

but a small wavelength means a large momentum p = h/λ . In the collision

there will a transfer of momentum, so that we can capture the photon. The

amount of momentum transferred is uncertain.

In quantum mechanics a point in phase space is an untenable

concept because of the Heisenberg uncertainty principle:

∆x∆p ≥
~
2
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We know what has happened. The observables, which in classical

mechanics are commutative functions on the phase space, have

become noncommutative operators on the Hilbert space of wave

functions

A (pure) state in classical mechanics is a point of phase space,

an observable is something which gives a real number for each

state (the value of the function on the point)

A (pure) state in quantum mechanics is a vector on the Hilbert

space, an observable is something which gives a real number for

each state (the expectation value of the operator)

The di�erence is noncommutativity
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There is an important mathematical result: The information on the (classical)

phase space is encoded in the (commutative) algebra of observables, i.e. in

the functions on the space

A theorem (Gelfand-Naimark) shows a complete equivalence between com-

mutative C∗ -algebras and Hausdor� topological spaces

A Hausdor� space is one for which points are separable. A C∗ -algebra is an associative

algebra with a norm and a complex conjugation

Given an Hausdor� space it is always possible to construct a commutative

C∗ -algebra: continuous complex valued functions.

The converse is also true, an arbitrary C∗ -algebra is always the algebra of

continuous complex valued functions on some Hausdor� space. The points

of the space are the pure states of the algebra, the topology is given by

convergence.
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This duality has led some people, starting with Von Neumann,

but principally Alain Connes, to an attempt to transcribe all

properties of ordinary spaces in algebraic terms

Thus the emphasis in the description of geometry switches from

points to �elds

The topology is encoded by the algebra, which can always be rep-

resented as operators on some Hilbert space (loosely speaking,

every algebra is a matrix algebra, possibly in�nite dimensional)

The metric structure is encoded in a (generalized) Dirac oper-

ator D , which �knows� about the metric, and is used to build

the di�erential calculus (forms). Integrals become traces of op-

erators with the inverse of D playing the role of the measure
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What if the algebra is noncommutative?

Noncommutative Spaces

If the algebra is noncommutative the identi�cation of points with

pure states (or irreducible representations) fails. Often the Haus-

dor� topology gives a single points

Nevertheless the topological information about the space is en-

coded in the noncommutative algebra. This algebra can always

be represented as operators on an Hilbert space, and further ge-

ometrical properties, such as the metric, can be encoded in the

generalized Dirac operator D operator

If we succeed in transcribing objects of ordinary geometry in

algebraic terms, then the generalization is �simply� done just

assuming that the algebra is noncommutative
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Quantum phase space is a noncommutative space, but what are its relations

with the classical space?, With its structures?

Deformation of spaces

Take the algebra of classical observables, functions multiplied with the com-

mutative product, and introduce a deformed (Gronewöld-Moyal) product:

(f ? g)(x, p) = fe
i~
2
←−
∂x
−→
∂p−
←−
∂p
−→
∂xg = fg +

i~
2

(∂xf∂pg − ∂pf∂xg) +O(~2)

So that to �rst order in ~

f ? g − g ? f = i~{f, g}+O(~2)

This is a concrete realization of Dirac's correspondence principle.

8



The commutator is a deformation of the Poisson bracket, in the

limit ~→ 0 one �nds again the classical structure

This is a way to describe quantum mechanics as a deformation

of classical mechanics

The usual phase is still there, but the functions de�ned on it,

the observables form now a noncommutative algebra

It is possible to consider di�erent deformed products, for exam-

ple one which reproduces normal ordered products of operators.

They correspond to di�erent quantization schemes
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The noncommutative structure of spacetime

So far we have been discussing the noncommutativity of phase

space. In quantum mechanics however con�guration space is

still an ordinary space

Is it legitimate to expect the usual geometry to hold to all

scales?

There are several arguments which indicate physical reasons for

which it should not be so
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Just to mention one (Bronstein), a variation of the Heisenberg microscope,

at the same caricature level I used before:

In order to �measure� the position of an object, and hence the

�point� in space, one has use a very small probe, and quantum

mechanics forces us to have it very energetic, but on the other

side general relativity tells us that if too much energy is concen-

trated in a region a black hole is formed.

The scale at which this happens is of the order of Planck's length

`P =
√
G~
c3

= 1.6 10−33 cm.
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This is the region in which the theory to use is Quantum Gravity.

Unfortunately a theory we do not yet have

In fact the two problems are related. A quantum gravity theory

needs spacetime to be a di�erent object from the one used in

classical geometry

For example in loop quantum gravity 3-space is directly quantized

and the geometry used there (spin networks) is certainly di�erent

from the classical one
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Also in string theory spacetime undergoes changes

It is not anymore a given starting point but for example its

dimensions emerge from the quantization of a conformal two-

dimensional �eld theory

Interacting strings are described by the insertion of vertex oper-

ators on the worldsheet

At ultra high energy the structure of spacetime is again a (still

somewhat mysterious) object in which ordinary spacetime has

undergone strong transformations (M theory)
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Although people were doing noncommutative geometry applied

to physics from the early nineties (more on this later), impulse to

study noncommutative spaces in physics came undoubetly from

Strings Frohlich-Gawedski, Landi-FL-Szabo, Seiberg-Witten when it turned out

that, in some limit, the vertex operators of a string theory show

the behaviour given by noncommutative coordinates

In the spirit of what I said before one can threat a noncommuting

space deforming the algebra of functions with a ? product similar

to the one introduced in quantum mechanics, with ~ replaced by

an antisymmetric matrix θ :

f ? g = fe
i
2θ
µν←−∂µ

−→
∂νg

In this way we encode the noncommutativity of spacetime in the

deformation of the algebra
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Noncommutative Field Theory

Deform of a commutative theory with the presence of a star

product among the �elds. For example

S =
∫
ddx∂µϕ ? ∂

µϕ+m2ϕ ? ϕ+
g2

4!
ϕ ? ϕ ? ϕ ? ϕ

For the Grönewold-Moyal product the ? on the �rst two terms is redundant because∫
ddxf ? g =

∫
ddxfg

What physics comes out of these theories?
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The free theory is unchanged because of the integral property.

But the vertex gets a phase. For the example ϕ?4 :

V = (2π)4gδ4

 4∑
a=1

ka

 ∏
a<b

e−
i
2θ
µνkaµkbν

The vertex is not anymore invariant for exchange of the momenta

(only for cyclic permutations), and causes a di�erence between

planar and nonplanar diagrams

��
��
k1

q
k2 ��

��
��
��
��
��
��
��qqqqk1 k2

A consequence of this is Ultraviolet/Infrared Mixing Minwalla-

Seiberg-Van Raamnsdong. The phenomenon for which some ultra-

violet divergences disappear, just to reappear as infrared diver-

gences

16



If we take seriously the fact that the world is described by this kind of non-

commutative �eld theory which are the consequences? How do we measure

θµν , a quantity of the order of `2
P ?

At this level θµν is a background quantity, which selects two directions in

space (analog of electric and magnetic �elds). Their presence breaks Lorentz

invariance and the noncommutativity will have left its imprinting in the early

universe

Direct accelerator measurements are more di�cult because the earth rotation

washes up the e�ect. But one can look for otherwise forbidden processes

It is not easy however to distinguish predictions coming from these kind of

theories from other breakings of Lorentz invariance

deformations of spacetime may require a deformation of symmetries: quan-

tum groups. This will take another seminar!
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Connes' approach to the standard model and the Higgs

While the formalism is geared towards the construction of genuine noncom-

mutative spaces, spectacular results are obtained considering almost com-

mutative geometries, which leads to: Connes' approach to the standard

model

The project is to transcribe electrodynamics on an ordinary manifold using

algebraic concepts: The algebra of functions, the Dirac operator, the Hilbert

space and chirality and charge conjugation. One can then write the action in

purely algebraic terms.

Then the machinery can be applied to noncommutative space,

or in general to other algebras.
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In this case the space is only �almost� commutative, in the sense that there

still is an underlying spacetime, the noncommutative algebra describing space

is said to be Morita equivalent to a commutative algebra

For the full standard the algebra is a tensor product A = C(R4)⊗AF , with

AF a �nite matrix algebra of 3× 3 matrices, quaternions (which are matrices

of the kind aµσµ ) and complex numbers corresponding to SU(3), SU(2) and

U(1) respectively.

The information about masses and Cabibbo mixing are encoded in the D

operator
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There is a translation in algebraic terms of the requirement that

a generic topological space is a manifold (i.e. it has a di�erential

structure). This is a set of seven purely algebraic conditions on

the algebra, the Hilbert space and the D0, γ and J operators.

Application of these conditions to the almost commutative ge-

ometry, plus the imposition of chirality, select the gauge group

to be SU(3)× SU(2)× U(1) .

The model, especially in its last version (Chamseddine-Connes-Marcolli) has

some predictive power (mass of the Higgs). More on this later.
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The presence of chirality γ = γ† , with γ2 = 1 , the generaliza-

tion of γ5 , causes the splitting

H = HL ⊕HR

Eigenspaces of 1
2(1± γ)

There is other operator, J , charge conjugation. It has important mathematical connections,

Tomita-Takesaki operator, KMS states, but i will not discuss much it in this talk

The central idea behind spectral geometry is that these ingredients are suf-

�cient to describe not only a geometry, but also the behaviour of the �elds

de�ned on them, and their couplings to the geometry of spacetime (gravity).

Treating on an equal footing the external geometry (spacetime), with the

inner one, gauge degrees of freedom
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The main success of this view is the spectral action. The algebra is the product of the

algebra of functions on spacetime, the Hilbert space is that of fermion matter �elds, and the

Dirac operator contains all information on the metric of spacetime, as well as the masses ,

couplings and mixings of fermions.

The spectral action contains two part, one is the bosonic action, to be read

in a Wilsonian renormalization group sense:

SB = Trχ
(
DA
Λ

)

where DA = D0 +A is a �uctuation of the Dirac operator, χ is the charac-

teristic function of the interval [0,1] , or some smoothened version of it, and

Λ is a cuto�

Then there is a �standard� fermionic action 〈Ψ|DA |Ψ〉

The bosonic action is �nite by construction, the fermionic part needs to be

regularized
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In the work of Chamseddine, Connes and Marcolli the renormalization group

�ow is done by considering as boundary condition the uni�cation of the three

interaction coupling constants at Λ . This is approximately (but not exactly)

true.

The various couplings and parameters are then found at low energy via the

renormalization �ow

Yukawa couplings (masses) and mixings are taken as inputs. The mass pa-

rameter of the Higgs is however not needed, and is a function of the other

parameters (which are dominated by the top mass).

There is therefore predictive power, and the mass of the Higgs

is found to be ∼ 170GeV . A value experimentally disfavoured.

Nevertheless It is fascinating that a theory without so little input

�nds a Higgs mass relatively close to the expected (and possibly

measured) value
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Technically the bosonic spectral action is a sum of residues and can be ex-
panded in a power series in terms of Λ−1 as

SB =
∑
n

fn an(D2/Λ2)

where the fn are the momenta of χ

f0 =

∫ ∞
0

dxxχ(x)

f2 =

∫ ∞
0

dxχ(x)

f2n+4 = (−1)n∂nxχ(x)

∣∣∣∣
x=0

n ≥ 0

the an are the Seeley-de Witt coe�cients which vanish for n odd. For D2 of
the form

D2 = −(gµν∂µ∂νI + αµ∂µ + β)
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de�ning (in term of a generalized spin connection containing also the gauge
�elds)

ωµ =
1

2
gµν
(
αν + gσρΓν

σρI
)

Ωµν = ∂µων − ∂νωµ + [ωµ, ων]
E = β − gµν

(
∂µων + ωµων − Γρ

µνωρ
)

then

a0 =
Λ4

16π2

∫
dx4√g tr IF

a2 =
Λ2

16π2

∫
dx4√g tr

(
−
R

6
+ E

)
a4 =

1

16π2

1

360

∫
dx4√g tr (−12∇µ∇µR+ 5R2 − 2RµνR

µν

+2RµνσρR
µνσρ − 60RE + 180E2 + 60∇µ∇µE + 30ΩµνΩ

µν)

tr is the trace over the inner indices of the �nite algebra AF and in Ω and E
are contained the gauge degrees of freedom including the gauge stress energy
tensors and the Higgs, which is given by the inner �uctuations of D
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There is however an intimate connection between the fermionic

and the bosonic action (AAA,FL). Consider the fermionic action

alone, a theory in which fermions move in a �xed background

The classical action is invariant for the following transformation

|Ψ〉 → e
1
2φ |Ψ〉

D → e−
1
2φDe−

1
2φ

Recalling the presence of
√

det g in the integral for the position

representation of the Hilbert space it is easy to see that this is

actually related to Weyl rescaling

gµν → e2φgµν
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This is a however symmetry of the classical action, not of the regularized

quantum partition function: anomaly:

Z(D) =
∫

[dψ][dψ̄]e−Sψ

We will consider a theory in which the symmetry is explicitly broken by a

physical scale and look for the anomalous and not anomalous parts of the

partition function

Introducing a normalization dimensional constant µ the partition function

can be formally written as a determinant, :

Z(D,µ) =
∫

[dψ][dψ̄]e−Sψ = det

(
D

µ

)

The determinant is still in�nite and we need to introduce a cuto�
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In the spirit of noncommutative geometry the most natural way to regularize

is a truncation of the spectrum of the Dirac operator. This was considered

long ago by Andrianov, Bonora, Fujikawa, Novozhilov, Vassilevich

The cuto� is enforced considering only the �rst N eigenvalues of D

Consider the projector PN =
∑N

n=0 |λn〉 〈λn| with λn and |λn〉 the eigenvalues
and eigenvectors of D

N is a function of the cuto� de�ned as N = maxn such that λn ≤ Λ

We e�ectively use the N th eigenvalue as cuto�

The choice of a sharp cuto� could be changed in favour of a cuto� function, similar to the

choice of χ
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The bosonic action is then induced by the fermionic one by the

renormalization �ow AAA, FL.

The calculation, based on the transformation properties of the

partition function, is standard and I omit it

Consider the Dirac operator for the standard model, in its barest essentiality

(for our purposes). In the left-right splitting of H , the operator D it is a

2× 2 matrix

D =

(
iγµDµ + AL γ5S

γ5S
† iγµDµ + AR

)
where

Dµ = ∂µ + ωµ , ωµ the spin connection. A contains all gauge �elds, S

contains the Higgs �eld H , Yukawa couplings, mixings. . .
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The calculation is performed splitting the partition function in the product of

a term invariant for Weyl transformations, and another not invariant, which

will depend on the �eld φ , the dilaton.

Looking at the role of the dilaton in the partition function it iis possible to

see that it is a collective mode of fermions, and is mediating the breaking of

the symmetry

We assume therefore the presence, in an earlier epoch, of a conformal point,

in which the symmetry is restored. A phase in which all particles are massless,

and the Higgs potential does not have the degenerate minimum

The calculation, done so far neglecting variations of the �eld, of the bosonic

action gives a slight modi�cation of the spectral action
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The behaviour of D under Weyl rescaling gives the transformation of H

under such transformation. Only the H4 term in the e�ective potential is

invariant, and it can be multiplied by a constant quantity ( φ0 ). This gives,

in this approximation, the invariant part of the e�ective potential

The other terms of the e�ective potential can be calculated using the heat

kernel. We �nally obtain an e�ective potential

V = V0 +Ae4φ +BH2e2φ − CH4 + EH2

The coe�cients are functions of the the parameters Λ and µ and another

integration constant.

The normalization constant µ can be �xed requiring that the constant term

in the action proportional to Λ4 vanishes.
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Properties of the potential:

• The existence of a local minimum

• The existence of an unbroken phase from which the potential may roll
down to the broken phase

Plot of the e�ective Higgs-Dilaton potential:
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We see that for di�erent values of φ , the potential V (H) has

a transition from a symmetric to a broken phase.
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What I have describe so far referred to the case of a constant dilaton.

It is possible to actually calculate explicitly the action of the collective modes:

Scoll = Λ2
(
α1(H2 − α2R)(e2φ(x) − 1) + α3e

2φ(x)φ;µφ
µ

;

)
+ α4

(
φ

µ
;µ + φ;µφ

µ
;

) (
α5H

2 −
1

3
·R− φ µ

;µ − φ;µφ
µ

;

))
−α6φ(x)

(
H;µH

µ
; −

1

6
RH2 + α7H

4 + α8CµναβC
µναβ

+α9F
µνFµν + α10WµνW

µν + α11GµνG
µν) + invariant part

where the αi are positive numbers, which depend on the couplings

The qualitative behaviour does not change, we are in the process of �putting the numbers

in�
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Things I did not even mention, and on which I worked:. . .

• Quantum symmetries of noncommutative �eld theories

• The noncommutative geometry of string theories (Vertex operators, Hilbert
space of string states, duality etc.

• Fuzzy spheres and discs, �eld theories on fuzzy spaces

• Noncommutative (non Hausdor�) lattices

• Noncommutative tori and other noncommutative spaces

• Matrix models

And then there are the things i did not mention and not worked on...

35



No conclusions!

We are far form having �nished working
on this subject

There are lots of thins to do

Anyone wants to help?
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