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The Noncommutative torus is the archetypical Noncommutative
geometry. A compact exponentiated version of the ‘quantum
mechanical’ canonical commutation [z,y] = i0

a(w, y) — Z 627rzmx627mny
mn

Define the noncommutative generalization defining two noncom-
muting generators

UV = 2™vU

a = Z umnyn
mmn

The noncommutative Torus is an extremely rich mathematical structure, with
interesting applications (among others) in string theory.



It is possible to study field theories on a NCTorus with the use
an integral (trace)
]£ a .= ag,0

and two derivatives
0 U=2niU, oO04V=0 ; HLbU=0, LV =271V

We can therefore construct, for example, a scalar field theory
with action

S :f L[®, 8, P]



p

When 6 = = is rational we have a representation of the
q
relation UV = &?""VU = wVU in terms of and matrices
1 P 0O 1 0
wi N 0O 1
Cq = wa , Sq =
o
=1 1 0

Using the fact that any irrational is the limit of rationals (with
increasing denominators) we can use clock and shift to define a
matrix approximation to the noncommutative Torus.



Thus the noncommutative field theory becomes a matrix model with the

projection [@(a) = Z amyr (Co)™ (Sg)" .

m,r=—00

Note however that the noncommutative torus, like the ordinary
torus, is not the inductive limit of finite dimensional algebras.

There are no approximations of the derivations on the matrix
algebra.

I will nhow present a different approximation, based on nonlocal
solitons, whereby the elements of the approximate algebra are
matrix valued functions



The noncommutativity of the algebra allows nontrivial projections, selfadjoint
elements of the algebra with the property P?2=Pp
and partial isometries TTT =T

solitons

There are ‘bump’-like localized solitons (Boca projections), the
torus equivalent of the gaussian GMS soliton on the Moyal plane.
And there are ‘ring’-like solitons (Powers-Rieffel solitons) which
‘wrap’ around the torus

Of course is impossible to ‘see’ these solitons, but we can plot them using the
fact that the NCtorus is obtained by the Weyl quantization of the torus, and

0
use the inverse Wigner map Q‘l(a)(gg,y) — Z amﬂre—ﬂimr(’e%i(mwwy)

m,r=—00



For our purposes we need a slight generalization of the Powers-
Rieffel projection

Consider a particular sequence of 0, = B — @ and the two se-

dn
quences of projections

Pl = v=%2n-1Q(gy) + Q(fn) + Q(gn) V201
PLY — y2n Q(g)) + Q(f,) + Q(g,) U

with [f, g one-dimensional bump functions “zr—sr—ws—or—
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We can now perform a construction, due to Elliott and Evans,
in which we construct a subalgebra of the NCtorus isomorphic
to the sum of matrix valued functions on two circles

As 0, — 0 the subalgebra grows and in the limit becomes exactly
the algebra of the NCtorus

This is not a contradiction since the algebra of functions on a circle is infinite dimensional
Piz’

The nondiagonal elements are built from the partial isometry
part of the operators interpolating between the ranges of the
projectors: P"V PJJ
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We give the set of projections and isometries, obtained from P or [P’ , the name of tower



The PY behave as ‘matrix units’, the basis for a matrix algebra

The only problem is in the definition of qu, which can be done in two
different ways, either shifting gl times ' P?* and identifying P4t* 9 with P9,

or from P! =Pi2p23...pi-14
The two expressions differ for a partial isometry z

With the identification of z = e2™'T with the exponential of an
q o0 »
angle coordinate of a circle, elements of the form Z Z ijP”zk
1,)=1 k=—00
close the algebra of matrix valued functions on a circle

10



Remember that the algebra we have constructed is a subalgebra of the NC-

torus at each level of the approximation.

There are two elements of the matrix algebra approximations of
U and V , in the sense that ||[U—=-U|| -0 and ||V -V| — 0

Hence we can project all elements of the NCtorus to the sum of matrix valued
functions on two circles, making a ‘small’ error. And, unlike the usual matrix

approximations, the approximation converges strongly

11



To construct a field theory we need to define derivatives and integral. The
integral can be expressed to act on matrix valued functions of ‘7 and 7’

1
1
][ a= ﬂ/ drTra(r) + ﬂ'/dT’TT’ a'(7)
0
0

with [8,8" quantities depending on |p,q,p’, q"
It is possible to define approximate derivatives ViU =U, VoV =V, V1V =VyU =0
The approximation is that they close a Leibnitz rule only in the limit

T he expression for the two derivatives is slightly complicated, but
it can be given solely in terms of the matrix valued functions, so
that it is possible to map the field theory on the noncommutative
torus on the action of matrix valued functions of one variable, a
Matrix Quantum Mechanics

12



T hree applications

® Perturbative Dynamics of ¢* theory

Graphs have ribbon structure. No UV/IR mixing at finite level.

® Tachyon Dynamics

‘time’ independent stable configurations correspond to diagonal matrices (all classical

vacua commute).

® Yang-Mills Matrix Quantum Mechanics

Topological Theory. Possibility to sum over the moduli space

We may venture to conclude that this construction shows that branes configu-
rations point to an highly ‘delocalized’ geometry described better by solitonic
vacua that by a deformation of a local theory

13



